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Pemennsg 3amau 1 Typa
JIura crpareruii

1. Pasbepem aBa ciydast:
1°. p u q oba umeuernsre. Torna cymma [k/p| + [k/q] umeer Ty 2Ke 4eTHOCTB, 9TO M CyMMa OCTATKOB Kk OT
JleJIEHNST HA P U ¢. 3aMEeTUM, 9TO Iapa OCTATKOB k OT JesieHus Ha P U ¢ IpoberaeT BCe BAPUAHTLI, TaK KaK p U

pg—1 p—1lg-1 p—1 q—1
q B3aumuO 1tpocThl. Torya Z (—1)k/PI+R/a) — Z Z 1)2+t = Z(—l)“ Z(—l)b =1
k=0 a=0 b=0 a=0 b=0

2°. p U ¢ pa3HOU YETHOCTH.

pg—1 pg—1 pg—1
Z (—1)tk/PlHlk/al — Z (—1)lpa=1=k)/pl+{(pa—1-k)/a] — Z(_1)p+q+[(—1—k)/p]+[(—l—k)/q]
k=0 k=0 k=0
Qucna [%] u [%7]“] BCETJIa PA3HOI YeTHOCTH, TTIOSTOMY [%] + [g] up+q+ [711;’“] + [71(;]“ | Toxke pazHOil ueTHOCTH,

a CJIej0BaTe/IbHO, 3TU JIBE CYMMBI IIPOTUBOIOJIOXKHBI. A, 3Ha4uT, paBHb (.

2. Ilyctb f; — Koam4ecTBO CIIOCOOOB IOKPACUTh KJIETOYKHU IIOJJOCKHU JIJIMHBI ¢ B O€JbIA M 3€JIeHbIA I[BET
Tak, 9TOOBLI IIepBasi U MOCJEIHss KJIeTKa ObLIN 3eJeHbIMU U He ObL1o moapsia 21 Gesoit kaetku. IIpomymepyem
BepIIUHbI MHOTOyroJbHUKa oT 1 s0 2013. Paccmorpum xopornyio packpacky Bepiiut. Ilycrb a u b nepsas u
[TOCTIe THsIs 3eJieHas BepInHbl. Ha KOpOTKOIt jyre MexKay BepIinHaMu a U b pacrosiokeHo He bojiee 20 6eIbIxX.
Torma HECI0’KHO MOHSITH, YTO KOJIUIECTBO XOPOIINX PACKPACOK PABHO Zigo(k + 1) foo13—k. UT06BI IOACUNTATE
YETHOCTD 9TOM CYMMBI, JIOCTATOYHO HOJACIUTATh 9eTHOCTh f;. OueBnnno, f; = fi_1+ ...+ fi_o1, OTKyma BUIHO,
aro cymma f; + fi—1+ ...+ fi_o1 gerHa. Anamornyano cymma fir1+ fi+. ..+ fi—oo UeTHA, clemoBaTENbHO fiy1 U
fi—21 onHOll yerHOCTH. Havanbuble 3Havenus: f1 = fo = 1, u oueBUgHO f3, ..., foo weTHBbIe. OTCIONA TOJTyIaEM,
qr0 f; HEYeTHOe, eC/IH i JaeT OCTaTOK 1 mim 2 or jejieHust Ha 22.

> (k+1) faors—r = 2004 + 2005 = 1.

3. Oreer: f=0, f=1.
O6osnaunm = + f(y)? = 2, y — f(y)? = g(y). Torna

f(z) = f(z+9(y))? (1)

IPH BCeX BeMECTBEHHBIX z,y. Orciona f(2) = 0 u f(z —ng(y)) = f(2)?" npm Beex neLIx n.

[Tpeanosnoxum, uro g(y) u g(t) parmonansusl. Torga ng(y) = mg(t) npu HEKOTOPHIX IEJbIX (He PABHBIX
ommospenmenno 0) n, m u noromy f(2)2" = f(2)?" npu Beex z. Dro BosMoxkHO, G0 ecim f(z) € {0,1} upn
BCex z, Jmbo ecam n = m.

B nepsom ciygae Beencrsue (1) Mbl st Beex z u s umeeM coorrommenue f(z) = f(z + g(s)), re. g(s) —
nepuon, bynxmun f. Ipu stom g(s) = s — f(s)? = s — f(s) € {s,s — 1}. lIpu s = 1/2 370 BrIEUCT, UTO 1/2
— nepuoy, f, Torga 1 — mepuoj f, a HOCKOJIBKY U ¢(8) — Mepuoj, Mbl IOJIy9aeM, 9TO BCSIKOE YHCJIO S Oyjer
nepuogoM f, mockoIbKy s € {g(s), g(s) + 1}. Buauanur, dyuxus f mocrosHma, 9TO Ja€T Ba OTBETA.

Bo Bropom ciyuae nosrygaem, uro g(y) = ¢(t) (B npemmosnoxenun, uro g(y) u g(t) pamuonanbusl). O6o-
snaunm f(0) = c € Q. llpu y = 0 noiyiaen g(0) = —c? € Q. Hanee, f(z+ nc?) = f(2)¥", f(nc?) = ",
g(nc?) =ne® — "' € Q, Tak uro nc — 2" = —¢? upn Beex 1ENIBIX N. DTO BO3MOKHO TOIBKO €C/IH ¢ = 0, HO
Tora nomydaem f(z) = f(2)? m MBI Bo3BpaImaeMcs K MepBOMY CJIyHAIo.

4. BpibepeM MaKCHMAaJIbHYIO [OCJIE0BATEILHOCTD BepuH S = (a1, ..., asg), JAJis KOTOPOil MEX/y a1 U asj
nMeeTcs He MeHee k IyTell, IPOXOISIIUX TOJbKO 0 BEPIIMHAM @;, Y KOTOPBIX CyMMBbI JAIOT Pa3/IMIHbIE OCTATKH
o Moay/o n. MuoxkecTBo paznununbix cymMm ( mod n) obosnaunm depe3 A. V3HavyasibHO, €l BO3MOXKHO,
BBIOEPEM BEPILUHBI TAK, YTOOBI MEXKIAY 41 U a3 ObLIN IyTH PA3HON YETHOCTH.

Ecyiz ipu aTOM 0Kazasiocs, ato k = n, To 3ajada pernera: BozbMmem BepiiuHy b € S u paccMOTPUM 7 ITUKJIOB
Buga b — a; — -+ — agp — b. [IoCKOIbKY MBI yMeeM CTPOUTH IIyTH, BEAYIINE U3 a1 B A3 JJIs KOTOPBIX CYMMBI
UMEIOT BCE BO3MOXKHBIE OCTATKH, TO JJIsI KAKOTO-TO U3 IMKJIOB CYyMMAa PA3JIEJIUTCS HA 1.

[Tycts okazanoch, ato k < n. Oboznaunm [gepes m(cd) qauciao ua pebpe cd. Bee Beramcaenus n dmcsia Mbl
BBITIOJTHSIEM 10 MOJLYJIIO 7.
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Pacemorpum Bece Tpoitku BepivH T, Y, z € S. Tak Kax mocse10BaTe/IbHOCTL S MAKCUMaJIbHA, MBI HE MOYKEM
106aBUTH K HEl ellle TPU BEPUINHBI U CJIeJIaTh Z BEPIIMHON G3k13, HO MbI nornpobyem. K kaxpomy nyru ai—
a3k MbI J100aBUM pebpPO agpx U jgajiee OO TyTb Yz, b0 pedbpo zz. PasnocTb m00aBIECHHBIX YUCET paBHA
m(zy) + m(yz) — m(zz). Ecim rakuM 06pasoM He MOJIyUnsIOCh YBEJUUNTH KOJTMIECTBO PA3JIMIHBIX OCTATKOB,
TO Jiy1st J1106oro b € A MmuO)kecTBO A COflep:KUT Bee uncia, orndaoomuecs or b wa (m(zy) + m(yz) — m(xz))r
U, aHAJIOIUIHO, oTirdaromuecs ot b Ha (m(xy) — m(yz) + m(zz))r, a cienosaresnbHo, u Ha (2m(zy))r.

Paccmorpum munnmasbaoe t > 0, Takoe uro ecsm quciao b € A, ro u (b+t) mod n € A. Msl yxke oy dmin,
aro 2m(xy) NOAXOMUT, 3a MCKIYEHHEM MUHUMAJBHOCTH, CjejoBaresibHo, 2m(xy) @t u n : t. Tak kak A
COJIEPKUT HE BCE BO3MOXKHBIE OCTATKM, TO OHO HE COJEPKUT He MeHee n/t octarkoB. 3uaunt, k < n —n/t.

1°. ¢ — meuyernoe. Torna ¢ > 1, unaye A comepKuT JubO Bee ocTaTku, JubOO HU ojHOro. ITockoabky k <
n, B MOCIEIOBATEIHLHOCTD S BXOAAT He Oostee 3n BEpIIWH, 3HAYUT, B Tpade MMeeTcst CYNECTBEHHO OOJIbITe
1000n/t ocranbubix Bepimud. IIpu sTom umcesna m(zry) Ha pebpax Mexiy HuMH KpaTHbl t. Takum obpazom,
OTpaHUYUBIINCH rpachoM Ha BepIIMHAX He JieXKaluxX B S, U COKpaTUB Yucja Ha pedpax, Mbl CBOIUM 3aJady K
MEHBITIEMY 7.

2° t — gerHoe u Goubie 2. Toryua uncesn ocranocs 1000n — 3k > 1000n — 3(n — n/4) > 1000n/(t/2). Torga
HOCTYIMM aHAJOMMYHO 1. 1° Tak Kak Bce pebpa Jenstest Ha t/2.

3° t = 2. Buaunt, B A BCce OCTATKU OJIHON UETHOCTH, & CJIEJIOBATEBHO, Mbl HE MOIJIM BBIOPATH HAYAJBHBIE
BEPITIMHBI TaK, YTOOBI M3HAYAIBLHO MEXKIy a1 W a3 ObLIH myTu pasuoit derHoctr. CreoBaTeNbHO, B JTIOOOM
TPEyTOJLHUKE CYMMa JIBYX CTOPOH TOM YK€ YEeTHOCTH YTO U TPEThs, T.€. CyMMa pebep B KarKJIOM TPEyTrOJbHUKE
gernas. Torga rpad pacnajaercs Ha JiBe KJIMKH (BO3MOXKHO IYCTHIC), B KOTOPLIX BHYTPH UeTHBIE pebpa, a
MeXKJIy HUMHU HedeTHble. Torna B Kakoii-To kimke Bepiut xors 661 1000n/2. Onsarb cBesu 3aa1y K MEHbIIEMY
n.

5. Orser: 3/4, nocruraercsi, Haupumep, npu r; = xro = 1/2, x;, = 0 npu k > 3.

He ymansist obmpocTr Oy/ieM CUUTaTh, UTO X1 < T, TOTJA T2013L1 < L2013T2 U

2013 1006 1006 1
; TiTipl S (Z; 9621‘—1) <Z 902z‘> =y(l—y) < 1
1= 1=

i=1

Tenepb 3aMeTuM, 4TO Jist YUCET Y1, . . ., Yy B oTpe3ke [0, 1] umeem

i—1
[Ma-w)=1-> w][0-w)=1-> w
k=1

[TpumeHsist 5TO HEPABEHCTBO K Y; = T;Ti+]1 U oleHuBas »y; < 1/4 noaydaem tpebyemoe.

6. Cuenas noaxossiee adbdunHoe peobpas3oBanue, OyJeM CIUTATh, YTO UCXOAHBIA TPEYTOIbHUK (0003HA-
quMm ero depe3 ABC') npasuibssbiii. [Tycrs AB = 24, AC = 27. PaccmoTpum 3aMortieHne mioCcKoCTH mapadi-
JeTBHBIME ¢ABUTaMu Tpeyroabanka ABC. Y KaxKJI0ro TpeyroJbHUKa 3aMOIEHUsT OTMETHM €ro BEepPITUHBI U
CepEeJINHBI BCeX ero CTopoH. MHOXKeCTBO OTMEYEHHBIX TOYEK 0003HAYMM Yepes S.

Paccmorpum mapaJutestorpamm P, 06pa3oBaHHBI BeKTOpaMu i U U. 3aMETHUM, UTO MHOXKECTBO S SIBJISIETCSI
B TOYHOCTH MHOYKECTBOM TOYeK Buja {mu + ni | m,n € Z}.

JlJist KaxKJ0ro BEKTopa W = A_X, rae Touka X JIeKUT BHYTPH IapaJjiiejorpaMma P, paccMOTpuM MHO-
kecTBO S (W), mOIyYeHHOEe U3 MHOXKECTBa S HapaJule/IbHbIM [IEPEHOCOM Ha BEKTOD W. 3aMeTUM, YTO KarKIbIil
napaJuIesIbHbIN ¢aBur Tpeyrosbanka ABC' comep:KutT aubo ofHy, 00 TPH TOUKH MHOXKecTBa S (W).

Ob6o3HaunM 0bbeguHEeHnE BeeX 00acTell, MOKPBITHIX HEYeTHOE YUCIO pas, depes [ JI1s KaxK 10ro MHOXKECTBA
S(w) nepeceuenne S(w) NT nemycro. Torga obpas muoxkecTBa I' ipu oTo6pazkeHnn

a4 b — (amod 1)@+ (b mod 1)

IIOKPOeT TapaJuiesiorpamMm P, mosromy 1ioma s [ He MeHbIie %

7. O0603HAYUM yTJIBI TPEYTOJbHIKA Yepe3 ¢, [ U 7Y COOTBETCTBEHHO. 3aMETHM, YTO YeThIpexyroabHuK APOQ)
BOUCAHHBIH. JlelicTBUTEIBLHO,

/POQ = /POA+ /AOQ = /AOB — /POB + ZAOC — /QOC =2y — B+ 28 — v = 180° — a,

nosromy /PAQ + ZPOQ = 180°. Paccmorpum Ha ayde BC takyio touky T, uro QT = QC. Samerum, 9To
/ZQTC = £ZQ0C = v, mosromy 1erbipexyroibauk QOTC Buucanusiii. Torga gersipexyroibauk POT B Takxke
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prucanusiit, /PTB = /POB =  u touka T nexut Ha orpeske BC. Kpome Toro, ZPQT = ZPQO+/0QT =
/PAO 4+ Z0CT = 28 — B8 = B. Ananoruuno, ZQPT = ~, cienoBarenbro, /PT(Q) = «. D10 03HAYaeT, 9TO
OMUCAHHBIE OKPYZKHOCTH TpeyroabHnkoB APQ n PT() cuMMeTpUYIHBI OTHOCUTENBHO TpsiMoit PQ. Tlpu stowm,
/QTC = ZQ0C = ~v = ZQPT. TlosTomy omucanHasi OKpy»KHOCTb TpeyroyibHuKa PT'(Q) Kacaercst mpsiMOii
BC. CuenoBaresibHo, npsiMast, cummerpudnas npsimoii BC' otrHocutesbHO mpsiMoii P(Q) Kacaercsi OlmMcaHHON
OKPY2KHOCTHU TpeyrojibHnKa APQ).

8. Bamerum, uro Touku O1, Oz, O] n O nexkar B ogHoii mockocrn. Obo3HAUMM ee uepes «. PaukanbHyo
IIOCKOCTH ¢hep wy 1 wy 0003HAUNM 1epes [, a PaUKaIbHYIO III0CKOCTb cdep w) n wh — vepes ['. U3 ycoBus
caeayer, uro miockoctu 3 u 3 comepxkar npamyio £. Ilpu stom, 8 L au 3 L a, nosromy sm6o S = ', 6o
{1 a.

O6osnaunm cepeunbl orpe3koB AB u C'D uwepes M u N coorsercTBenHo. OHU OJJHOBPEMEHHO JIEXKAT HA
npsiMoii £ U B IJIOCKOCTH (v, U IIPU 3TOM pas3judHbl. 3 3T0r0 ciiemyer, uro nupsiMmasi £ JIEXKAT B IJIOCKOCTH (v U
B=p"

ITycrs K — Touka nepecedenns npsmbix 0105 u O20), a r1, o, 1) 1 1y — pajycsl coorBeTcTBy0OIMX cdep.
Bamerim, uto 010)° — 01 K2 — O, K? = 0204 — 03 K? — O, K2. Tax kak wy L o}, 10 13472 = 0,0}, Tak xak
Touka K mMeeT paBHYIO CTelleHb OTHOCHTEIBHO cep wi U wa, a Takke cep wi u wh, 1o 77 —r3 = 01 K2 — 0y K>
w2 — 2 = O} K? — O4K?. KoMGuuupys BCe TOyUMBIIMECs PABEHCTBA, NOJIyYaeM, 4To 15 + 1 = 0304 u
w2 1 wé.

9. Ilycrs p = 222 + 3y%. Torma x /3, a y HEYeTHO, TaK UTO 10 MOJY/IIO 3 YHC/IO P JAeT OCTATOK 2, a I0
Moayio 8 — 3 mwu 5. DTO Kak pa3 COOTBETCTBYeT ocTarkaMm b u 11 mpu nmemenun Ha 24.

[Mycts p nmaer npu penenun Ha 24 paer ocrarok 5 wiam 11. Torma g cumpona Jlexkanpa, TpUMeHsIsT
KBaﬂpaTHquII;’I 3aKOH B3aMMHOCTH U JJOIIOJITHUTE/IbHbIE TEOPEMBI K HEMY, UMEEM

(-G E) - comvm v

TaxuM 06pa3oM, uncio —6 — KBaJIpaTHYHBI BLIYET 110 MOYIIO p, Tak 4To (224 6) : p mpu nekoropom x. Torma
u 2(x/2)?+3-12 kparno p. Pacemorpum wmcnia 0,1, ..., m, rae m? < p < (m+1)2. JIjst Kask0r0 U3 9TUX 9HCe
r BeIpaskerne 2(xr/2)? + 3r? 6ymer xparno p. Cpeau ocrarkos (z7/2) MO MOIYIIO P HAMIyTCs JIBA, CKasKeM,
xr1/2 u xry/2, oTmyaronimecs He 6osee yem Ha p/(m+1) < /p. DT0 03HAUAET, UTO BBIYET UncIa *x(ry —1r)/2
no mojyiio p oymer or 0 g0 m. Takum obpaszom, qua X = tx(r; — ro)/2modp, Y = +(r; — rg) Gyaem uvernb
0<2X?43Y2 < 5p, u (2X2% +3Y?) : p. Paz6epenm cayuan. Ecn 2X2 + 3Y? = p, MbI gocTurym ycnexa. Ecmm
2X?2+3Y? = 4p, To paccMaTpuBas OCTATKH 110 MOTYIT0 4 osrydaem, ato X u Y wernwl, p = 2(X/2)%+3(Y/2)%.
Pasencreo 2X? 4 3Y? = 2p meso3moxkno 1o moaymo 3, a 2X2 4+ 3Y2 = 3p — no moxymo 9. Bee ciayuan
paszobpaHbl, 3aja9a peleHa.

10. Byjem cuurarh JUiMHY OKPYKHOCTU IIMPOTa €MHUYHON U MOHMMaTh ee Kak R/277Z (BelecTBeHHbIE
qucsa 1o Moy 27). I[lyers npu sT0M cepennna nepeBopadnBaeMoro Kycka 31o 0 (To ecTh nepeBopadnBaHue
5T0 oTobpazKkeHne & — —I, OBOPOT 3T0 T — T + [3). Beibepem Takoe Gosbinoe N, 4ro

[((NB) (mod 27)| < a/4

(ecim B panmoHasbHO, TO TPOCTO MycTh N[ OyJIeT IeabiM), U, KpoMe Toro, Touku 3,20, ..., N pasbusaior
OKPY?KHOCTb Ha JIyI'W JJIMH MeHbIne, yeM «/2. Pacemorpum toukn +z + kS, k = —(N — 1)..N, tne |z| <
a/4. DTO MHOXKECTBO TOYEK IIEPEXOJUT B cebsl Ipu HalleM npeobpaszoBanuu (moromy 4rto Touku +x + N[
[OJIBEPTHYTCS IEPEBOPOTY ), TaK 4TO Jitobasi Touka 3roro MHOKecTBa N !-nepuopmana. Ocranoch 3aMeTUTh, YTO
TaKne MHOXKeCTBa ITOKPOIOT BCIO Opr}KHOCTb.
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Jlura TakTuk

1. Oreer: y 11. IIpumep nostyanrcsi, eciim Mbl BbIZe UM 11 IMIaXMaTHCTOB, KOTOPBIE CHIMPAIOT JAPYT C APYTOM
BHUYBIO U ITPOUTPAIOT BCEM OCTAJIbHBIM. Pe3y/IbTaT OCTAJbHBIX MAPTUNl MOXKHO BBIOPATL ITPOU3BOJILHO.

Teneps nokazkem, aro 60sb11e 11 MTIAXMATUCTOB HAOPATH POBHO 5 OYKOB He MorJin. lIpe/iosmokum mporus-
HOe, MyCTh uX XoTd Obl 12. Mexmy coboit onu ceirpasu 66 mapTuii, B Kax70#l ObLIO Pa3bIIPDAHO OYKO, T.€. B
CyMMe 3TH MIaxXMaTUCThl Habpasu ne menbiie 66 oukoB. Ho ecin kazxkiblit HabpaJsi pOBHO 5 OYKOB, TO BCErO OHU
B 9THX HapTusx HabpaJiu BMecte He Oosiee 60 oukoB. IIporuBopedne.

2. Us ycnosus crepyet, uto m2+2n > n?—2m, orkyma (m+1)% > (n—1)2. 3naunr, n < m+2. Anajornano
noydaeM, 9To m < n + 2. Tak Kak yc/JoBUE€ CUMMETPUYIHO OTHOCUTEILHO 1M U 7, MBI MOXKEM IIPEIIIOI0KUTD,
qro n > m. Torga umeem tpu caydas: n = m, n = m+ 1 u n = m + 2. Paséepem ux. B nepsom ciryuae Mbl
nostydaeM, 9ro (m+2) : (m—2), ciaegosaresnsto, 4 : (m—2). Mbl nostydaem B 310 ciryuae pemtenus (1, 1), (3,3),
(4,4), (6,6). Ecrm n = m + 1, To MBI omyHaem, ato (2m + 1) @ (m? + 1). DTo BO3MOXKHO TOMLKO TIpH M = 2,
HO 9TO He sIBJISIETCSI PeIlleHreM, TaK BTopasi JIpobb He 1iesasi. Hakownern, ecian n = m 4+ 2, TO Mbl MOJIy9aeM, UTO
(8m +8) : (m? — 2m — 4). IIpu m > 11 3T0 HEBO3MOXKHO, TaK KaK BTOPOE YMCiI0 6ombime mepsoro. OcTabHble
cJlydam HaJIo POCTO nepebparh u nojydarcs orsersl (2,4), (3,5), (4,6).

3. Cwm. perrrenue 337241 2 U3 JINTH CTPATETHIA.

4. Otget: 24. 3ameTuM, UTO MEPBOE YCJIOBHE O3HAYAET, 9TO CyMMAa UHCEJ HA MPOTUBOIIOJIOXKHBIX pebpax
paBHa 2. O00O3HAYUM TpU UHCJA, CTOSINUX Ha TpeX pedpax, BBIXOJAININX U3 OIHOW BEPINUHBI, Yepe3 a, b u c.
OcrasibHBIe TPU YHCIA — 9T0 2 — a, 2 — b u 2 — ¢. I3 Broporo ycjaoBus Mbl ostydaeM, uto a® + b% + ¢ + (2 —
a)® + (2 —-b)?+ (2 — ¢)? = 12. [Ipeo6pazosbisas, mmeem a’ + b + ¢ — 2(a + b + ¢) = 0. Teneps paccMoTpum
cymmy Ky6os: a3 + b2+ +(2—a)P + 203+ (2—-¢c)} =24+6(a?+b2+c*—2(a+b+c)) =24

5.

1 1 1
1+a2+(b+1)2+1+b2+(c+1)2+1+c2+(a+1)2 N
B 1 1 1
IR T R WU P R s W P
1 1 1 1 ab b 1

< + + = - + =
24+2b+2ab  2+2c+2bc 2+2a+2ac 2+2b+2ab  2ab+2+2b  2b+2ab+2 2

6. Pemenne aHAJIOTUYHO PENIEHNIO 33189 6 JIUTH CTpaTernii.

7. BaMernuM, BO-IIEPBBIX, YTO OTPE3KHU (] U (3 PABHBI, TAK KaK IMOJIy YUBIIUHACS [IPU IPOBEJIEHUH OIMCAHHBIX B
YCJIOBUM IPSIMBIX MapaJsiiesorpaMm — pom6 (ero juaronass AA; — 6uccekrpuca). O603HaINM Telepb COOTBET-
cTByIommue cTopoHsl Tpeyroabunka ABC depes a, b u c. Tak kak BA; : A;C = ¢ : b (110 cBOiiCTBY OHCCEKTPUCHI)

u3 TeopeMbl Pajieca UMeeM, UTO a4 = Ay = %. Torma a1 + as = 2be % (110 HEPABEHCTBY MEXKJLy CPETHUM

b+c
apudmernueckuit u cpegHuM rapmorndeckuMm). CKilajbiBas TPU TAKUX HEPABEHCTBA, HOJIydaeM TpebyeMoe.

8. Cwm. permrenne 337241 7 U3 JINTH CTPATETHI
9. Cwm. pemrenne 337241 1 U3 JINTU CTPATETHit

10. Pemrenue comep:kuTCd B PEIIeHUN 3a1a9u 4 JIUTU CTpaTeruii.
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Pemenus 3amau 2 Typa
Jlura crpareruii

1. Ham momamoburcst cieayionast CTaH apTHas JIe M M a. Ecim Bce cTerenn BepINuH IJIaHAPHOTO rpada He
MeHbIIe 3, TO B HEM €CTb IIPOCTON IUKJI He 0ojiee ueM u3 maTu pebep.

IokaszarenbeTBo: MOXKHO cUnuTaTh, 9YTO rpad ¢Bsa3HbId. Bocmoabsyemcest hopmystoit Dittepa V — R+ G = 2.
Tloacunraem aByMst criocobaMy KOJTHYIECTBO IIap «I'PaHb — pebpo 3Toi rpaHny, 06003HAYNM 3TO KOJIUIECTBO Yepe3
N. C onsnoit croponslr, N < 2R. C npyroit CTOpOHBI, ecJii yTBepKaeHne HeBepHO, TO N > 6G. Snauut, G < %R.
Tax kak Bce crenenu He menbine 3, To 2R > 3V. Takum obpazom, V + G < R, uro nporuBopedut Hopmysie
Ditnepa.

[lepeitmem K pemieHuIo 3afadu. BymeM J0KasblBaTh yTBEPXKIEHHE 3a1a4d JJIsd rpacdoB, B KOTOPbIX MUHU-
MaJIbHBIH muKa uMmeer piauHy He Menbine 10d + 100. Torma MoxKHO cuumTaTh, 4TO I'pad cBs3ublid. Kaxkiyio
BepIMUHy cTeneHn 6osbire 1 JOMOJHEM 10 BEPITUHBI cTereHu d, J00aBUB MPU HEOOXOIMMOCTH K HEl HECKOJIBKO
pebep-cros. Torga B rpade Gyzer asa tuna seprms — A (MHOXKecTBO BepiuH crerenu d) u L (Bce BepIIUHbBI
cremenu 1).

[Iycrs Teneps G — MUHUMAJIBHBIN 110 KOJIUYECTBY BEPIINH KOHTPIPUMEDP K YTBEp:KIEeHMIO 3aja4n. IlycTh
A— HHIyIIPOBaHHBIN noarpad rpacda G Ha mHO)KecTBe A. CTereHb BEPIITUHBL B rpade A nazosem A-crerenbio.

Vreepxkaenune 1. [Toarpad A me mmeer BucsUMX BEPIIHH.

JeiicrBurenbio, ecim BM — pebpo rpada A, rne M — Bucsivast sepumna, 10 B rpade Gy 9T0i BepIIHHbL
ecth ermie k — 1 ymct. Ecnu ynamuTh 9Tu JUCTHI, MOy IeHHbINH rpad OyIeT yIoBIETBOPITEL YCJIOBUIO 3a/1a9H, HO
y2ke He OyjieT KOHTPIpUMepoM, mokpacum ero B 2d — 1 nser. Terepb BepHeM Ha3a/l 3TU JIUCTbsl U HONBITAEMCS
[MOKPACUTH COOTBeTCTByOmue pebpa. OUeBUIHO, UTO NP JOKPACKe MbI HE MOXKEM HUCIIOJb30BaTh I[BET pebpa
BM u Bcex ocTabHBIX pedep, BRIXOISIINX U3 BepIuHbl B, — Bcero k 3amperos. [loaTomy MbI cymMeeM MMOKPacUTh
Bce 9T k — 1 pebep. DT0 NpoTUBOPEIUT TOMY, 9TO Ipad G sABISIETCS KOHTPIPUMEPOM.

Yreepxkienue 2. B rpade G ecrb npocroii myTh jgummHbl 2d + 20 (BO3MOXKHO, €ro HavYajbHas U KOHEIHAsI
BepIINHBI COBH&I[&IOT)7 ¥ KOTOpPOro Ha4daJibHad W KOHE€IHasd BEPHINHbLI UMEIOT A—CTGHGHI) HE MEHBIIIe 37 a BCe
ocTaJIbHbIe BepIIMHbl — A-crenenn 2.

JlokazarebcTBO. BpeMeHHO «yiaammMy u3 rpada A Bce BepIIMHBI CTeleHN 2, a HMEHHO, [OCJIEI0BATE/ILHO
nepebupast BEPIIMHEL CTeNenn 2, GyIeM BLIIOIHATh CIIELYIONLyIo onepamuio — ecan AB u BC' — pebpa rpada A,
rie B — BepiiuHa crernienn 2, 7o yoepem 3Tu pebpa u BepinuHy, u j00aBuM BMecTo Hux pebpo AC. B pesyibrare
9TUX JEACTBUI MBI IOJIyIUM ILUIOCKU# I'pad, B KOTOPOM BCE BEPIIUHBI UMEIOT CcTeleHb He menbiie 3. [lo semme B
HEM eCTb IIPOCTOIl IUKJI He boJiee yeM u3 5 pebep. B rpade G emy coorBercTByeT nuka u3 He meree gem 10d+ 100
BepiuH. Takoe HECOOTBETCTBHE B KOJIMYECTBE BBI3BAHO TEM, UTO Mbl KAK Obl yOpasu Bepimubl A-cremenn 2.
Bosepaimas ux 06paTHO, MbI IIOJIyIUM, 9TO XOTsi OBl HA OJHOM U3 pebep IUKJIA, BMECTe ¢ KOHIAME, HAXOIUTCS
e menee 2d + 20 BepIuH.

[Iponymepyem cpentme BEPITUHBI TyTH, OHU OYAYT X1, ..., T24419. BeIKuHEM U3 rpada G BEpITHHBI T, . . .,
224418 BMECTE C UX JIUCTBIMU. DTOT rpad MeHbIle MUHUMAJILHOIO KOHTPIPUMEDA, CJIeJI0BATETHLHO, MOYXKHO I10-
Kpacuth ero pebpa. Temepsb BepaeMm 00paTHO yaajieHHbIe pedpa U BEPIIUHBI U IPOBEPUM, YTO MOXKHO JOKPACUTH
pebpa B COOTBETCTBHUU C TPEOOBAHUSIME. DTO JIACT IPOTUBOPEYHE C TeM, ITO I'pad G sBJIAETCS KOHTPIPUMEPOM.

Urak, Mbl uMeeMm npocToit nyTh A, X1, ..., Tog+19, B, HA BHYTPEHHUX BEPIIMHAX KOTOPOTO BUCAT JIUCThSI,
TaK 9TO Karkjas BepIInmHa x; uMeeT OoJbIryio crenedb d. HaMm Hy)HO mokpacuTh pebpa sroro mytd B 2d — 1
[IBET COTJIACHO YCJIOBHUIO 33/1a9H, IIPU 9TOM Ha KOHIIAX IIyTU MBI y2Ke UMeeM 110 k orpaHutveHuil Ha mser. Haunem
MOCIEIOBATEILHO KPACUTh pebpa, mBurasch or A Kk B, Kak B yrBepxkaeann 1. OxpammBas pebpa, BHIXOISIINE 13
BEPIIHMHBI Z;, Mbl JIOJIZKHBI IIPABUJILHO HA3HAYUTH IBET PEOPa X;X;41, YTOOBI yIPABJIsThH (Oy/LyIMMM) 3amperarMu
JIsl OKpacKu pebep, BBIXOMSIIUX U3 Tjt], U B HEePCHeKTHBE (KOTJa Mbl JIOHEM JI0 KOHIA IIyTH) II0JCTPOUTHCS
[IOJT «BCTPEYHbIe», nMeroIuecs B Bepinae B. Eciu ynraresb Bee ele ¢ HaMu, OH 6e3 TPy/a BOCCTAHOBUT JI€TAJIH
9TOTO MPOIECCA.

2. Paccemorpum mipamyio £ = {z = y = 0} u Bce runepbosons suga c(x? + y?) = 22 + 1, ¢ > 0. Slcwo,
9TO KaskJiasli TOYKA ITPOCTPAHCTBA JIEXKUT JIMOO POBHO Ha, OJHOM U3 3TUX TUIEPOOIONIOB, JIMOO Ha MpaAMOil £.
Jutst Kaxk10ro rurepdboJIonia PacCMOTPUM OJIHO U3 JBYX CEMENCTB CKPEIUBAIONINXCS MPSIMbBIX, Ha KOTOpbIE
oH pasbuBaercs. [Ipsmvble pasHbIX rUmepboSOnI0B He OY/IyT napaieabHbl (MX GECKOHETHO y/IAJeHHBIE TOYKN
nexkaT Ha Komycax c(x? + y?) = 22, KakoBble Komyca 06IuX 6eCKOHEIHBIX TOUeK He MMEIOT), TaK 9TO TIOCTPOEHO
TpebyeMoe pa3dueHne MPOCTPAHCTBRA.
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3. Paccmorpum ojinH 1mogapok — ckaxkeM, Jiomaib. PazobbeMm Bce criocobbl dema Mopoza wa maper. Ecin
JIOIIAIh JIEZKUT B OTJIEILHOM MEIIKE [T HEKOTOPOro CIocoba, COMOCTaBUM €l criocod, B KOTOPOM OHA IepesioyKe-
Ha B CJIEAYIONIUH IO YaCOBOI CTpeJIKe MeIoK. Kcaum e Jjommaib He eITMHCTBEHHAsT B CBOEM MEIKe, COTOCTABUM
TaKOMY CIIOCOOY TOT, B KOTOPOM OHA BBIHYTa M3 CBOEIO MEIKA U IIOJIO2KEHA Iepel HUM B OT/IE/IbHOM MEIIKe.
Bce criocobbl pazbunchk Ha mapbl, ¥ B KaXK/I0# ape KOJUIECTBa MEIIKOB OTJIUYAIOTCA Ha 1, & [OTOMY HUMEIOT
pasHyto deTHOCTh. CjieoBaTe/IbHO, T€X U JPYTHUX CIHOCOOOB IMOPOBHY.

4. OTBeT: 1a, TAKOE MHOYKECTBO CYIIECTBYET.

[TocTpoum GeckoHedHyIo IOCIe10BaTeIbHOCTb 1 = 1y < ng < ..., TaKyl0 4TO 1; +N; CBOOOJHO OT KBaJApPaToB
npu Beex ¢ < J. ocraTodHo Hay4YUTHCH J00ABJIATDH €Il OJIHO YHCJIO Nki| IPU YK€ BBIOPAHHBIX N1, ..., Nk,
VJIOBJIETBOPSIOIINX 3TOMY YCJIOBHIO. BysieM HCKaTh ngy1 B BUuje ng1 = 1 + Ma, tne M — nojaxojgdinee Iuciio,
kpatroe ((n1+...+ng+1)!)?, Konkpernoe snauenne M samamam nosske. i = 1,2, ..., k uveem 1+Mz+n; =
(1 + n;)my, tme m; u M B3auMHO TPOCTHI, TaK YTO JIEOOOH TOYHBIH KBajpar, KOTopblii gemur 1 + Mx + ng,
JIoJKeH ObITh B3auMHO npoct ¢ M. To xke BepHO st ngq + np+1 = 2(1 + Mx). Pacemorpum 6oubinoe N u
Bce BodMoxHbIe £ = 1,2,..., N. Eciu y Hac He BBIXOAUT 10100paTh HOAXOISIIANR X, TO JJIs KaXKJI0T0 TAKOI'O X
naiinercs p < M N + 1, B3aumno ipoctoe ¢ M, ui € {1,2,. .., k+1} takue, ato n; +ny 1 gemurcs va p2. [pu
JIAHHBIX i U p Haiimercs ne 6osee dem N/ p? + 1 Taknx . Takum o6pa3oM, obImee KOIMUIECTBO HEIOIXOISIIIX
3HAYCHUN T HE IPEBOCXOIUT

1
p2

A=Nk+1) >

(p,M)=1

+ (k+1)VMN + 1.

[Tycrs M crousb Besmko, 910 Y
(va):l
nyctb N pocrarodno Gosibioe. Torma A < N U HOIXOIAnl & HallaeTcs.

1 1 1
22 < g1 2TOTO MOKHO JOBUTHCsT, TOCKOJIBKY Psifl » -z exonures. Hakoner,

5. Touka O — HEHTP OIMCAHHON OKPYKHOCTU OcTpoyrosibHoro tpeyroibunka ABC (AB > AC). Ilps-
mbie BO u CO mnepecekator 6uccekrpucy yria BAC B Toukax P u () coorBercTBenHo. lIpsvbre BQ u C'P
nepecekatorcst B Touke R. Jlokaxwnre, uro AR | BC.

I[Iycrb OCNBR = P, BONCR = Q, APNOR = U, APNBC =V u ORN BC = D. 3amerum,
9TO JIOCTATOYHO JIOKA3ATH, UTO buccekrpuca yria BAC nenut yron /RAQO mnononam. lBoitHoe oTHOIIEHUE

BV BD
(B,C,V,D) = : D pasuo —1. Crenosarenbuo AD 6uccekTpuca BHertHero yriia A, rpeyronsunka ABC.

Torpma ZDAP = 902. TIpu stom (O, R, U, D) = —1. Crenosarensno AU pemmr yron RAO momnosan.

6. Bamernm, uro ecam (10,n) > 1, To HaiijyTcs Takue ducia ni, ng U ng, 410 n - ny = ng - 10", Tosromy
MOXKHO C CaMOro Havasa caurarh, 910 (10,m) = (10,n) =

Hama mesnp — cHadgasma nperbsBUTL TAKOE YUCJIO k, J7Is KOTOPOTO HANIETCS PAIMOHATBLHOE UUCTO C, JJIsT
koroporo cm =m0...0n0...0k u cm =n0...0k0...0m.

IIycrn
10°n + k 10"k +m
c=10"+ ———= = 10" + ————.
m n
S 2
To ecTb, HAM HYXKHO HAWTH TaKUe JOCTATOYHO OOJIBIIME YHCJA 7' U §, 9TO YUCJIO kK = 1(1)0?7_72 HaTypaIbHOE

(Ipu 5TOM He CTOHUT 3a0bIBATH, UTO JIOJIPKHO BBINOJIHATHCS HepaBeHCcTBO 10° > k).
Bribepem r HacTOIBKO OOJIBIINM, YTOOBI BBIMOJIHAIUCH HepaBeHcTBa 107m —n > n'10™" u 10" > m. Tak
kax (10,10"m — n) = 1, To cymecTByeT Takoe Go/bInoe aucyo s, aro 105+72" =1 (mod 10"m — n). Torna

10°n% = 10°t2"m? = m?,
IIO3TOMY YHCJIO k HATypaJJIbHOE.
Tenepn, uuciao ¢ = ¢'m marypanabioe, cm = dm-m = m-m0...0n0...0k u cn = dn-m = m -
n0...0k0...0m. Ocrangoch 3aMeTUTD, 9TO B 4KcjIe mk MeHbIIe 9eM s udp, B IUCIE MN MeHbIIe 9eM ¢ udp, B
yncize m? MeHbIe 4eM k 1udp, a B uncite km Menbine geMm ¢ mudp. Ilosromy uaucia cm u cn GyLyT OTIRIaTHCS

[IEPECTAHOBKOU OJIOKOB 1udp.

7. Perenne aHaJOruvHO penreHuro 3agadu 10 JTUru TaKTHK.
8. Pemenue 1. 113 mepasencrsa o cpegaux 2¢/(z — 1)(y — 1) < (x—1)(y—1)+1 HeTpyHO BBIBECTH NoAE3HOE

HEPAGEHCME0
\/a:—l—l—\/y—lé‘/xy.
[IpuMenstst OJIE3HOE HEPABEHCTBO [Ba pasa, noaydaem va — 1++v/b — 1+vc — 1 < Vab+vec—1 < /(ab+ 1)c
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Pemenne 2. Tuddepennuposannem HeTpyAHO NPpoBepuTh, 9to dynkuusa f(c) = ty/c — /c—1 npu t>1

2
JIOCTUTAeT Ha IPOMEKYTKe [1, +00) MUHUMYM B TOUKE C) = tzt—_l IIpumenss 3T0 3aMedyanue K HaIleMy Hepa-
BEHCTBY, uMeeM t = y/ab — 1, © 7O0CTATOYHO NIPOBEPUTH HEPABEHCTBO Ipu ¢ = 1 + ﬁ, T. €. JIOKa3aTh, YTO IIPU

a,b>1
Va—1+vb—1< Vab.

ITpu a = 1 310 OuYeBHHO, a pu a > 1 ouATh HpuMeHnM Haile 3amedanue st yuknuu f(b) = vVab — /b — 1.
[Tosryamm, 9TO JOCTATOYHO MPOBEPUTH HEPABEHCTBO B TOUKe b = —f5. DTO JIerko.

9. Onycrum u3 touku C nepnenaukyiaapsl CX, CY u CZ na npaveie AB, BD u AD cooTBETCTBEHHO.
Tak xak Touku C, B, X n Y nexar Ha omnoil okpyxHoctu, 1o Z(XC,XY) = Z(BC,BY). Ananorunuso,
L(XZ,XC)=ZL(AZ, AC). Torna

AXZ,XY)=L(XZ,XC)+ ZL(XC,XY) = £(AZ,AC) + Z(BC, BY) = /(CB,CA) — Z(DB, DA).

Ananornuno, Z(ZY,ZX) = L(CA,CD)— Z(BA,BD). Torna £L(XZ, XY )= Z(ZY,ZX). Ecim touku X, Y u
Z jexkaT Ha OJIHOI IpsiMoii, To derhipexyroibHuk ABC' D Buucanusbiii. Eciu Her, To TpeyrospHuk XY =Y Z.
ITpu srom, XY = BC/sin ZABD = (BC - AD)/(2R), tae R — pajiyc OMUCaHHOI OKPY?KHOCTH TPEYTOJTbHUKA
ABD. Ananoruuno, YZ = (AB - CD)/(2R). llostomy AB - CD = BC - AD. Tak xaxk AB + CD = BC + AD,
TO deTbipexyroabauk ABC D menbToun.

10. Ciygan, Korja BO BCeX BEPIINHAX HAIMCAHBI OIMHAKOBBIE UNC/Ia, OYEBHIHBLI. MHaykmmeil mo dwcity
CTOPOH JIOKaXKeM, YTO €CJIU B BEPIIMHAX N-yrojibHuKa 3anucanbl 0 u 1, npuvem ectb Kak 0, Tak u 1, To MHOTO-
YTOJIbHUK MOYKHO TPUAHTYJINPOBATH TaK, 9TOOBI CYMMa B KarKJIOM TPEYTOJbHUKE TPUAHTYJISIIUN PABHSIIACH ObI
1 wnn 2. Baza uagyknuun —n = 3 un = 4 — odeBugHa. [Ipu n > 5 HaiigyTcs JgBe mOCI€I0BATE/IBHBIE BEPITHHBI
A u B, B kotopbix Hanucanbl 0 u 1 coorBercTBeHHO. BhibepeMm Bepiinny C', He SIBJISIFOILYIOCS] COCEIHENH HU IIJIsI
A, uu giua B. Ecin B C 3anucan 0, To uposeneM auaronanb C B, a ecim 1, To CA. MHOroyrojJbHuK pasouiics
Ha JIB& MHOTOYTOJIbHUKA, K KOTOPBIM ITPUMEHUMO ITPEJIIOJIOKEHNE WHITYKITUH.

Pemenus 3amaa 2 Typa 7



XXIV Poccuiickuii ¢pecTuBab IOHBIX MATEMATHKOB 4-10 okrsibpst 2013

Jlura TakTuk

1. Paccmorpum 49mciio n, IpeacTaBUMOe B BHIE CYMMBI JBYX ITOXOXKHMX. Kcjm BbIYepKHyTasd nudpa — He
ITOCJIETHsIsT, TO JIBA MOXOXKUX UHMCJIa OKAHIMBAIOTCS Ha ONHY U Ty ke 1mudpy. Torma n — derHoe. Ecan BeIuepk-
HyTas nudpa — MOCJeIHsIsI, TO ABa MOX0XKNUX uncia uMmeroT Buig 10A + x u A, rne x — BbIYepKHYyTast mudpa.
Torma n = 11A+ z, t.e. ntudpa x — ocrarok or gejnenns n Ha 11. Takum obpas3oM, ocTaTok OT fejeHust n Ha 11
He npesocxoauT 9. 3uauuT, yncia Buga 11 A+ 10 He mpeacTaBUMBbI B BUIE CYMMBI ABYX IOXOXKHUX UHUCEJI, OJHO U3
KOTOPBIX IOJIYYEHO U3 JIPYTrOro BHIYEPKUBAHUEM ITOcaeHel mudpbl. KoMOMHUpPYsI 1Ba CAeIaHHBIX HAOJIIOIECHUS,
MBI TIOJTy4daeM, 9To quciia Buja 227 + 21 He npecTaBUMBI B BHJIE CYMMBI JIBYX MOXOXKHX.

Kommenmaputi. Ha camom jieste, 970 yCJIOBHE ABJISETCA U JTOCTATOYHBIM. 10 ecTh Bee 4nciia, Jaiolue Ipyroi
OCTATOK I10 MOJIYJIIO 22, IIPEJICTABUMBI B BUAJIE CyMMBI JIBYX ITOXOXKHUX.

2. Cwm. pemenne 3a7a4au 10 jiuru crpaTeruii.
3. Cwm. permrenue 337291 3 JIUTH CTPATErHi.

4. Ecim n = p¥, yreepxaenne ouesnano. IlycTs n = pge, e p > ¢ — pa3imdHbIe IPOCTHIE YuC/Ia. 110I0KIM
k= (p— q)gz. Torna (n,k) = (pqz, (p — q)qz) = qu(p,p — q) = qu, nov1OMY 151 kb = PE=LZ0I — g o1y
(n,nk) = (pgx,q) = q # 1. Vtak, 9uca0 n HE MOXKET UMETD JIBYX PA3IMUHBIX IIPOCTBIX JEJUTeJIel, 09TOMY

OHO SIBJISIETCsI CTEIIEHBIO TIPOCTOTO YHCJIA.
5. CwM. pelrreHne 3a7a41 5 JIUTH CTPATErnit.

6. YacrHoe JAHHBIX dnces (Mbl IOJIB3YEMCsl TeM, YTO YHUCJIA PA3JIUYHBI U II0TOMY, 00€ Pa3HOCTH — He HyJIN )

va

PABHO — 77 1 [IOTOMY ABJISCTCA PAIHOHATLHBIM. O6o3naqanmM 310 gactHoe depe3 —q. Torma b — vab = b(1 — q),
OTKYIIa IMeeM, 4To 4ruciio b — pannonassnoe. Jlasee, a = ¢2b, ¥ MbI IOJIyYaeM, ITO U YHCIIO ¢ — PAIMOHATBHOE.

7. Paccmorpum npon3BosibHYIO BepmnHy rpada. Boibepem aBa ncxomsmux u3 Hee pedpa. Uncao pasimIHbIX
4-IIMKJIOB, COAEPXKAIUX 3TU JBa pebpa, He Gosblle 2. 3HAYUT, Yepe3 JAHHYIO BEPIIUHY IIPOXOIUT He GOJbIile
MIECTH PA3JIUYHBIX 4-IIMKJIOB, a8 BCEro, CTajo ObITh, KoaudecTBO 4 1mukiioB He Gosbine 450. B ciaydae xorma
rpad npezcrasisier coboit oobenunenue 50 HezaBucuMbIX rpados K33 (HOIHBIX ABYIOJIBHLIX IPadOB ¢ ABYMsI
JIOJISIMU TI0 TPU BEPIIUHBI B K&)K;LOﬁ), OIlEHKa JJOCTUTAETCS.

8. CwM. perrreHne 33741 8 JIUT'H CTPATErHit.

9. Orser: AK = 24/5.

[Ipommum cropoust AB u C'D o nepecedennst B Touke X . JIerko moHsATH, 9TO TOUKa X JIEXKUT 3a TOUKOI
A u toukoit D. U3 teopembr Pajieca st napasenbHbix npsiMbix AK u XC Mbr MokeM Haiitu oTpe3ok AX.
[Moayaaem, aro AX = 10/3. Teneps mpomanm 10 mepecedennst cropoubl AD u BC, mycTb OHE ITepeceKyTCst
B Touke Y. U3 coobpaxkenuii cummerpuu nosydaeMm, uro CY = AX = 10/3. Teneps, noib3ysich mojobuem
rpeyrosibaukoB C DY u KAY | mbl naiigem, uro AK = 24/5.

10. Orsert: 3Ta cymma pasua 0.

[posepum, bynxmus f unbexTusna. Jeiicrurensno, ecm f(a) = f(b), o f(f(a)) = f(f(b)), r.e. a® = b3,
orkyna a = b. Teneps zamerum, uro f(f(f(z))) = f(23) u B T0 )€ Bpemsa f(f(f(x))) = f3(x), To ectn
f3(x) = f(23). Honcrasnas coma * = —1,0,1 mbr momydgaem, aro Bee Tpu sHadenns f(—1), f(0) u f(1)
yJI0BJIeTBOPSIIOT ypasHenuio t2 — ¢t = 0. To ecrb Tu 3HaueHus — 310 —1, 0 u 1 B HEKOTOPOM HOpsiIKe (B cuity
HHBEKTUBHOCTH ). DTO 03HAYAET, UYTO UX cyMMa pasHa (.
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Penienus 3agag 3 trypa
Jlura crpareruii

1. ITycte N — cepemuna myru BC, D' — To4Ka OKpY’KHOCTH W, IHAMETPAILHO IPOTUBOIOJIOKHASA TOUKe D,
By n (7 — Touku KacaHWsl BIUCAHHON OKpys:kHOCTH TpeyroabHuka ABC co croponamu AC' u AB cooTser-
cTBeHHO, H — OpTOIeHTp TpeyroJibHuKa Tpeyroibauka D B1CYy.

3aMeTuM, 9TO TPEYroJIbHUK C BepiuHaMu B cepemunax ayr AB, BC' u C' A onucaHHON OKpY»KHOCTH Tpe-
yrompanka A BC monoxuTeabHo romoTeTnder Tpeyronbuuky D BiCh. Obosnatnm 3Ty romoretnio epes I') a ee
nentp — uepe3 1. [Tpu romorerun I onucannas OKpy»KHOCTH HepexouT Bo Biucannyio, ['(N) = D, T'(M) = D'.
Taxeke, pu Ji000OH rOMOTETHH TIpsiMasi U ee 0bpa3 napaJeabubl. Torna npsimast N A epexoaut B nupsimyto D P,
u caenosaresbho, I'(A) = P. Ilpu stom, DP — Bbicota Tpeyrosabunka DBCy, u cienoBarenbho, ayru B1 P u
C1D’ okpy»KHOCTH W PaBHLL

SameTnM, 9TO TOUKa I — OPTOIEHTD TPEYTOJbHUKA, ¢ BepiuHaMu B cepeguaax ayr AB, BC' u C'A onucan-
HOit okpy2kHOCTH Tpeyrojbauka ABC. Tlosromy I'(I) = H.

Ham mocrarouno gmokasarh, uro npambie AP u D'H nepecekaiorcst Ha OKpyzKHOCTH w. ITycth X — Touka
nepecedenns upsmoit D' H n okpyzkuHOCTH w. 3amernM, uro X D' — meamana tpeyronbauka X B1Ch u, Tak Kak
ayru B1P u C1D' pasubl, To X P cumennana Tpeyronbauka X B1Cp. Kak XopoIo u3BecTHO, Ha TOYKa Hepe-
CeUYeHUsT KacaTe/bHBbIX K OIMMCAHHONW OKPYXKHOCTH, IIPOBEJEHHBIX B BEPIINHAX, JIEXKUAT Ha cuMeuane. [losromy
roukn X, P u A jnexar Ha OXHON IPSIMOIA.

n—1
2. Hns xkaxkgoro 0 < ¢ < n — 1 0603HAYUM IUCTIO X1 — X; depe3 y;. Torma » | y; = 1. Bamerum, 4ro
=0
n—1 n—1 n—1
1 3 1 1 1 3
Zf’?ifﬁm(ﬂ?m —zi) =3 Z (@i —@)” | +3=5-3 Zyz
=0 =0 =0
3amMerum, 9TO
n—1 ; 1 3 1 2
Saen(2) = (4)
, n n
=0

ITosromy

1
3 3

n

"2‘:1:“0 (ot — ) < 1(1)2_(n—1)(n+1)
rar g1\ L1 i) X 37’L2

3. Ecsim MBI pieM KpIOKH € PYKOi @ M HOroii b, TO MBI CIIBUTAEeM TPAHUILy JHarpaMMbl (BMeCTe € JBYMsI
JIydaM# OT KpaeB 0 0CsIM KoopjauHaT) Ha BekTop (a — 1/2,—b+ 1/2) u cuuraem Jjisi BHEMIHUX KPIOKOB TOYKI
nepecedenusd ropu3oHTaJIbHBIX CTOPOH I/ICXOILHOfI JAruarpaMMbI 1 BEPTUKaJIbHBIX — CILBI/IHyTOI.;'I7 a JIJid BHYTPEHHUX
HaO60pOT. Ho Te n Jpyrue TO49KHU IlepecedeHnsd, O9YCBUIHO, Y€PEYIOTCA, IpUIeM II€pBad U IMOCJICHAA COOTBET-

CTBYT BHEITHUM KPIOKaM.

4. Oteet: 6 rpadoB.

Kaxknast BepiinHa T0J2KHA JIEXKaTh XOTs ObI B TpeX rpadax, Tak d4To CyMMapHOe YHCJIO BEPIIMH B rpadax
He MeHbIle 67, II09TOMY UX HEe MEHBIIIE IIECTH.

[TokazkeM, Kak HCIOJIB30BATh 6 rpadoB. ecam n 9eTHO, pasduBacM BEPHIMHBI HA 4 rpynnsl o n/2 n 06b-
eIMHsAeM uX IonapHo B rpadebl. Ilycrs n = 3 + 2k. Bouiaenum 6 BepiuH a, b, ¢, d, e, f, ocraBmmecs: pa3obbeM Ha

rpymnsl A, B,C, D 1o k BepmmH u paccmorpuM rpadsr abdAB, bce BC, cdf CD,deaDA,efbDB, facAC.

5. Ilyctb umeerca N > 2013 upsmbix o0Imero mnojoxkenus. [loBepHeM MI0CKOCTb Tak, 9TOObI HUA OJHA IIPsi-
Mast He ObLjIa BEPTUKAJBHON U IIPOHYMEPYEM MPsSMbIE 110 BO3PACTAHUIO YIVIOBBIX KO3ddunmenTos. Paccmorpum
BCEBO3MOXKHbBIE TpOiKu uuces (i,7,k), ¢ < j < k. Ilokpacum Kaxk/yio Takyi TPOHKY B KPACHBIH I[BET, €CJId
TOYKa IepecevdeHns i-ii u k-if mpsaMoii pacrosioykKeHa HuzKe j-ii mpsiMoit, 1 B CUHWI — ecyu Bhire. [1o Teopeme
Pamcest mpu ocrarouno 6osbitom N cymectByioT 2013 qucest, Ajist KOTOPHIX BCe TPONKM MTOKPAITEHBI OTTHAKO-
Bo. Ecom Bce oHE, cKazKeM, KPaCHBIE, TO IlepecedeHne BEPXHNX IOJIYILIOCKOCTEHN JIJIsT COOTBETCTBYIONINX MIPSIMBIX
ompeJiesisieT HEOTPAHUYEHHYIO BBIMYKJIYIO 00JIACTD, JJIsi KOTOPBIX KaXKIasl U3 IPAMBIX COJIEPYKUT OTPE30K I'pa-
HUIBI. DTO OYEBUJHO, €CJIM, HAIPUMED, HAYATH PACCMATPUBATL ITH MPsIMbIE B HOPSIKE BO3PACTAHUSA HOMEDPOB.
Taxum 06pa3oM, HalIEHHBI HAOOD IIPSIMBIX SBJISIETCS PETYJISTPHBIM.
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6. OTBer: 3a n oneparuii.

[Iycrs mamm auncia — ag,ag, . . ., a,. HaMm monamodburcs: crangapTHas

Jemmva. Ecim (A, B) = 1, M — menysieBoe 1esioe ducyio, To B apudmernydeckoii mporpeccun (A + kB)
HalijleTcs WieH, B3auMHO pocToit ¢ M.

HokazatenbcTBo. [Iycth N — mpousBejieHne BceX MPOCThIX Ynces, KoTopble jensat M, vo ue nenar B. Torna
(N, B) =1, nosromy aB + SN = 1 jyist HEKOTOPBIX HEJbIX «, 3. [Tomoxkum k = a(l — A). Vmeem

A+kB=A+aB(1—A)=A+(1—A)(1—-BN)=1-B(1— A)N.

BujiM, 910 9TO 4MCJIO B3aMMHO IIPOCTO Kak ¢ B, Tak u ¢ N, Tak 94TO OHO B3auMHO IpocTo ¢ M.

Bepuemcs k 3amade. Ilokaxkem, uto n omepamuii Bcerma xBaTut. [Ipemanosiokum, 4TO WuCIa G1, ..., 0n—1
n—1

B3aMMHO TIPOCTBI B COBOKYIHOCTH. TOrjia HEKOTOpasi NeJIOYNC/IeHHast JInHeiiHast KoMOuHanust »  bya, paBHA
k=1

1 — a,, ee u npubaBuM K a, 3a n — 1 onepanuio. Ecim ke m3nagabHO JI0ObIe 1 — 1 9HCI0 MMEIOT OOIIMiA
e TuTe b, OoJibinuit 1, To cpeau Hammux n duces Het Hyseit. [lokaxkeMm, 94T0 /)it HEKOTOPOI'O IEJI0r0 Kk YHUCa a1,
ag, ..., Ap_2, Gp—1 + ka, 6yIyT B3aUMHO IPOCTHI B cOBOKynHOCTH. [Tonoxum d = (an—1,ay), € = (a1, ... ,apn—2),
ap—1 = dA, a, = dB. Torna a,—1 + ka, = d(A+ kB). Ilepsbiii MHOXKHUTEb d B3AUMHO TIPOCT C €, BTOPOH UMeeT
BUJ X + ky U Ipu MOAXOSINEM & B3AMMHO IPOCT C € B CHJIY JIEMMBI. TaKuM 00pa3oM, 9ucjio d,_1 + ka, B3aUMHO
IIPOCTO C €, Yero Mbl U JIoOuBaJMCh. VITak, 3a OHY OIEPAIINi0O MOXKHO CIeJIaTh 1 — 1 Jucesl B3AMMHO TPOCTHIMU
B COBOKYITHOCTH, €I1e 38 N — 1 OIepaIiio OCTaBIIeecs IUCI0 MOMKHO, KaK MOKA3aHO BBIIIE, C/IeJIaTh PABHBIM 1.

ITokaxkem, uro n — 1 omepamuu xBaTuT He Bcerda. Ilycrb pi1, ..., p, — pa3jindHble HEYETHBIE IPOCTHIE
gncia. IlpejgcraBum, 9T0 HaAM yIaa0Cch HOJ00paTh YHCIA A1, - .., Ay TaK, 9TO @; KPATHO p; NIPH  # j U a; — 2
KparTHo p;. lIpeamomoKuM, 910 AJjIsd 9THX 9uces XBaTuiao n — 1 omepanun. Torma ijisi HEKOTOPOIO 4 Ollepalus
puOaBJIEHUST TIEJION0 KPATHOTO YHCJIA ¢; K KAKOMY-TO JIPYTOMY YHC/Ty HE pa3y He IPOBOIUIACh. DTO 3HATHUT, UTO
110 MOJLYJTIO p; HAIIIH 9HCJIa He MEHSIJINCh, HO HU OJHO U3 HUX HE CPaBHUMO ¢ 1 — npotuBopedne. OcTaaoch MOHATD,
KaK BBIOPATH B3AUMHO IIPOCTHIE B COBOKYITHOCTH YUUC/IA 41, . . . , Gy YKA3AHHBIM 00pazom. [lycts P = p1-pa -+ - Pn,
P; = P/p;. Yucna P; u p; B3auMHO IIPOCTHI, Tak 4T0 Pj¢; — 2 KpaTHO p; JJisi HEKOTOPOTo 11es10ro ¢;. [Tomoxum
a; = Pi(¢; + pix;) n Gymem uckaTh nejible T; Tak, 4TOObI YUC/IA @; OBLIM B3aMMHO MPOCTBI B COBOKYITHOCTH.
Hu onno wus mpocthix pi, ..., P, WX OOIIUM JI€JIMTE/IEM HE SIBJISETCS, TAK UTO JOCTATOYHO JOOUTHCS B3aUMHOMN
IIPOCTOTHI YHUCeN ¢; + p;x;. MoxKHo, HanTpuMmep, BIOpaTh £1 = 0, a X2, MOJB3YySICh JIEMMOM, 0I00paTh TaK, UTO
(c1,¢2 + pax2) = 1.

7. Hokaxkem unykiweii mo r (6aza r = 0), aro f(i),..., f(i+3"—1) pazauuansl 110 MoyII0 3" IpU JEOOGOM 1.
[ycrs aua r = k sro tax. Torma f(i),..., f(i +3F — 1) no momymo 2 - 3F naror ocrarku 1,3,5,...,2-3%F — 1
B HEKOTOPOM mopsiake. Suaant, 27 (i), 27 (i+3°—1) nator ocrarku 2, 5,8, ..., 31 —1 (B HEKOTOPOM TIOpsiJIKE)

yake 1o Mosyimo 31 Braunr,

3k_1 k
. . " 3Frl 41
FG+35) = f@) = 2f<z+ﬂ>52+5+8+...+(3’f+1—1):3’“T (mod 3*+1)
Jj=0

npu Beex 4. Taknm obpasom, 351 | f(i+t-3%) — f(i) Toombko ecim 3 | ¢, OTKy/1a MOTydaeM, 4TO OCTATKH HHCET
f@@), ..., f(i 4381 — 1) o momymo 38+ pazmrammr.

8. Ob6oznaunm cepemuabl orpeskoB OP u OQ) 1uepes M u N coorBercTBenHO. IlycTb yriibl TpeyrojbHUKA
ABC paBHbl o, 8 u v coorBercTBeHHO. JlokaxkeMm, uro Toukn A, M, N, O u T jre;kaT Ha OJHOI OKPYKHOCTH.

Heiicreurensro, PO 1. AB u QO 1 AC, nostomy /ZMON = 180° — a. C sipyroit cropoust, ZAPO =
/BPO =90° — ZPBA = (. Anasmornuno, ZAQO = ~. Bosee Toro, ZPOA =~v u ZAOQ = 5. 910 03HAUAET,
qro TpeyroibHuK APO momoben Tpeyronpuuky AOQ u /PAO = ZOAQ = «. Torma /MAO = /NAQ n,
cnenoBarenbio, LZMAN = ZMAO+ ZOAN = ZNAQ + ZOAN = «. [lostomy Touka A JeKAT Ha OMUCAHHON
okpyx)uoctu Tpeyroabunka MON. Tak kak ZAMO = ZANO = 90°, To Ha 9TOii yKe OKPYKHOCTHU JIEIKUT
rouka T, mpudem TO — muamerp sroii okpyxkuoctu. CienoBarenvio LT AO = 90° u nupsimast T'O Kacaercst
OTIMCAHHOW OKPYKHOCTH Tpeyroibunka ABC.

9. Ormser: f(x) = x.
Paccmorpum o # z € [0,+00), f(2f(z) +0) = 22 4+ f(0) # 2z + f(0) = f(2f(2) + 0), ciaenosarenbHo,
f(x) # f(2), re. dynkuus uabekrusHa. Tenepb paccCMOTPUM BbIpasKeHUe

f(2f(x+2)+0) =2(z+2) + f(0) =2z + 2z + f(0) =2z + f(2f(2) +0) = f(2f(z) +2f(2) +0).
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U3 nabekTuBaOCTH HOsTydaeM, 9to 2f (z42)+0 = 2f(x)+2f(2)+0, r.e. f(z+2) = f(x)+ f(2). CrenoBarensHo,
f(0) =0 u dyukuus f MOHOTOHHASI.

sy = LU LI _ 1) _ I 10) 20 S0)_ 20

Hoxkaxkem, uro f(x) = x mys moboro x € [0, 4+00). Ecin, ckaxem, f(x) < x upu KakoM-HUOYb X, TO B CUJLY
monoronnocru f(x) < f(f(x)) = x, uporusopeune. Ananornano pasbupaercs ciaydaii f(z) > .

=X.

10. OtBer: Takue MHOTOWIEHBI CYIIECTBYIOT TOJBKO 1ipu n = 1, 2.

[Tycrs n > 2. CHavasia cjejiaeM JIMHEHHYIO 3aMeHY [ePeMEHHO Tak, 4Tobbl KopHu MHorodwieHa P(Q(x))
crasu pasaet 0, ..., n% — 1.

[Tyctb ¢1 < --+ < ¢ — Bce BellecTBeHHbIe KOpHU MHOro4IeHa P. JTio6oit koperb P(Q(x)) — 910 perenune
ypasuennus Q(x) = ¢; mias mekoroporo i. Orciofa moaydaeM, 9to k = n u Kaxaplii Mmuoorowrex Q(x) — ¢; nmeer
n kopueii. Hapucyem rpaduk Q(z). B Hem poBHO n y9acTKOB MOHOTOHHOCTH, CJIEIOBATENLHO IPSMasi Y = ¢;
HepeceKaeT BCe yYaCTKH MOHOTOHHOCTH. 1locMOTpeB Ha rpaduk, MOYKHO 3aMETUTh, UTO HPAMBIC IIEPECEKAIOT
HepBbIil y4aCcTOK MOHOTOHHOCTH B TOYKaX ¢ x-KoopauHaTtamu 0, ...,n — 1, BTopoil — B TouKax n, . ..,2n — 1, no
B O6paTHOI\/I IopdaKe, TaK KaK Ha 3TOM yqaCTKe ;prroﬁ TUII MOHOTOHHOCTHU, 1 TaK JaJiee.

Pacemorpum muorounen Q(x) — ¢;. Tak kak deg(Q — ¢;) = n > 2, T0 cymMa KOpHeil U cyMMa KBaJPaTOB
KOpHEl 9TOr0 MHOI'OYJIEHA HE 3aBHUCUT OT ¢;. SHAYMNT,

O+Cn—-1)+2n+Un—-1)+...=14+2n-2)+2n+ 1)+ (4n—-2)+ ...,
0*+(2n—1)2+(2n)*+(dn— 1) +... =12+ (20— 2> + 2n+ 1) + (4n — 2)* + .. ..
Tak Kak B IEPBOM PABEHCTBE COOTBETCTBYIOIINE CJlaraeMble OTIMIaloTCs Ha 1, To n uerHoe. Torma Bropoe MoxkeM
[epenucaTh B BUJIe n/%_l((k:n)2 + (kn+2n—1)?) = n/QZ_I((/m +1)2 4 (kn + 2n — 2)?), HO 3TO HEBOZMOKHO TaK

KaK B HpaBOﬁ YJaCTH COOTBETCTBYIOIIasd CyMMa KBa/JIpaTOB BCErJa MEHbIIIE.

JIura rakTuk

1. Otrser. 10 kpacubix kierok. I[Ipumep. Packpaiens kiaerku ¢ koopaunaramu (1,2), (2,2), (2,3), (2,4),
(3,1), (3,2), (3,3), (4,3), (4,5), (5,4).

Omenka. ITycTb KpacHBIMU SIBJISIIOTCST @ YTVIOBBIX KJIETOK, b MPUMBIKAIOMIUX K CTOPOHAM (HO HE YTJIOBBIX )
KJIETOK ¥ ¢ KJIETOK, HE IPUMBIKAIOMMX K cTopoHaMm. CyMMUpysi KOJUIECTBA KPACHBIX KJIETOK 10 BceM (1epe-
KPBIBAIOIIIMCST) KBaJparaM 2 X 2, mosydaeM, 91o a + 2b + 4¢ = 32. Oboznaunm a + b + ¢ = k. 113 paBencrsa
a+ 2b+ 4c = 32 caenyer, uro ¢ < 8. Eciiu ¢ = 8, To a = b = 0. Jlerko BumeTh, 4T0o TpedyeMbIX pacKpPacoK
B 9TOM cjIydae HeT. Ecau ¢ = 7, To eIMHCTBeHHAasT BO3MOXKHOCTD, pu KoTopoit k < 10 =310 b =2 m a = 0. Ecian
¢ <6, o Bcerma k=a+ b+ c > 10.

Pazbepem moapobro eauHCcTBEHHBIN Ciy4ait, npu KoTopoMm k < 10 — ciywait a = 0, b = 2, ¢ = 8. Ilycts on
Bo3MoxkeH. Torja y KBajpara 5 X 5 ecTb X0Ts ObI JIB€ CTOPOHBI, K KOTOPBIM HE IIPUMBIKAIOT KPACHBIE KJIETKH.
IIycts onna w3 Hux BepxHss. Tak Kak ecTb Bcero 4 kBajpara 2 X 2 ¢ MOJHOCTBIO CHUHEH BEepXHEH CTOPOHOI,
U K BEpPXHEH CTpOKe KBajpaTa 5 X 5 NPUMBIKAET Kak pa3 4 KBajpara 2 X 2, TO IMOJHOCTBIO CHHUN KBaJpar
2 X 2 UpuUMBIKaeT K BEPXHel cTOpoHe. AHAJIOIMIHOE BEPHO U JJIs JAPYTOi CTOPOHBI KBajpara 5 X 5, K KOTOPOii
HE TPUMBIKAIOT KpacHbIe KJIETKHA. TaK KakK MOJHOCTHIO CHHHII KBaJpaT 2 X 2 Ha JIOCKE OJUH, TO OH JIOJI?KEH
IPUMBIKATh K YIUIy (JJ1s OlpeJIeJIeHHOCTH K JIEBOMY BEPXHEMY), & HOJIHOCTBIO CUHHE CTOPOHBI — 9TO BEPXHssI
u sieBast. Torga kierku (2,3) u (3,2) M0/KHBL OBITH KpacHBIMEU. [I0CMOTpEB 30pKUM B3IVISIZIOM Ha PACKPACKN
KBaJIPaToOB 2 X 2 ¢ KOOpJMHATAMU BEPXHUX JIEBbIX KjeTodek (1,2) u (2,1), 3aMedaem npoTuBopedue.

2. JIemma. Ecin a, b, ¢ € Q u /a+ Vb + /e € Q, 10 v/a, Vb, \/c € Q.

JokazarenbcrBo jtemMbl. Tak kak s = /a + Vb + /¢ € Q, To Bo3BeIs B KBaJpaT U TOJCIHB Ha 2,
nosyaaem, aro vVab + vVbe + Jea € Q. O6osnaunm Vabe = p. TIOBTOPHB TOT ke IPHEM, HOJIYUaeM, UTO
\/@(\/EJr Vb + V) = sy/p € Q, oTkya Vabe € Q. Tlosromy

abC_ als — a @
\[

oTkyza /a(s + Tp) —a € Q. CrnenoBarenbho, \/a € Q. BunmaTebHbI YUTATEH CIIPABEIIMBO 3aMETHT, UTO
B JI0Ka3aTe/IbCTBE Mbl HECKOJILKO Pa3 JEeJMIU Ha BCAKHUE YHC/Ia, KOTOPble MOTYT paBHATLCA Hyso. OIHAKO 3TO

Vab + Vbe + ea = a(Vb + e) +

BO3MOXKHO JIUIH Ipu ¢ = 0, B 9TOM cJiydae pallMOHAJIbHOCTDH G OYEBHUIHA.
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[Tepeitnem Kk pemennio 3amadn. [lo jreMMme Kaxkgoe U3 TpPeX IUCEs IO/ PAIUKAIAMEI JOIKHO OBITH TOYHBIM
2013 _ (p
Tty <q
x +y = 2013a? s HekoToporo a € Z. Anasormuano y 4+ z = 201302, z + x = 2013¢2, te b, ¢ € Z. Io ycnosuio

ancio 1+ 1+ 1 apnserca nesbiv, u, kpome Toro, cymma a+b+c = (z+y) + (y+2) + (2 + x) ABsteTcst YeTHOM.
HerpynHo y6eauThbest, 9T0 9T0 BO3MOXKHO ToJbKO tpu (a,b,c) = (4,4,2),(4,2,4),(2,4,4). Orciona nosaydaem
Tpu pertenusi: Habop uuces (2 -2013,2 - 2013, 14 - 2013) u ero mepecTaHOBKU.

KBaJpaTOM PpallOHaJIbHOI'O YHCJIa: CKazKeM,

)2. Tak kax uncmao 2013 ¢cBOOOIHO OT KBaApaTOB, TO

3. Ouenka. ComocraBuM KaxKJIoMy OTpe3Ky [, j| ero Bec i + j. Toraa pasuble oTpe3Ku He MOIYT UMETDh OJIU-
HakKOBBIe Beca. /leiicTBUTE/IHHO, IBA OTPE3KA MOTYT UMETDh OJIMHAKOBLIE BECA TOJILKO B TOM CJIyvae, KOT/ia OJIUH
COZIEPZKUTCS B IPYTOM, HO TOTJIA 110 YCJIOBHIO y HUX €CTh OOIINii KOHEI, U U3 COBIIAJIeHHsI BECOB BBITEKAET COBIIA~
JIeHre JIPYTUX KOHIOB. MTak, oTpe3kos He GoJIbIle, 9eM BAPUAHTOB BECOB, TO €CTh HE GOJIbINE, YeM KOJIUIECTBO
ancen or (041) mo (20124-2013), xkoropoe pasuo 4025.

[Tpumep. Pacemorpum Bee orpeskn ¢ KoHIIaMu B Touke 0 U BCe OTpe3KH ¢ KOHIaMmu B Touke 2013.

4. OTBet: HeT.

Bamernm, aro wncaa Q(2F) mpu Beex k ot 1 10 20132 seasores Kopasamu Muorodtena P(z). Tak Kak Kaskioe
cBoe 3HaveHne MHOrowieH Q(x) npunumaer He Gojee 2013 pas, 3HAYUT CPEJH EPEUNCTCHHBIX 20132 uucesn He
menee 2013 pasmuanbix. OTciofa nomydaeM, 4To y Muorodiena P(z) ne menee (o u He Gosee) 2013 kopmeit.
Torma ycioBue o3HavaeT, ITO YUCTIA 2F I =1..20132, pasbusatorcs wa 2013 rpynn o 2013 uucest B KaxK 10, 3Tn
IpyIIbl — KOPHU ypasHeHuil Q () = am, 1J1e ay, — KOpHU nojuHoMa P(z). 3aMerum, 9To CyMMbI 9UCEN B 9TUX
IpyIIax paBHbI, TaK KaK B CUJIy TeOpeMbl Buera oHU 3aBHUCAT TOJBKO OT Ko3ddunmenTos muorodsieHa Q(x)
npu 22912 i 22013, Ho pas6uth jannble B yCIOBUH 3a1a9H YMCIA Ha TPYHIIH ¢ PABHBIME CyMMAMHI HEBO3MOKHO,

2
TaK KaK IToCJjeaHee 9MCJIO 22013 0oJIbIIIe CYMMbI OCTaJIbHBIX.

5. OtBet: 5T0 pyHKIMN +T + C.

[Iycts a, b € R. Ipeanosoxum, aro b > a u b — a = d. Torma obpaser unrepsaios (a — d,a), (a,b)
u (b,b + d) — sro Tpu uHTepBasa JNIMHBL d, a 06pa3 uHTrepBasa (a — d,b + d) — 910 MHTEpBaJ HAUHBL 3d.
Oxnako, obpa3 moc/aeIHero HHTEpBaJia OTJIMIACTCA OT OObeMHEHNsT 06Pa30B IIEPBBIX TPEX UHTEPBAJIOB TOJLKO
nobassernem Touek f(a) u f(b). Orcroga cienyer, 4To 11 ToUKM pasbupaoT obpa3 unrepsada (a —d, b+ d) Ha
Tpu nHTepBasa IuHbL d. OTciona ciaenyer, aro | f(b) — f(a)| = d = |b—a|. D1o paBeHcTBO BepHO NpH BCex a u b.

Toryna umeem: |f(xz) — f(0)| = |z|, orkyna f(x) = 2 + f(0) (3HAK BBIGUPAETCsT IPU KAXKJIOM T HE3ABHCHMO).
O6osznaunm uepes ¢ suadenue f(0). Ecomu f(1) = 1 + ¢, To pasencrso |f(x) — f(1)| = |z — 1| o3nagaer, aro
f(z) = &+ c upm Beex x. Anasnoruuno, eciu f(1) = —14 ¢, To Mbl UMeeM paBeHcTBO f(x) = —x + ¢. OueBuHO,

9TO BCe HaiijleHHble (PYHKIUN TOIXOIST.

6. 3amerum, uro Tak Kak yroa ACE npswmoit (AE — mumamerp), JOCTATOYHO JOKA3aTh, 9TO PABHBI YIUIbI
BCA w DCK. st 9T0r0 MBI TIPOCTO JIOKaxKeM, 9To B Tpeyrojbunkax ABC u C DK paBHBI OCTAJILHBIE YIJIBL.
Nmeem ZBAC = ZKBC (yron mexy kacarenabroil u xopzoit) u ZKBC = ZCDK (yrisl, onupaionyecs: Ha
onny ayry). C apyroii cropoust ZABC = ZAEC = ZCKD (niepBoe paBeHCTBO — 3TO YIVIbI OIMUPAOIINECs Ha
ayry AC, Bropoe paBeHCTBO BEPHO IIOTOMY, 4TO 06a TH yria JonoaHsior yroa EAC 1o npsmoro).

7. CwM. pelrenne 3a7a4y 2 JIMTH CTPATErUIA.
8. Cwm. pemrenue 3aa49u 4 JIUIM CTPATErUIA.

9. Bamerum, uro k! 1 10 npu k > 4. Ilycts S, — 9TO 4HCIO CIOCOOOB PA3OUTL N-3TEMEHTHOE MHOXKECTBO
Ha k 6JIOKOB (ITOPsIIOK KOTOPBIX HeBakeH). Torma mpu n > 4

n
Fp=> k'Spr=Sn1+292+6S,3+245,4 (mod 10).
k=1

Kaxk merpynno nomcauTars,

1 1 1 1
Sml - 17 Sn,Q = 2n71 - 17 Sn,?) = 5(?’”71 —2" + 1)7 Sn,4 = 6 . 4n71 - 5 : 3n71 + 2n72 — 6

Temepr mpoBepka HYKHOI HAM HEPUOIMTHOCTH — 3TO CTAHIAAPTHOE YIIPpayKHEHWe Ha CUeT OCTATKOB.

10. Cwm. pemrenue 3a0a9u 8 JINTH CTPATETUIA.
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Pemenus 3amau 4 Typa
Jlura crpareruii

1. IIponymepyem BepmmHBI TypHUPaA OT 1 110 2n, Tak 94TOOBI OBLIO MAKCHMAJIBLHOE KOJUIECTBO pebep a — b,
rae a < b. Tenepb mpoHyMepyeM BepIINHBL JIepeBa, HaunHas OT KOPHs; KOpHIO conocTrauM 0, a Jajblie eInH-
crBeHHOe TpeboBaHme — YTOOBI MPEIOK KAXKJI0M BEPIIUHBI UME/T MEHBINNI HOMED, UYeM caMa BepIiuHa. byaem
BKJIbIBATH HAIlle JIEPEBO B I'pad, /s 9TOrO JJjsl KaKJOi BepIIMHBLI JepeBa ¢ HOMEPOM i HaiijeMm B rpade
MTOIXOJISAIIYIO BEPITUHY C HOMEPOM X, TaK UTOOBI BEPIIUHBI X;, KPOME TOTO, YTO OHU MOJIE/IUPYIOT HAIIE JI€PEBO,
VIAOBJIETBOPSAIHN TpeboBanuaMm ro = 1 u x; < 2¢ myst ¢ > 0.

[TocietoBaTeIbHOCTD X; CTPOUM 110 MHAYKIUU. 1lycTh mOCaeq0BaTeIbHOCTD L1, ..., Ti_1 YK€ IIOCTPOEHA,
7 XOTHM IIOCTPOUTDL Tj. IlycTh B mepeBe mpeakom k-if BEPIIMHBI ABJIsieTcs i-s1. VI3 mpaBuiia BeIOOpa HyMepalun
BepIuH rpada CIeyeT, UTO U3 BEPIIUHBI T; BBIXOIUT K BEPIIUHAM ¢ HOMepaMmu OT ¢ + 1 1o 2k ne menee #
pebep. Ilyctsb x, — 4ieH mocse0BATeIbHOCTH U3 IIPOMEXKYTKA |24, 2k], mMeronuii HanMeHbIuii nHgekc. Toraa
z <1, nw; < x; <22 HepaBencrso x; > x; BOBMOXKHO TOJIBLKO JjIsl HOMEPOB J = Z,...,k — 1, Kpome 4, 9ucJIo
TaKUX HOMEPOB He mpeBocxoauT k—z—1. [TocMoTpuM, CKOJIBKO CyIIIeCTByeT HOMEPOB S, e &; < § < 2k, KOTopble
HEIPUI'OJAHBI JIJIS TOTO, 9TOOBI HA3HAYUTD MX B KA4eCTBE OYEPEIHOI'O Tp. JTO B TOYHOCTU TE€ §, KOTOPBIE JINOO
COBIIAJAIOT C KAKHM-TO Zj (HX KOJIMYEeCTBO He IpeBOCXoauT k — z — 1), mmbo njst KoTopeix B rpade Her peGpa

T; — S (KOJII/I‘{QCTBO TaKUX S He DOJIbIIIe @) I/ITOFO, KOJIMIEeCTBO HENIPUT'OJIHBIX HOMEPOB HE IIPEBOCXOJIUT

2k — @
k—z—l—f—%:2k—xi+(xi/2—z—1)<2kz—xi.

CieroBaTe/IbHO, MbI CMOYKEM BBIOpaTh odepeinoe Ty < 2k.

2. Byjem Ha3bIBaTh OTPE30K [P, ¢| XOPOIINM, €CJIn JJIsi YUCeI P U ¢ BBIIOJIHSIETCS HEPABEHCTBO U3 YCJIOBUSL.
[TocTponM TOKPBITHE MHOKECTBA THCET OT 1 T0 1 XOPOITMME OTPE3KaMU, TaKoe UITO BCE Iesble uucya oT 1 1o
N IPUHAJJIEXKATN OTHOMY UJIU JIBYM XOPOIIMMHU OTPE3KAMU U3 ITOrO MOKPBITHS.

B kagectBe mepBOTO OTpE3Ka, BO3bMEM JIT000H, HAKPBIBAIOIINI eMHAILY. KCIi MOCTPOEHHOH MTOKPBITHE TIO-
KpbIBaeT umcyia oT 1 10 k — 1, a k erie He MOKPBITO, JI06ABAM K MOKPBITUIO XOPOIIHI OTPE30K, COJEPIKAIIHIT
k, ¢ MAKCUMAJILHBIM TPABBIM KOHITOM. HeTpyIHO BUIETH, 9TO TPU TAKOM CIOCOOE TOOABIEHUST OTPE3KOB MBI HI
OJIHO YHCJIO HE TIOKPOeM DOJIbIlle JIBYX pas3.

[TocTpoennoe MOKPBITHE HAKPBIBAET YuCIa 1,. .., n He Oojee ABYX pas, a ducja bosbine n — He 60Jjee OqHOTO
paza. Ilycrs i1, 49, ...— YuC/Ia HAKPBITHIE JBA pa3a. BbINUIEM CyMMY COOTBETCTBYIOIUX HEPABCHCTB.

n n
in+1 + X1+ F X1 S 0,99(2.7}1'4-.%11 —i—...—l—xik),
=1

=1

Hobasum B npasyio gacts 0,01(zi, + ...+ x;, ) ¥ BOCIOIb3yeMCsl OYEBHHBIM HAOJIIOACHIEM, 9TO Tj, 41 >

IOJIYyIM HEPaBEHCTBO
n n
E Tit1 <0,99( E iL'i—F.%'il),
i=1 =1

Ligg1s

n n
Brecst £1 = 1 11071 3HAK CyMMBI B JIEBOM 9aCTH M 3aMEHUB T;, Ha 1 B mpasoii, nomyunm » z;—1 < 0, 99(2 ati—|—1> )
=1 i=1

n
Orcrioma Y z; < 199.
i=1
3. Tlpeanonoxum nporusHoe. Torma, nogcrapasas n = 1, momydaem, 9To —1 KBaJpaTUYHbIA BBIYET 11O MO-
mymio p. Ilocmorpum ma Muorowten f(z) = 2° 4+ 2* mo momxymo p. Ilo IpearnooKenuio ol TpUHUMaeT He GoJlee
k= (p+1)/2 paznuunbix 3Hadenuii. [lycTs 9TH 3HAUEHUS IPUHUMAIOTCS C1, C2, ...., Ck Pa3 (BO3MOXKHO, Cpe/IH
¢; ectb Hysn). Torga KOIMIECTBO YIOPSIOUEHHBIX AP PAa3IMIHbIX duces (a,b) rakux, aro f(a) = f(b), paBHO
> ¢i(ei—1). MunumasibHOe 3HAYEHHEE 9TOH BEJIMIUHBI [IPU YCIOBUH » | ¢; = P JIOCTUTAETCS, KOTJA OJJHO U3 THCeI
paBHO 1, a ocTaJibHBIE paBHBI 2, U cocTaBdgeT p — 1. JJia KaxKj10i TaKoi yIopsJIOYeHHON Taphl TOCMOTPUM Ha
gacrraoe t = b/a. Ono no pasy npunumaer 3Haderust 0 u 0o (B cmbicsie a = 0), He npuHUMaeT 3HadeHus 1 u —1.
Ipu mammonm t # 0, 1, —1, co momywaem ypasnenue a*(1—t4) = a%(t°—1), a = —(1+1)(1+12) /(1 +t+2 +3+11).
IMoxouT He GoJlee OJHOTO a JJIs KaxKI0ro ¢, IpudeM Jijid KBaIpaTHbIX KOpHeil n3 —1 He MOJAXOJAUT HU OJIHOTO a.
Buaunt, Oyzer erre He 6osee 9eM p— 5 MOIXOAAIHX ¢, 1 06IIIee IICI0 YIOPSIO9eHHbIX map (a, b) He IPeBOCXOIUT
2+ (p—5) = p — 3. Ilporusopeune.
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4. Jloka3plBaeM 10 MHIYyKIUH, 6a3a OYeBHIHA.

[Tepexos, paccMOTPUM OJIHY TPHAHTYJISIIAIO C JBYMsI yIIaMU. Pa3 B TPUAHTY/IAIUE POBHO JBa yXa, TO KaXK-
JIBIIl TPEYTOJIBHUK OIUPAETCH Ha TPAHMILY.

JIemma. I[TycTh j1aH 9e€THIPEXYTOJNBHUK, COCTOSIIMN U3 JBYX TPEYTOJIbHUKOB TPUAHTYJ/IAIINH, TPUMBIKATOIIIX
JIPYT K JPYTy 10 JuaroHayu £1, y KOTOPOTo JBe IPOTUBOIOJIOXKHBIE CTOPOHDI JIE?KAT HA TPAHMIE N-YTOJbHUKA.
Eciin 3T70T 4eThipexyroabHIK pasbuTh Ha JiBa TPEYTOJbHUKA C IIOMOIIBIO JIPYTOil uaroHasu £, TO y 101y 9eHHOMN
TPUAHTYJIAIAN OYJIET TO K€ CaMOe KOJMYECTBO OPTOrOHANIBHBIX TPUAHTYJISATIWIA.

Hoxkazarenberso. [lyers T — MHOXKECTBO TPHAHTYJISIIAI, OPTOTOHAIBHBIX UCXOJHON TPUAHTYJISIIUY (B KOTO-
poii npoBejieHa Jquaronasb £1), Th — MHOXKECTBO TPUAHTYJISIUN, OPTOrOHATIBHBIX BTOPOi TpUAHTYJIsIuK (B KO-
TOpOIl 1poBejieHa guaronasb o) Boikunem usz muoxkects T u Tp obume snementsl. Torpa B 1) ocramyTest
TPUAHTYJIAIMA, COEPIKAIe quaroHanb o, a B T — comepxkamue £1. IIpoBepuM, UTO TeX U JIPYTUX MOPOBHY.

PaspexkeM n-yroabuuk 1o auaronasm £1. Ilogyanres jaBa MHOTOYTOJBLHUKA C JIBY-yXUMH TPUAHTYJISIUSMU,
Ecyin TpuaHryisinumn B 9TUX MOJOBUHAX UMEIOT 110 b 1 ¢ OPTOTOHAJIBHBIX, TO Th copepxkutT be Tpuanryssanuii. [Ipu
paspesanuu 1o JuaroHasn fo moIyvIaeTcsa pa3duenne MHOrOyroJIbHIKA, H30MOPQHOE PpeIblIyIeMy. SHaIuT, 1]
TOXKe cofepKuT be Tpuanrynanuii. Jlemma mokazana.

Ocranoch NPOBEPUTH, YTO M3 OJHON TPHAHIYJSIUU C JBYMs yIIAMEH MOXKHO IHOJIYYUTH JIOOYIO JIPYIYIO C
HOMOIIBIO [IEPECTPOEK OIHUCAHHBIX B JIEMME. DTO JIEKTO.

5. Ilpennosnoxum, aro 2™ (x — a)” + p = f(x)g(z). Torma f(a)g(a) = f(0)g(0) = p. He ymauss obmHocry,
f(0) =1, Torma ¢g(0) = p. Iockonsky f(0) — f(a) KpaTHO @, HONy4IaeM (3/€Ch UCIOIB3YETCsT, 9TO a > p + 1),
qaro f(a) =1, g(a) = p. Torma f(x) =1+ z(x — a)h(x). PaccmarpuBasi pejlyKIiuu MHOITOUICHOB 110 MOJIYJIIO D,
MBI TostydaeM, 910 1+ x(z —a)h(x) nemmt 2™ (x — @)™, HO 9TH MHOTOWIEHBI, OYEBHU/IHO, B3aNMHO IIPOCTHI. Takoe
BO3MOXKHO TOJILKO €CJIA 110 MOJYJII0 p MHOro4wIeH h pasen 0, To ecTh ecjiu Bce ero KOIMUIUEHTHI CYyTh IeJIble
qrcia, kpatabie p. Ho Torga crapmmit koaddurment muaorounena f(z)g(x) kparen p — mporusopedne.

6. He ymamas obmuoctu, 6yaem cantarh, uto AB > AC. Ilycte N — cepenuna ayru BC'. Samernm, 9To
AM | AK u A’N 1 M K. 3amerum, uro npamble AM n A’ N nepecekarorcs B Touke R. Torma K — oproienTp
tpeyrosibHuka M N P. Tak kak npamas BC' npoxoaut dyepe3 Touky K u neprenjukysspna mupsmoit M N, To
tTouka R nexur Ha npsamoit BC. Ilycrs M N n AA’ nepecekarorcs Ha IpoeKTUBHOI 110cKocTh B Touke P. Jloka-
JKeM, ITO TosIsipbl To4ek 1, R n K mepecekaroTcst B OJIHOM TOUKe (Ha IIPOEKTUBHOM MJIOCKOCTH ). JleficTBUTEIBHO,
nossgpa touku T — sro npsmas AA’, nonapa Touku R — npamas K P, a nonapa touku K — 31o npamas RP.
Onu nepecekaiorcs B Touke P.

7. OboznauuMm a + c =z, b+ d =y, Torma x + y = 2. Jlepast 9acTh He IPEBOCXOIUT
(ab+ be + cd + da)(a® + b + 2 + d® + 2ac + 2bd) = zy(z® + 3?) < (x +y)3/4 = 2.

8. Tomoxum z = x+iy. Torya mepsas cucreMa paBHOCHILHA YPABHEHHIO 22— 1 /z = 3i, Bropasi — ypaBHEHHUIO
23— 3iz = 1.

9. Ilycte M — cepenuna A1 By, N — cepenuna AB, H u N’ — Toukn, cummerpuunbie Toukam H u N
orHocuTeIbHO Touku M. Bamernm, uro /Bi1NAy = /Bi1N'A1 = ZAKB. Ilpusrom AK = BK u BN’ = A|N'.
Taxske, H' — oprouenrp Tpeyronsauka A BiC.

Samerum, aro TpeyroybHuK ABC momoben tpeyrosbHuky AiBiC. Ilpu stom, Touka K TpeyrojbHUKA
ABC coorsercryer Touke N’ tpeyrombnuka A;B1C. Touka H coorserctByer Touke H', a Touka N — TOu-
ke M. Torna rpeyronbauk KN H nonoben tpeyronbuuky N'MH' v /KHN = ZN'H'M. C npyroii cTopoHbI
/N'HM = /MHN no cummerpun. Torma /KHN = /ZMHN u touku K, H, M n H nexar Ha OmHOii
IIPAMO.

10. Jlemma. Ilycte ABCD — napannenorpamm, AB = 2x, BC' = y, Touka P jexkut Ha orpeske C'D. Torma
min(AP, BP) < /22 + y2.

JlokazaTeabCTBO JIeMMBI. VICIosib3yst TeopeMbl KOCHHYCOB iJist TpeyrojabHukoB BC' P, AD P nojgydaeM TOXK-
JIECTBO

AP?.PC+ BP?. PD = (y* + PC?) - PD + (y* + PD?) - PC = 2z(y* + PC - PD) < 2z(y? + 2?),

OTKY/Ia JIEMMa, CPasy CJICyeT.

[Tycts P — npousBoJibHas TOUYKa BHYTPHU HapaJuieiorpamMMa co croponamu 2a, 2b. [Tposenem uepes P orpe-
30K € KOHIJAMH Ha JIByX Hapa/lIeJbHBIX CTOPOHAX MapaJlie/lorpaMMa, TapaJjule/bHbIl Apyroil cropone. [Tapas-
JIeJIOrPaMM pa3obbeTcs Ha JiBa, K MEHbIIeMy M3 HUX IPUMEHUM JjieMmy. [lojryunm, 9To paccTossHue OT OIHOI 13
BEpIIMH NapaJjulejorpaMma 10 Touku P He npesocxoauT v a? + b2.
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[TycTtsb Tenepnb () — NpOM3BOJIbHAA TOYKA BHYTPH NapaJsulesenunena ¢ pebpamu 2a, 2b, 2c. Ilposegem uepes
Q orpesok PP’ ¢ xkoHnaMu Ha JAByX HapaJsuleIbHbIX I'PaHsX HapaJlielelnie/a, Hapalie/lbHblil pedpy JIUHbL 2C.
Haiizem B rpanu, comepzkameit Touky P, Bepmmny A takyio, uto PA < va? + b%. Ocrasoch eme pa3 IpUMEHUTh
Jgemmy K napastenorpammy APP'A" (AA" — pebpo pymabr 2¢).

Jlura TakTuk

1. /lokasbiBaeM MHIYKIMEH 110 YUC/Iy UI'OJIOK, 0a3a — OjHa UIroJIKa. PaccMOTpUM UIoJIKy A ¢ CaMbIM JIEBBIM
JK (TIK U JIK — IIPaBbIil KOHEI] 1 JIEBBI KoHelr). Boikunem ee. Cpeit OCTABIINXCS MO TPEITOIOKEHNIO HHTYKITHN
Halimercs: HyKHas uroyka B. Ecim A #e npengarcrsyer B, To Bce gokazaHo. IlycTs npensarcrsyer. PaccMorpum
JBa cirydast: 1) uronka B nennkoM Bbiie A; 2) ik B Haxoaures Jjesee 1k A.

1) Bepuem A u ynamum B. Ilo npeanosoxkenuto WHIYKIMK Hafigercss nafaromas uroska C. Bepuem B.
Torma C Toxke MoxkeT yracTb. B camoMm jene, urojike C' MOXKeT IIPEISITCTBOBATE TOJIBKO B, To Torma urojke C
[pelaTCTBOBaJIA Obl U Urojika A, Tak Kak B HaXoIuTCs LEeJMKOM BhIile A.

2) Bamerum, UTO TOIJIA HU OJ(HA MIOJIKA HE [epeceKaeT BePTUKAIbHBIN JIyd, uymuii BHu3 or nk A (mepece-
Karolas UroJjka Memiasa Obl uroike B). 3uaqut, 160 A MOXKeT ymnacTb, b0 eCTh MPENsSTCTBYIONME UIOIKN
Juist urosiku A, HO Bce OHH Jrexkar nesukoM Hike A (tak Kak y A cambrii sieBblit ). OcTaBuM TOJIBKO 5TH
WTOJIKW, BBIKUHYB BCE OCTajbHbIe. 110 mpeamosokeHnio nHIYKINN ecTh nagaomias uroaka C. Bepaem Bce BbI-
KHHYTbIe Urojiku. Hu oma m3 Hux He Moxker mnpensircrBoBarh C, Tak Kak C' HaxomauTcst crporo Hrke A, a Bce
BO3BPAIIEHHbIE UIOJIKU HE MMEIOT HU OJHOM TOYKH, HAXOIdIelhcs cTporo Huxe A.

2. BjokoMm OymeM Ha3bIBATH TPEYTOJIBHUK HMCXOMHON PEIIeTKH, B KOTOPOM MBI OTMETHJIA IIEHTP, TOUHee,
610k — 510 ojrpad Ha H6aze TaKOro Tpeyrojibanka: 4 Bepmmnst u 6 pedep. s ir060ro moTHOTO MapoCOIeTaAHUS
KaXKJIbIi OJIOK comep:KuT Jnbo 07HO, Jinbo 1Ba ero pebdpa. Kak HeTpPymHO MOACIUTATD, IUCIO OJIOKOB PaBHO
%n(n%—l), a 1ucJio pebep B IOJHOM [IapOCOYeTaHNN (T.€. MOJOBUHA YKC/Ia BEPIINH Ipada) paBHOo %n(n—{—l)—%—"TH.
Taxkum 06pazoM, Jiroboe IOJHOE MAapocodeTaHne couepKuT poBHO (n + 1)/2 6iaokos ¢ aBymst pebpamu. Tereps
OCTAJIOCh 3aMETHUTh, YTO Mbl MOYKEM HE3ABHCHUMO [TOBOPAIMBATD KarK Iblii OJIOK BOKPYT ero menTpa na +120°, garo
[103BOJISIET PA3BUTh MHOMKECTBO BCeX Hapocoderannit Ha rpymms mo 3 1/2 napocoueranmnii (mapocoveranus u3

OJIHOM T'PYIIIBI UMEIOT OJIMHAKOBBII KOMIUIEKT JBYXPEOEPHBIX GJIOKOB).

3. 3amMeruMm crepBa, YTO €CJIM OJHO U3 YHCEeJ af PABHO 1, TO JaHHOE B YCJIOBUM IIPOU3BEJIEHUE JIEJIUTCA HA d,
B TO BpeMs Kak uncio a" ' + a — 1 B3aumuo npocro a. Takum o6pasoM, GyleM CUuTATh, 9TO a) > 1.
[Iycrs Torma a = bajas . . . ay, 1 MyCTh OKA3AJIOCH, 9TO

aMra—-1=clat+a—D(a+ay—1)...(a+a, —1).
fcno, uro b < a — 1. Tenepnb, Tak Kak BCe aj HE MEHbIE 2, Mbl IMEEM HEPABEHCTBO:

an+1+a_1

(a+ 1)" < a.

C nipyroii CTOpOHBI, HECJIOXKHO BUJIETh, 9TO b U ¢ CPaBHUMBI 110 MOJYJIO a — 1. DTo o3HadaeT, ato b = ¢. Kpome
TOrO, JIETKO BUJETD, UTO a + ar — 1 < aay. OTcoga nMeeM HepaBEeHCTBO

(@ +a—-1)/b=(a+a—(a+az—1)...(a+a, —1) <aay-aaz-aaz ... aa, = a" /b,

9TO ¥ IPUBOJUAT K MPOTUBOPEUIHIO.
4. Cwm. perrerne 337129 1 JTUTU CTPATEr N,

5. Cwm. pemrenne 3a1a4u 4 JIUTH CTPATErnit.

abc
a?+bc’

6. IlpemcraBuB Kazkmoe ciiaraeMoe B BHUIE aZ‘lierc =a— 3alnIleM HEPABEHCTBO B BUIE

. >\/§+ ( LS S )
x 2> — +yz :
Y 2 Y 22+yz Y4z 224wy

ITo HepaBeHCTBY O CPeHUX T2 + Yz = 2. /YZ U T.IL, TAKIM 00pPa30M, JOCTATOUHO IIPOBEPHTE, UTO

rTHy+z> + = (Vzy + Yz + Vzz ).

S
w
N —
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D10 HEPaBEHCTBO ABJISACTCHA CYMMOﬁ JABYX IIPDOCTBIX HEPAaBEHCTB

+ + 1 3 3
P SIRENE I s P 20 = .

7. Ipumep. Muorounen (z — 1)(x — 2)...(z — p?) cremenn p? ymosrersopsieT yciosmio. B camom e,
ero 3Hauenue B JIOOOM IENON TOUKe ABJISIETCS MPOU3BEJCHIEM p° TOC/IeIOBATeIBHbIX dnces. Pasobbem 210
[Ipou3BeeHNE Ha P TPYII MOAPSI UIYIIUX TUCEs 110 P 9uces B Kaxkaoi. B Kak10if Takoil rpyIme ecTb IuCo,
KpaTHOE P, & B OJIHOI IPyIIe — KpaTHoe p.

Ouenka. /Iyt npoussosbaOro Muorowiena g(z) depes Dg(x) OGyjeMm 0603HaYaTh OY€Hb HOJIE3HYIO IITYKY —
pasrocmmwiti mrozouaen Dg(x) = g(x + 1) — g(x). Herpyamo nposeputs, aro D(D(...D(x*))) = k!, n uro

—_——

k pa3
D(D(...D(z*))) = 0. Bepuemcs x pemenuio 3anauan. Ilycrs f(x) — mckombrii Muorounen crenenn d. Torya
N—_———
k+1 pa3z

muorowrten D(D(... D(f(z)))) = d! rakzke ynoBIeTBOPSIET CBOHCTBY: BCE €r0 3HAYECHHSI B I[EJIBIX TOUKAX JICJISTCS
na pPt1. Tlosromy d! nemmres na pPL, aro BosmokHO TOMTBKO TIPH d > p2.

8. Cwm. perrrenue 3a7ia4u 6 JUrU CTpaTEruit.
9. Cwm. pemrrenue 3a7a4u 9 JUru crpaTerui.

10. OtBer: eciin n YeTHOE, TO BHIUIPAET BTOPOIi, €cjii N HeUYeTHOe — IepBbIi. PaccMoTpuM cHavaja CiIy-
Jaii 9eTHOro n. BTOpoil NrpoK MBICJIEHHO pa300beT KarK/blil CJI0i Ha JIOMHHOIIKN, CMECTUB pa3OueHue Ha OIHY
kieTky (“kuprmankamu’). Ternepb Ha KasKJIblil X0/ I€PBOIO UTPOKA OH OyJIeT OTBEYATH XOJ0M B TY YK€ JIOMHUHOIII-
Ky. Herpynno BugeTh, 94TO Takasl CTpaTerusi IIO3BOJISIET BCEra MMETh X0A. Tak KaK HIpa KOHEYHasl, TO TaKas
CcTpaTerud IIpuBeaeT BTOPOI'O UI'poOKa B BbII/IprILHy.

Ecmu ke n — dgerHoe, To BhIMIpaeT mHepBblif. Ilocae mepBoro xoma BhIpe3aHHasi UM KJIETKa ‘3alperiaer’
XO/IUTh B TPH COCEJ(HME ¢ Heil KieTKu jipyroro psijaa. Ocrarok (6e3 BbIPE3aHHOl M 3alIPEIeHHBIX KJIETOK) pas-
O6uBaeTCs Ha JOMHUHOIIKKA TOYHO Tak 2ke. CTparerus, aHaJIOrUYHas OIMMCAHHON BBIIIE, Ha TOT pa3 IMPUBOIAT K
mobesie MePBOrO UTPOKA.

KommenTapumn k 3azjauam BapuanTa-light 6oa Mocksa—Kuesn

2. YTBepKJeHue TOKA3BIBAETCS 110 UHIYKIIUNA C ITOMOIIBIO TIEPEX0ooB n — 2n un — n + 3.

4. Oteet: 20 - 2013 + 13 - 1993 = 66169. Hyx#o BbLIEUTH JieBble 20 cTONONOB U HMKHEE 13 CTpPOUEK U
3aMETUTh, 9TO KaxKJas TaKasd TOYKa OIPEeIessieT POBHO OJIHY HMPAMYIO.

5. Otser: HeT. Boigeum BepminHy ¢ 00JIBIINM TPOCTHIM HOMepoM. OHa mMeeT ¢ BEpIIWHON HOMep 1 omHy
CMEXKHYIO BEPIIIHY, IIyCTh 9T0 BepuinHa k. flcro, uro 1 u p He coequuensl (nHave 661 k u p u umesn 61 00IIErO
coceJia, 9TO HEBO3MOXKHO 110 BBIOODY p). 3Hauut, 1 u k mmMeror obILyo BepiinHy, HO pu 3ToM He p. [lycrs 510
Bepiuna a. [losyaaercs, 4T0 p 1 @ UMEIOT OOILYIO BEPIUHY K, HO 9TO HEBO3MOXKHO.

7. Bamumewm, T u y B BUJe Jpodeit T, g, re 9ucia a, b U ¢ B3anMHO IPOCTHI B COBOKymHOCTH. [lepernmcan

pasencTBo B Buge 2" L + 2" 2y + ...+ 2y" 2 4+ y" ! = 2 u HOACTABUB B HErO HAIIM JPOGH MBI IIOJTYUHM, UTO
qucia a, b, ¢ Bce dernnle. [lomyanM mpoTuBopedne ¢ BBIOOPOM 9THX UHUCEJI.

8. Heciioxxuo nokazars, uro Toukn O 4, Op, O¢ nexar Ha ONMUCAHHON OKPYKHOCTH Tpeyroibunka A1 B1Cl n
SBJISIIOTCSL CePeIMHAMU COOTBETCTBYIONMUX 1yr. JlajbHeiire BLIYucaeHns TPUBUAILHLI, IOy IUTCs OTBeT: 66°.

Pemenus 3amaa 4 Typa 16



XXIV Poccuiickuii ¢pecTuBab IOHBIX MATEMATHKOB 4-10 okrsibpst 2013

Pemenus n ykazaausa K 3agadaMm ¢puHaIA

1. Orget: pemrenus ecth, ecaun n + 1 B3anmuO pocto ¢ 4017.

O6osnaunm JeByto dactb depes f(z). Umeem f(x) = @ — > {kz}. Pemium orHOCHTEBHO ©
yDaBHEHHUE i
tn(n+1) n
—— — — =2013n.
2 2 "
Ero xopenb t = %. [Iycrs S — Habop (MyJIbTUMHOXKECTBO) ocTaTKoB umcen 4017,2-4017,. .., n - 4017
npu gesennn Ha n + 1, M — ux cymma. Torma f(t) = t"(zﬂ) - AL

Ecmm (4017,n4+1) =1, 70 S = {1,2,...,n}, M = w, ft) = w — 5 = 2013n, Tax uTO
pelieHne CynecTByer.
Ecm (n 4+ 1,4017) = d > 1, to n + 1 = kd. Torga S — mynsrumuoxkecrso (d — 1) - {0} U

d{,d,2d, ..., (k= 1)d}, M = =D (Ehid=d) o @) gy uro f(£) = 20130 + 5L C apy-
roii CTOpOHBI, cpe/tun IpobHbIX dacteit {t}, {2t}, ... {nt} umeercs posHo d — 1 Hyseit, Tak a0 f(t—0) =
f(t) = (d—1) =2013n — &L, Urax, f(t —0) < 2013n < f(t), Tak uro 3Havenue 2013n pynkuus f ne

IIpUuHHUMaeET.

2. Tonoxkum x—y = a, x+y = b. Totna b > a > 0, 2(x?+y*>—2) = a*+b*>—4 = 2nab npu HEKOTOPOM
HaTypaJbHOM n. JlokaxkeMm mHayKIuei 1o a + b, aro ab peurced Ha n, U3 9TOro cpasy OyJieT CJie/IoBaTh
yTBepKIeHne 3aja4qn. B kadectBe 0a3nl Bo3bMeM b = 2, a = 0u b =3, a =1, n = 1. [lyctb a > 2.
[To Teopeme Buera mapa uucen (a,(2na — b)) = (a, (a*> — 4)/b) ymoBieTBOpsieT TOMY K€ ypaBHEHHIO,
u 0 < (a*> —4)/b < a, tak uro a(2na — b) xkpaTHO N, HO TOrMA U ab KPATHO N, 9TO U TPEGOBAIOCD.

3. Tonoxum EQ = yb/2, FR = z¢/2, DP = za/2. Torna
by + Z) +za >

Ananornano w > /aby(z + 2), w = y/abz(z + y). Utak, moctatodno goKa3arh, 9To U3 dnucen r(y + z),
y(x + 2), z(x + y) xors 661 oHO He Menbine 1. [To Teopeme Meneiast

w:=EQ+ FR+ DP > abx(y + 2).

1+X)1+Y)1+2)=-1-X)1-Y)(1-2),

rme X =xx,Y =+y, Z ==z Toects 1+ XY +Y Z4+7X = 0. Bce uucna XY, Y 7, ZX orpunarebHbl
OBITH He MOrYT, ecin, Haupumep, XY >0, 1o z(z +y) > |[ZX + ZY| = |1+ XY| > 1.

4. OTBer: He Bceria.

[Monoxum x = > 37™ Jj1 HEKOTOPOil GBHICTPO BO3PACTAIOIIEl MOC/IEOBATEIBHOCTH N < Ny < . ..
u nojoxkuM N = 33, Torma, eciu Ny, JOCTATOUHO BEJIHUKO, YUCIA T, 2T, ..., N J0CTATOUHO GIM3KH
K PAI[OHATBHBIM CO 3HAMEHaTeseM 3™, Tak 4To JApoOHAas YacTh KaxKJOro U3 HUX OTJIMYaeTcs oT 1/2
HEe MeHee yeM Ha 372 > 1/\/N

5. Byaem cumrarh, 9ro B rpade MOoryT 6bITh KpaTHble pebpa (HO MapocovYeTaHust, OTJINIAIOIIECS
JIIITH BBIOOPOM KPaTHOTO pebpa, pa3imyarh He OyJIeMm).

Hokazkem, 4T0 B rpade ¢ eIMHCTBEHHBIM [1aPOCOYETAHUEM €CThb MOCT, SBJISIONIUiiCT peOPOM Tapo-
coderanud. [lomycTrm, 9T0 9TO HE TaK, PACCMOTPUM MUHUMAJBHBIN MO KOJUYECTBY BEPITUH U pedep
KOHTPIIPAMED.

1 cnayqaii. Ects pebpo, e npunajjiezkaliee mapocodeTanuio, IMpy yAaJIeHI KOTOPOro rpad repser
CBA3HOCTD. TOF/I& Fpacb paclialaeTCd Ha JABE€ KOMIIOHEHTDBI, B KazKJdad M3 KOTOPLIX Yy2KE€ HE ABJIAETCHA
KOHTPIPUMEPOM, U 3HAYUT, B KaXK/I0W KOMIIOHEHTE JIHOO €CTh HY2KHBII HAM MOCT, JTHOO BTOPOE Tapoco-
JeTaHue, MocaeHee HeBO3MOXKHO, TaK KaK TOrJa M B N3HAYAIBLHOM I'pade Haiijercss BTopoe mapocode-
TaHUe.

2 cayqait. [Ipu yianenun kaxjoro u3 pedbep, He MPUHAJIEXKAIINX APOCOUETAHNIO, Tpad ocTaeTcs
cBa3HbIM. Tak Kak mpm yjajieHuu pebpa rpad mepecraer ObITh KOHTPIPUMEPOM, B HEM HAIETCs MOCT,
JexKaImii B mapocoderanuu. O4eBUIHO, 9TO B Ipade KOJIUIeCTBO pedep, He BOIIEIIINX B IapOCOYETAHHE,
OoJIbIIIe, €M KOJIMIECTBO pedep, 3a1efiCTBOBAaHHBIX B MAPOCOYETAHUH. DTO TAK, MOCKOJBKY Y KaXK IO
BEPIIMHBI €CTh OJHO PedPO, BOIIE/IIIee B MapoCOYeTAHNE, U HE MEHee OJIHOIO He BOIIE/IIIEro, MpuiemM
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¥

| | /7 \

Puc. 1: Puc. 2:

€CJIN y BCEX BEPIIUH ObLIO ObI 110 OJHOMY peOpy, He BOIIE/IIIeMy B IapocodeTanne, rpad MpeIcTaBsd
OBl cOOOI YeTHBII IUKJI, JIJIsT KOTOPOTI'O YTBEPIKIEHNE 33/ Ia9l OYEeBUTHO.

[TocTaBum B cooTBeTCTBHE ymanageMoMy pedpy 3ToT MocT. Torjna KakuM-To JByM pedpaMm OyIeT co-
[OCTABJIEH OJIMH U TOT YK€ MOCT (CM. puc. 1, HA PUCYHKe CIUIOIIHBbIE JIMHUU — pebpa MapocoveTanus,
IIyHKTUPHBIE — HE U3 MAPOCOYeTaHus). Y/iajsst 06a MyHKTUPHBIX pedpa, Mbl HAilJleM B HUXKHEH KOMIIO-
HEHTE CBA3HOCTHU, B CHJIy TOIO, YTO OHA TAKKE HE SBJISICTCS KOHTPIPUMEPOM, MOCT, IPUHA/ KA
[IaPOCOYETAHUIO.

JInbo 3TOT OH M B M3HAYAJILHOM MOCT M BCe OK, JinOo HeT. Torja mpu ymajenue JnByX pebep u3
napocovyeTanusd Ha KapTuHke 1 rpad pacrajercd Ha JiBe KOMIOHEHTHI.

Cwmotpn kaptuuky 2. lemaem Takyto 3ameny. Ecim B KAKOM-TO €CTb MOCT U3 MMapoOCOYeTaHUs TO U
B M3HAYAIHHOM €CTh. 3HAYNT, B KAXKJOM €CTh 10 BTOPOMY MapocodeTanuio. eI B OJHOM U3 HUX €CTh
BTOpOE ITapocoveTaHne B KOTOPOM Kpalinee peOpo BXOJUT B IMapoCOYeTaHUs, TO U B U3HAYAJIHHOM €CTh
BTOpOE.

Ecin B 06oux He BXOJUT BO BTOPOM Iapcode KpaiiHee, TO U3 HUX COOEPEM BTOPOE B MU3HAYAIHLHOM.

6. CrepBa JIOKazKeM JIEMMY.

Jlemma. Ilycts B uerwipexyroibaunke ABCD (ceityac MbI HCHOJIB3yeM HE3aBHCUMbBIE OT YCJIOBHSI
3asa4n obo3Hauenus) £ D + %AB = 180° u guaronayb BD nemut yron B nomosam. O6o3HaunM dYepes
M cepenuny croponbl AD, a depes N — Touky mnepecedenns orpe3ka BM u muaronamn AC. Torma
qeThIpexyroibHuK C'BN D — BIUCAHHBII.

[IpocTbiM cHYeTOM IOICYETOM YTJIOB JIETKO yoenutces, ato Tpeyroiabuuku BC'D u ABD nogobub. Te-

[epb 3aMEeTUM, 9TO % = % = % = %. Ho rak kax ZABM +/MBD = /ZCAD+ /ZACD =

%ZB PABEHCTBO OTHOIIEHU CHHYCOB BjiedeT paBeHCTBO yriioB M BD u ACD, uro u TpeboBajoch.

Eme mnporre yoeantbest uto B moa00HbIX Tpeyroabauka BC'D u BDA nyun CA u DN cooTBeTcTBEH-
HbBI, TAK KaK JIEJIAT COOTBETCTBEHHBbIE CTOPOHBI BD u BA B 0JMHAKOBOM OTHOINEHUU (ITO CJIE/yeT U3
reopeMbl YeBbl Jisi Tpeyrosibiuka BDC'). Orciona HeMeJIeHHO BbiTekaeT paBeHcTBO yriioB BC'N u
BDN (Kak COOTBETCTBEHHBIX).

Terneps nepeiiem K pernennto 3aja4n. Beibepem Ha cropone BC touky (' Takyto, uro ZQ'LC =
/CBL = ZLBA. Torga u3 jemMbl BbITeKaeT, uro Touku D', Q)', B u L jiexkar Ha 0JIHOI OKPYKHOCTH.
Orciona cienyer, uro ZMBL = ZAQ'L. Tak xax

/ABM + /MBL = %4430 = /Q'LC = /QAL + AQ'L,

TO MBI TIoJTy4aeM, uro ZABM = /@)’ AL, r.e. Touka )’ u ecThb onpejiesieHHas B ycoBun Touka (). Takumm
obpa3oM MbI mostydmin, 9To B D L() BIMCcaHHBIA, 1 JOMOIHUTEIBHO MBI y3Ha U, UYT0 LQLC = ZCBL.

AHAJIOTTIHO MBI BBISCHSIEM, UTO BIHCAH YeThIpexyroabank BELP u uyro /PLA = ZABL. Tlony-
YeHHbIe JIBA PABEHCTBA YIVIOB O3HAYAIOT, YTO TaKKe BIIUCAH YeTbIpexyrosbHuk BPL(E). Onu nmeer 1o
Tpu O0IIKe BEPIIUHBI paHee OKA3aABIIUMUCHA BIIUCAHHBIME YeTbipexyrojbuukamu BDLEQ u BPLE. 9To
o3Havaet, uro Bce Touku B, P, D, L, ' u () jiexkat Ha 0JIHOI OKPYKHOCTH U B YACTHOCTU MbI ITOJTY THJIH
TO, 9TO TPeDOBAJIOCh.

7. Tpebyemoe pazbuenne Ha 670Ku {B;} MOXKeT OBITH HOCTPOEHO CJIEYIOIUM AJTOPUTMOM. Bo3b-
MeM IIpOM3BOJIbHOE pas3buenne Ha k OjiokoB. Fciaum pesysibrar eme He JIOCTUTHYT, OYJIEM BBIOJTHATH
ciaeayromuye marv, Ha KazkKJ0M U3 HUX I'PaHUIla KaKUX-TO JABYX COCEJIHUX 6J'IOKOB CMEIIaeTCAd Ha 1 BJIEBO
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WM BIPaBo. 3aduKcupyeM Kakoil-HHOY/Ib MaKCHMaJIbHBINH OJI0K B, u BblOepeM OJIMKalIInil K HeMy
MUHMMaJIbHBII 010K B, IycTb Jjid oupejenenHoctd p < ¢. Torja pacmupuM MUHUMaJIbHBIH OJIOK,
IIepeMEeCTHB B HETO OJUH 3JIEMEHT U3 B,_j.

OueBnIHO, TIPU BBIMIOJIHEHNN STUX IIANOB MAaKCUMAaJIbHasT Macca OJI0Ka B pa3dUeHNN He YBeTNINBaeT-
¢, a MUHIMaJIbHAs He yMeHbImaeTcd. bostee Toro, mocite He 60s1ee gem kn maroB Macca MaKCUMAJIBLHOTO

k
6710Kka B, yMEHBIIUTC:. DTO BHI3BAHO TEM, UTO HOJIyUHBAPUAHT y | |i—p|| B;| H3HA9aILHO He IPEBOCXOIAT
=1
kn n Ha KaxKJIOM Imare ymeHblmaercs. Kak ToJIbKO Macca 6.]10}2& B, ymeHbIINTCA, MBI, €CJII Pe3yIbTaT
ele He JOCTUI'HYT, OIIATh 3aCbI/IKCI/IpyeM MaKCHUMaJIbHBIIA 6.HOK 1 OIIdTh HaYHEM BBIIIOJJIHATH IITaru.
flcHo, 9To 1porecc npuBesieT K TpedyeMoMy pasOueHHIo.
8. Cmepsa BBesieM HOBBIe obosHadenust: a) ' = x; — 1. TorJa HOBBIE MEPEMEHHbIE MOMOKUTEh-
HbI U B pousBejieHnn jaorT 1. PaceMorpum 3HaMeHaTesb 1epBoii Apobu (€ OCTATBHBIMEI Mbl CIIEJIAEM

AHAJIOTMIHbIE TPEOOPA3OBAHNS):
T+ 2T +3x3+ ...+ (n—Dr, g =a' " + 2+ (n—Da" 1+ 142+ ..+ (n—1)=
=n—1+ a1+ n=2)+ (a1 +a s+ n=3)+ (ah 1 +a 3 +al i+ (n—4) +...+
+(ap i+ aly+ .. 4aih).
Tereph MBI Kazkji0€ U3 cjraraeMbiX (KpoMe MepBOro) OINEHHM 110 HEPABEHCTBY O CPEIHUX JId n — 1
quceJ1 (HGCKOJ’IBKO IIepeMEHHbIX 1 HECKOJIbKO erHI/IHI/H_O. STO YMEHbIIUT 3HaMEHaTeJ/IN, TO €CTh YBCJIMIUT

oleHIBaeMble JIpobu. SHaMeHaTe b epBoii Apobu (HATIOMUHAEM, YTO MbI C OCTAIbHBIMU 3HAMEHATEJISIMI
JeJlaeM aHAJOTUIHbIE TPeobpa30BaHNs) MPUMET BHI:

(n—1Day—1+ (n—1)ap_1a,2+(n—1ap_1n—2n—-3+...+(n—1)ap_1a,-2...a1 + (n —1).

Tenepsb, gomHOKast Ha 1 — 1 (M BCIOMHHAsI, YTO Mbl YMEHBIIMIN 3HAMEHATEINH, TO €CTh YBEJMYUIIN
JIpOOH ), TIOJTy9aeM, 9TO HaM JOCTATOYHO JIOKA3aTh UTO MUKJINIECKas CyMMa JIpobeil Bua

1

Qp—1 + Ap—1Qp—2 +...+ Ap—1QAp—2...041 + 1

He IpeBocxoauT equHunbl. Ha camom jieste aTa cymma rpocto pasha 1. [jig Toro, 9ToObI 9TO MOHATD,
JIOMHOZKUM BTOPYIO JpO0b HA Gp_1Gp_3 - . . 41, TPETHIO JPOOL HA Gp_9dy_3...G1 U TaK jajee (IMOCIe-
HIOIO JIPOOb IIPOCTO JIOMHOXKUM Ha G1). SHAMEHATEH TOJIyIUBIIMXCA JIpobeit OyayT paBHBL. a CyMMa
qucJIATeNel, KaK HEeCJI0KHO IOHATh, KaK pa3 OyaeT paBHa 3HaMeHaTe/ 0. UTo 1 TpeboBaIoCh.

9. Ilyctp B, — KOJIMYeCTBO MCKOMBIX IOCJIE0BATEILHOCTEH JUIMHBI 1, A, — KOJMYIEeCTBO MOCJIEI0-
BaTEeJIbHOCTEH JIJIMHBI 1, COAEPIKAIUX Ha MECTaX CO 2-I0O II0 N-€ XOTs Obl OJrH HOJIb. Torma HeCcJI0:KHO
MTOJIYIUTH PEKYPPEHTHBIE COOTHOIIEHUS

Bn = Bn—l -+ An n An = 2An_1 + 2Bn_2 — 1.

[Iposepum nepBoe n3 HuX. Ecim mociemoBaTe bHOCTD JJIUHBI 1 cojiepxkKuT () Ha BTOPOM WJIM JIAJIee
MeCTe, TO TaKas I0CJIe0BaTeIbHOCTh yuTeHa B ciaraeMoM A,. Jljas ocraBrmmxcst mocsegoBaTebHO-
creil cieraeM mpeobpasoBanne — ybepem a; (CIABUHYB HYMEDAIHIO OCTABIINXCS YJIE€HOB) W BBIUTEM W3
KaxKJ10ro a,; eauuuily. [losyanres mocseoBaTe/ IbHOCTD JUIMHBL 1 — 1, YJIOBJIETBOPAIOINIAA YCJIOBHIO.

Tenepb mpoBepuM BTOPOE PEKYPPEHTHOE COOTHOIICHUE

An = 2An—1 + Bn_o+ (Bn—2 - 1)

Crnaraemoe 2A,,_1 yIuThIBaeT MOCIEI0BATEIHHOCTH, ¥ KOTOPBIX @, = 0 Wan 2 1 KOTOpbIe CO/lepKaT HOJIb
Ha BTOPOM WJIH Jiajiee Mecte — 10 (n — 1)-ro mMecTta BKJIIOUUTENBHO. 3JIeCh MBI IIOJIb3YEMCS T€M, ITO
[IOCJIEJIOBATEILHOCTD JIJTUHBI 1 — 1 BCerjia MOXKHO TPOJIOJIKUATE, J100aBuB B KoHell O uin 1, mo3roMy 371ech
npucyTcTByeT Koadduruent 2. Ciraraemoe ciiaraemoe B, o YIUTBIBAET [IOCJIEI0BATEILHOCTHU JIJINHBI N,
B KOTODBIX HEPBBIl HOJb (KPOME a1) BCTPEYAETCs HA N-M MeCTe — 9YTOObI IOJIYUIUTh ITO0CIEI0BATE b
HOCTD JIJTUHBI 1 — 2 MbI OTOPAChIBAEM TOT HOJIb U MOJBEPraeM IOCEI0BATEIHLHOCTE TPEe00PaA30BaAHUIO,
OITMCAHHOMY B IIPEJIBIIyIIIEM ab3arie.
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Hakomner, ciraraemoe B, o — 1 yauThIBaeT MOCIE0BATEILHOCTH, Y KOTOPBIX @, = 2 U KOTOPBIE COJEP-
’KaT HOJIb HA BTOPOM WJIH Jlajiee Mecte — J10 (n — 1)-ro MecTa BKJIIOYUTETHHO. BeibepeM MakcuMa ibHbII
ungekc k (2 < k < n— 1), s koroporo a, = 0. Ilo cBoiictBy 1) U3 ycnoBust 3a/ia4n caMoe IIepBoe
HEHYJIeBOE YHUCJIO B IOC/IeI0BATEIbHOCTU JI0JIKHO ObITh paBHo 1. Ho Tak kak ap = 0 u a,, = 2, 10O
[0 CBOMCTBY 2) M3 yCJIOBHs 3aJIa9d HU OJJHO U3 4HCes a; Upu i < k He MoxKeT 6biTh paBHO 1. Takum
obpa3oM, 1epBble k 9IeHOB MOCIEI0BATEILHOCTH paBHbl (). 3aMETUM, YTO TOTJA MOCJIE0BATETHHOCTD
apr1 — 1,...,a, —1 MOXKeT OBITH JITOOOH MTOCIEIOBATE/THLHOCTBIO JIJIMHBI 12 — k, YIOBJIETBOPSIONIEH CBOTI-
CTBaM U3 yCJIOBUS 3aJa4u, U UMeIOIIeil Ha KOHIle He HOJIb. KoIm4yecTBO TaKuX IMOCJIEI0BATETLHOCTEH
paBuo B, — B,_k_1. Cymmupys no Bcem k, noxydaem B, o — 1.

[l1st 3aBepIiienust J0Ka3aTeIbCTBA OCTAIOCH IPOBEPUTD, B; = %(31'*14—1) u A; = 32 y10BIeTBOPSIOT
HAINUM PEKYPPEHTHBIM COOTHOIIEHUSIM U JIAIOT IIPABUILHBIH OTBET pu n = 2.

10. Ilycts AA;, CC7 — GuccekTpuchl TpeyrojbHuKa, I — IMEHTP BIUCAHHOW OKPY>KHOCTH, TOYKa 1’
Ha ayre BAC rakosa, uro gyru CT, T'A Basoe 6osbie yrios BA,Cy, BCi A, coorBercrBenno. Vmeem

CA,-CK = CA(CA+ AB) = CA-CB = CC, - CM,

tak uro Tpeyroibuuku C'A1Cy n CM K nonobusr, tak uro ZCMK = ZCA,C, nosromy npsimast K M
poXoIuT Yepe3 TouKy 1. Bropast anamornaHast mpsiMasi Toxke mpoxoauT depes 1'. Ocrasoch IpUMEHUTD
reopemy Ilackasst k mecruyronpauky TMCBAN (N — cepenuna jgyru BC).
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