ABamiiate yerBepThiit Poccuiickmnii @ecTuBaib IOHBIX MATEMATUKOB
Anana, 5.10.2013
Jluea maxmuxk. Ilepswviti myp

1. B 0qHOKPYTOBOM IMAXMATHOM TyPHHDE yIacTBOBAIO 30 MAXMATHCTOB. Y KAKOTO
HauOOJIBIIEro INCIIA IMAXMATHCTOB [0 OKOHIAHUH TYPHHUDPA MOIJIO OKa3aThCsl POBHO
5 oukos? (IToGena onennsaercst B 1 ouko, HUUbst — 1/2 ouka, nopaxkenne — 0.)

. m? 4+ 2n n? 4 2m
2. HaiiguTe Bce Takwe HATYPAJbHBIE M U N, UYTO HUHCJA 5 u— —
n® —2m m?* — 2n
reJsible.

3. Bepmuns! npasuibaoro 2013-yroapsauka TpedyeTcst IOKpacuTh B OeJIblil U 3ee-
HBI I[BeTa TaK, YTOOLI cpein JIIoObIX 21 1oc/Ie/10BaTeIbHBIX BEPIINH HAIIACH XOTSI
Obl oHa 3esleHasd. JJOKaXKHATe, 9TO KOJIMYECTBO CIIOCOOOB 3TO CHIEIATh HEYETHO.

4. B kaxK0ii BepIIuHe TeTpasd/ipa HAIIMCAHO BeIecTBeHHoe 1ncio. Ha kaxx oM ped-
pe HaMCcaHa CyMMa JIBYX YHCeJI, CTOSIINX Ha ero KOHIax. VI3BecTHO, YTO cyMMa Beex
quces Ha pebpax paBHa 6, a cymMa ux KBaJparos pasHa 12. Uemy paBHa cymma ux
Ky00B?

5. Ionoxwurenbuble yncia a, b u ¢ TakoBbl, aTo abc = 1. JlokaxkuTe HEPABEHCTBO:

1 1 1 1
<,
1—|—a2—|—(b—|—1)2+1+b2—|—(c+1)2+1—|—62+(a+1)2 2

6. Ha mrockoctn nmaxomsrest 2013 xkBagparoB 1 X 1 ¢ BepTHUKAJIBHBIMA U TOPU-
30HTAJbHBIME cTOpoHaMu. JlokaxkuTe, 9TO CyMMa ILIOMAeil 0b1acTeil, MOKPBITHIX
HeYEeTHOe YHCJIO Pa3, He MeHbIle 1.

7. B tpeyrompuuke ABC uposegnennt 6uccektpucklt AA;, BB1 u CCy. Yepes3 Tou-
Ky Aj mpoBejieHBI IpsiMble, Tapauiebabie cropoHam AB u AC. O6o3nadnm gepes
a1 ¥ ay OTPE3KM IPOBEJECHHBLIX MPSIMBIX, JieXKallue BHyTpu Tpeyrosbauka ABC.
AHAJIOrIYHO ONpENENIAIOTC OTPe3Ku by, by u ¢q, co. JoKazkure, 910

ay +ag +by +ba+c1 +c2 < Pape.

8. Touka O — 1IEHTP OIUCAHHOI OKPYXKHOCTU OCTPOYI0JIbHOIO TpeyroJibanka ABC.
Ha cropone AB Boibpana Takas Touka P, uro /ZBOP = Z/ABC, a ua cropoue AC
BbIOpaHa Takas Touka @, uro ZCOQ = LACB. Jlokaxutre, 9T0 OpsiMasi, CAMMET-
puuHas npsmoit BC' oTHOCHTENBHO TpaMoit P(), KacaeTcst OIMCAHHOM OKPYZKHOCTH
TpeyroyibHuKa APQ.

9. IlycTes p u ¢ — B3amMMHO IPOCTHIE HATYpaJbHBIE dncia. Haiinure cymmy

pq—1

Z (—1)lk/plHlk/ 4]

k=0

10. /Iano mpocroe aucyo p. Ha kaxkmom pedbpe moJiroro rpada xa 1000p BepiimHax
Hamcasn 1ejioe ancyo. Jlokaxkure, 910 HAWAETCsT TPOCTON IUKJI, CyMMa, IHCEJT Ha
pebpax KOTOPOro IEJIUTCS Ha P.

ABamiate yerBepThiit Poccuiickmuit @ecTuBaib IOHBIX MATEMATUKOB
Anana, 5.10.2013
Jluea maxmux. Ilepswviti myp

1. B 0qHOKPYTOBOM IMAXMATHOM TyPHHDE yIacTBOBAIO 30 MAXMATHCTOB. Y KAKOTO
HanOOJIBIIEro INCIIA IMAXMATHCTOB [0 OKOHIAHUH TYPHHUDPA MOIJIO OKa3aThCsl POBHO
5 oukos? (IToGesna omnenusaercst B 1 ouko, HUubst — 1/2 ouka, nopaxkenne — 0.)
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2. Haiiyiure Bce Takuwe HATypaJibHBIE M U N, UTO UUCIA 5 u— —
n® —2m m?* — 2n
1eJsble.

3. Bepmuns! npasuibaoro 2013-yroapHuka TpedyeTcst IOKpacuTh B OeJIblil U 3e1e-
HBI I[BeTa TaK, YTOOBI cpen JIIoObIX 21 1oc/Ie/10BaTeIbHBIX BEPIINH HAIIACH XOTSI
ObI oHA 3esieHas. JJoKaXKHUTe, 9TO KOJIMYECTBO CIIOCOOOB 3TO CHIEIaTh HEYETHO.

4. B kaxK0ii BepIuHe TeTpasd/ipa HAIIMCAHO BeIecTBeHHoe uncio. Ha kaxx oM ped-
pe HaIMCcaHa CyMMa JIBYX YHCeJI, CTOSIINX Ha ero KoHIax. VI3BecTHO, YTO cyMMa Beex
quces Ha pebpax paBHa 6, a cymMa ux KBajparoB pasHa 12. Uemy paBHa cymma ux
Ky00B?

5. Ionoxkwurenbusie yncia a, b u ¢ TakoBbl, aTo abc = 1. JlokaxkuTe HEPABEHCTBO:
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6. Ha mrockoctn nmaxomsress 2013 xkBagparoB 1 X 1 ¢ BepTHUKAJIbHBIMA U TOPU-
30HTAJbHBIME cTOpoHaMu. JloKarkuTe, 9T0 CyMMa ILIOMAeil 0bracTeil, MOKPBITHIX
HEYETHOE YNCJIO Pa3, HE MEHbIe 1.

7. B rtpeyronsuuke ABC uposejennt 6uccektpucet AA;, BB1 u CC1. Yepes3 Tou-
Ky Aj mpoBejieHBI IpsiMble, Tapauiebabie cropoHam AB u AC. O6o3nadnm gepes
a1 ¥ ay OTPE3KM IPOBEJECHHBLIX MPSIMBIX, JieXKalue BHyTpu Tpeyrosabhuka ABC.
AHAJIOrTYHO OIpEIENIAIOTCS OTPe3Ku by, by u ¢1, co. JoKazkure, 9T0

ay +ag +by +ba +c1 +c2 < Pape.

8. Touka O — 1EHTP OIUCAHHOI OKPYZKHOCTU OCTPOYIOJIbHOIO TpeyroJibauka ABC.
Ha cropone AB Boibpana Takas Touka P, uro /ZBOP = Z/ABC, a ua cropone AC
BbIOpaHa Takas Touka @, uro ZCOQ = LACB. [lokaxute, 9T0 npsiMasi, CAMMET-
puuHas npsmoit BC' oTHOCHTENBHO TTpsaMoit P(Q), KacaeTcst OIMCAHHOM OKPYZKHOCTH
TpeyrosibHuKa APQ).

9. IlycTs p u ¢ — B3amMHO IPOCTHIE HATYpaJbHBIE dncia. Haiimure cymmy
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10. /lano mpocroe uucio p. Ha kaxkmom pedbpe moJiroro rpada xa 1000p BepiimHax
Hammcasn 1ejioe ancio. Jlokaxkure, 9T0 HAWIETCsT TPOCTON IUKJI, CyMMa, IHCeJT Ha
pebpax KOTOPOro IEJUTCS Ha P.



ABamiiate yerBepThiit Poccuiickmnii @ecTuBaib IOHBIX MATEMATUKOB
Anana, 6.10.2013

Jluza maxmux. Bmopot myp

1. /IBa HATYpaAJbHBIX YUCJIA HA3BIBAIOTCS TTOXOKUMMU, €CJIU OJIHO U3 HUX
HOJIy9aeTCst U3 JPYroro 3adepKuBaHueM OIHOMN Tudpbl (1, BO3SMOXKHO,
orGpacbIBaHUEM BIIEPEN CTOSIMX Hysieit). JTokaxkure, 4ro cyliecTBy-
eT 0ECKOHEYHO MHOI'0 HATYPAJbHBIX YUCE]I, KOTOPhIE HE IPEICTABUMBI
B BHUJIE CYMMBI JIBYX ITOXOKHX.

2. B Bepmmnax Boinykjaoro 2013-yrogbHuKa paccTaBIeHbl HYJIU U €J11-
nurpl. Jlokaxkurte, uro 2013-yroabHUK MOXKHO Pas30OUTh HelepeceKaio-
MIUMUC JTUATOHAJIAMU HA TPEYTOJbHUKU TaK, YTOObI CYMMbBI YHCEN B
BepIINHAX JIIOOBIX JBYX TPEYTOJILHUKOB OTJINYAJINCH He OoJtee YeM Ha 1.

3. VY Jlena Moposa ectb n > 1 paznu4ubiX mogapkos. OH Kak-TO pac-
KiIaJbIBa€T UX II0 MEIIKaM M KJIaJACT MCIIKU BOKPYI' €JIKKI (Ba}KHO CO-
JIEPKUMOE MEIKOB U TOPSJIOK, B KOTOPOM OHHU JIE?KAT BOKPYT €JIKH).
JlokaxkuTe, 9TO KOJUIECTBO CHOCOOOB CIEIATH 9TO, UCIOIb3Ys IeTHOE
U HEYeTHOE KOJMYECTBO MEIIKOB, paBHBI. [Ipumep: ecim ecTh Tpu 1mo-
nmapka A, B, C, To pa3iudHble BapuaHThI — 3TO

A-(BC), B-(AC), C-(AB); (ABC), A-B-C, A-C-B.

4. Iosoxum a b = &;bb) Hokazxkure, ato (n,n <1 k) = 1 s Beex k
oT 1 10 n—1 B TOM 1 TOJTBKO B TOM CJIy4dae, KOT/Ia 1 IBJISIETC CTEIEeHbIO

IIPOCTOTO UNCITIA.

5. Touka O — M[EHTDP ONUCAHHON OKPY?KHOCTH OCTPOYTOJILHOTO Tpe-
yroasauka ABC (AB > AC). llpsmbie BO u C'O nepecekator 6uccex-
tpucy yria BAC B toukax P u () coorsercrBenHo. [Ipsimbie BQ u C'P
nepecekatorcst B Touke R. Jlokaxkure, uro AR | BC.

6. ITlosoxkuresbHble BelecTBeHHble Ynciaa a u b (a # b)TakoBbl, 4TO
ancsa a — Vab u b — Vab paunonasnsusie. JlokazkuTe, 4T0 dncaa a u b
TOXKE PalllOHAJIbHBIE.

7. B rpade 300 Bepmun, Bce onn crenenu 3. Kakoe nambosbliiiee Ko-
JINIECTBO IUKJIOB JUIMHBI 4 MOYKeT ObITh B 3TOM rpade?

8. JlokazkuTe, 4TO 1pU a, b, ¢ > 1 BBIIOJIHEHO HEPABEHCTBO
Va—14+vVb—1++vc—1</clab+1).

9. B nenbronge ABCD cropoust AB u BC pasabr 5, a ctopoust C'D
u DA pasubl 3. Touka K Ha cropore BC' takosa, uto BK = 3. Oxa-
sasiock, uro AK||C'D. Haiigure nimuy orpeska AK.

10. Oynknusa f: R — R rTakoBa, 9To 1pu JitoOOM BEIIECTBEHHOM X
sepno, uto f(f(z)) = z*. Haiinure cymmy f(—1) + f(0) + f(1).

ABamiiate yerBepThiit Poccuiickmnit @ecTuBaib IOHBIX MATEMATUKOB
Amnana, 6.10.2013

Jluza maxmux. Bmopot myp

1. /IBa HATYpaJbHBIX YUCJIA HA3BIBAIOTCS TTOXOXKUMHU, €CJIU OJIHO U3 HUX
HOJIy9aeTCst U3 JPYroro 3adepKuBaHueM OIHOM Tudpbl (1, BO3MOXKHO,
orGpacbIBaHUEM BIIEPeM CTOSMMX Hysieit). Jlokaxkure, 4ro cyliecTsy-
eT 0ECKOHEYHO MHOI'0 HATYPAJbHBIX YUCE]I, KOTOPhIE HE IPEJICTABUMBI
B BHUJIE CYMMBI JIByX TTOXOKHX.

2. B Bepmmnax Bboimykjaoro 2013-yrogbHuKa paccTaBIeHbl HYJIU U €J11-
nutpl. Jlokaxkurte, uro 2013-yrogbHUK MOXKHO Pas30OUThH HelepeceKaio-
MIUMUC JTUATOHAJIAMU HA TPEYTOJbHUKHU TaK, YTOObI CYMMbI YHCEN B
BepIINHAX JIIOOBIX JBYX TPEYTOJILHUKOB OTJINYAJINCH He OoJtee YeM Ha 1.

3. VY Jlena Moposa ectb n > 1 paznun4nbixX nogapkos. OH Kak-TO pac-
KJIaJIbIBa€T UX II0 MEIIKaM M KJIaJICT MCEIIKU BOKPYI' €JIKKA (Ba}KHO CO-
JIEPKUMOE MEIKOB U TIOPSIJIOK, B KOTOPOM OHHU JIEZKAT BOKPYT €JIKN).
JlokaxkuTe, 9TO KOJIMIECTBO CHOCOOOB CIEIATH 9TO, MCIOIb3Ys IeTHOE
U HeYeTHOE KOJMYECTBO MEIIKOB, paBHBI. [Ipumep: ecim ecTh Tpu 1mo-
nmapka A, B, C, To paziudHble BapuaHThI — 3TO

A-(BC), B-(AC), C-(AB); (ABC), A-B-C, A-C-B.

4. Iosoxum a b = &;bb) Hokazkure, ato (n,n 1 k) = 1 aus Beex k
oT 1 10 n—1 B TOM 1 TOJTBKO B TOM CJIy4dae, KOT/Ia 1 IBJISIETCs CTEIEeHbIO

IIPOCTOTO YNCIIA.

5. Touka O — MEHTP ONUCAHHON OKPY?KHOCTH OCTPOYTOJILHOTO Tpe-
yroisauka ABC (AB > AC). llpsmbie BO u C'O nepecekator 6uccex-
tpucy yria BAC B toukax P u () coorsercrBerHo. [Ipsimbie BQ u C'P
nepecekatorcst B Touke R. Jlokaxkure, uro AR | BC.

6. ITlosoxkuresbHble BelecTBeHHble Ynciaa a u b (a # b)TakoBbI, 4TO
ancsa a — Vab u b — vVab paunonasnbusie. JlokazkuTe, 410 Uncaa a u b
TOXKE paIoHaIbHbIE.

7. B rpade 300 Bepmun, Bce onu crenenu 3. Kakoe nambosbIiiee Ko-
JIMIECTBO IUKJIOB JUIMHBI 4 MOKeT ObITh B 3TOM rpade’

8. Jlokazkure, 4TO 1pA a, b, ¢ > 1 BBITOJIHEHO HEPABEHCTBO
Va—14+vVb—1++vVc—1</clab+1).

9. B nenbronge ABCD cropoust AB u BC pasabr 5, a ctopoust C'D
u DA pasubl 3. Touka K Ha cropore BC' takosa, uto BK = 3. Oka-
sasiock, uro AK||C'D. Haiigure nymuy orpeska AK.

10. Oynknusa f: R — R rTakoBa, 9To 1pu JitoOOM BEIIECTBEHHOM X
sepno, uto f(f(z)) = z*. Haiioure cymmy f(—1) + f(0) + f(1).



ABamiiate yerBepThiit Poccuiickmnii @ecTuBaib IOHBIX MATEMATUKOB
Anana, 8.10.2013
Jluza maxmux. Tpemud myp

1. Bce kieTku kBajgpara 5 X 5 MOKpAIeHbl B CHHUI 1 KPACHBIN I[BETA TaK, ITO CPe-
[ PACKPACOK KBaJIPATOB 2 X 2 BCTPEYAIOTCsI BCE BO3MOXKHbBIE packpacku. Haiinure
HauMeHbIIlee BO3MOXKHOE THCJIO KPACHBIX KJIETOK.

2. Haiigure Bce TPOWKM HATYPATBHBIX THCENT (x, Y, Z), 1)1 KOTOPBIX YHCJIO
V/2013 V/2013 V/2013
+ +
r+y Y+ z z+x

3. Ha mpsmoit oTMeYeHO HECKOIBKO PA3JIMIHBIX OTPE3KOB € KOHITAMU B TEJIBIX TOU-
kax ot 0 mo 2013. OKa3aj10Cch, 9TO €CJIU OUH U3 OTPE3KOB COJEPKUTCH B IPYTOM, TO

ABJIACTCA IIEJIBIM.

y HHAX COBIAJAET OAUH U3 KOHIOB. Kakoe HanboJIbllee KOJIMIECTBO OTPE3KOB MOIJIO
OBITH OTMEYCHO?

4. CymecrByior ju takue jgBa MHorowieHa P(x) u Q(z) cremenn 2013 c Berre-
CTBeHHBIME KO DUIeHTaMu, YTO KOpHaMU MHOrodiena P(Q(x)) aBisorcs ducia
2, 22, ... 22013%9

5. Haiinure Bce Takume dpyHkmum f: R — R, uro 0b0pasoM KaxKI0ro MHTEpPBaJIa
SIBJISIETCsI MHTEPBAJI TOW Ke JJINHBI.

6. B ocrpoyrosbpaom tpeyroisuauke ABC' yroa C 6osbire yria A. Otpesok AE —
JIMaMeTP ONMUCAHHON OKPYKHOCTH Tpeyrojbuuka. K — Toduka nepecedenust ayda AC
U KacaTeJIbHOM K OKPYXKHOCTHU, IPOBeIeHHON B Touke B. Ilepnesaukysisp, omyieH-
weiit u3 K wa AFE, Bropoil pa3 nepecekaer OMUCAHHYIO OKPYKHOCTH TPEYTOJbHUKA
BCK B touke D. Hokaxwure, uto CE — buccekrpuca yria BCD.

7. Hano marypanbaoe qmucio n. [Iycte 0 =29 < 21 < --- < =z, = 1. Haiinure
MaKCHMaJIbHOE€ BO3MOXKHO€ 3HaYCHNE CYMMBbI

n—1
Y wiwipa (Tign — ).
i=0

8. anon > 2. KakuM HauMeHbININM KOJIMYECTBOM IIOJIHBIX I'PadOB Ha N BEPIINHAX
MOKHO TIOKPBITBH BCe pebpa IMoTHOro rpada Ha 2n BepIImHaX !

9. Ilycts F,, — 9TO KOJMYECTBO CIIOCOOOB pa3bUTHh HA YACTU N-IJIEMEHTHOE MHO-
JKECTBO, MPUUIEM TOPSIJIOK 4dacTeit Baxken. Hampuwmep, Fy = 1, Fr = 3, F3 = 13,
Fy =75. Hokaxure, uro Fy, 14 = F,, (mod 10) npu Bcex n.

10. Touka O — UEHTP ONMCAHHON OKPY?KHOCTH OCTPOYIOJIBHOIO TPEYyroJIbHUKA
ABC. llepuenukyJsip, BOCCTaBJIeHHBI B TouKe B K mpsimoit BC', mepecekaer cepe-
JIMHHBIA TeprneHukysap K orpe3ky AB B Touke P. Ileprnenaukysisip, BOCCTABIECH-
woiit B Touke C' Kk npsimoit BC|, miepecekaeT cepeIuHHbIN TePIeHINKYISIP K OTPE3KY
AC B Touke . Touka T — 1eHTp OMUCAHHOM OKPYKHOCTH Tpeyroibauka POQ. Ho-
KaxkuTe, 94ro npsiMas AT Kacaercsl OIHCAHHON OKpyKHOCTH TpeyroJbauka ABC.

Bamiiate yerBepThiit Poccuiickmnit @ecTuBaib IOHBIX MATEMATUKOB
Anana, 8.10.2013
Jluza maxmux. Tpemud myp

1. Bce kieTku kBajgpara b X 5 MOKpAIeHbl B CHHII 1 KPACHBIN I[BETA TaK, ITO CPe-
1 PACKPACOK KBaJIPATOB 2 X 2 BCTPEYAIOTCsI BCE BO3MOXKHbBIE packpacku. Haiimure
HauMeHbIIlee BO3MOXKHOE THCJIO KPACHBIX KJIETOK.

2. Haiinure Bce TpOiKU HATYPAJILHBIX duces (&,y, Z), i KOTOPBIX YUCIIO
2013 2013 2013
+ +
r+y Y+ z z+x

3. Ha mpsmoit oTMeueHO HECKOIBKO PA3JIMIHBIX OTPE3KOB € KOHITAMU B TEJIBIX TOY-
kax ot 0 o 2013. OKa3aj10Cch, 9TO €CJIU OIUH U3 OTPE3KOB COJEPKUTCI B IPYTOM, TO

ABJIAETCA IIEJIBIM.

y HHUX COBIAJAET OAUH U3 KOHIOB. Kakoe HanboJIblllee KOJIMIECTBO OTPE3KOB MOIJIO
OBITH OTMEYCHO?

4. CymecrByior jsn takue jgBa MHorowieHa P(x) u Q(z) cremenn 2013 c Berre-
CTBEHHBIME KO DUIeHTaMu, YT0 KOpHaAMU MHOorodiena P(Q(x)) aBisorcs qucia
2, 22, ... 22013%9

5. Haiinure Bce Takume dpyHkmum f: R — R, gro 00pasoM KaxKI0ro MHTEpPBaJIa
SIBJISIETCsI MHTEPBAJI TOW Ke JJINHBI.

6. B ocrpoyrosbaom Tpeyroisauke ABC' yroa C 6osbiire yria A. Otpesok AE —
JIMaMeTp ONUCAHHON OKPYKHOCTH TpeyrojbHuka. K — Touka nepecedenust ayda AC
U KacaTeJIbHOM K OKPY’KHOCTHU, IPOBeIeHHOl B Touke B. Ilepnenaukysp, omyieH-
weiit u3 K va AFE, Bropoil pa3 nepecekaer OMUCAHHYIO OKPYKHOCTH TPEYTOJbHUKA
BCK B touke D. Hokaxwure, uto CE — buccekrpuca yria BCD.

7. Hanmo marypanbaoe qmucio n. IIycte 0 =29 < 21 < --- < =z, = 1. Haiinure
MaKCHMaJIbHOE€ BO3MOXKHO€ 3HaYCHNE CYMMBbI

n—1
Y wiwipa (Tin — ).
i=0

8. anon > 2. KakuM HanMeHbINM KOJIMYECTBOM IIOJIHBIX I'PadOB Ha N BEPIINHAX
MOKHO TIOKPBITBH BCe pebpa MMoHOro rpada Ha 2n BepIImHax !

9. Ilycts F,, — 9TO KOJHMYECTBO CIIOCOOOB pa3bUTHh HA YACTU N-IJIEMEHTHOE MHO-
JKECTBO, MPUUIEM TOPSIIOK 4dacTeit Baxken. Hampumep, Fy; = 1, Fp = 3, F3 = 13,
Fy =75. Hokaxure, uro Fy, 14 = F,, (mod 10) npu Bcex n.

10. Touka O — UEHTP ONHMCAHHON OKPY?KHOCTH OCTPOYIOJIBHOIO TPEYyroJIbHUKA
ABC. llepuenauKyJsip, BOCCTaBJIeHHbI B TouKe B K mpsimoit BC', mepecekaer cepe-
JIMHHBIA TeprneHukysap K orpesky AB B Touke P. Ileprnenaukysisip, BOCCTABJIECH-
woiit B Touke C' K npsimoit BC, miepecekaeT cepeIuHHbIN TePIeHINKYIISP K OTPE3KY
AC B Touke . Touka T — 1eHTp OMUCAHHOM OKPYKHOCTH Tpeyroibauka POQ. o-
KaxkuTe, 9ro npsiMas AT Kacaercsl OIMCAHHON OKpyKHOCTH TpeyroJibauka ABC.



ABamiiate yerBepThiit Poccuiickmnii @ecTuBaib IOHBIX MATEMATUKOB
Anana, 9.10.2013
Juea maxmux. Yemeepmuiti myp

1. Ha BepTUKAJIbHYIO CT€HY HAKJIEEHBI HEIIEPECEKAIOIINEC UIOJIKHU (IIPEeICTABIIAIO-
e u3 cebg uHrepBadinl). JJokaxkure, 4To HANZETCS UIOJKA, KOTOPAs MOMKET OT-
KJIENTHCA U YIIACTh HA II0JI, He 3a/ieBas APYrux urosiok. VIrojaka majgaer Ha mOJI, BCE
BpeMs OCTaBasICh IMAPAJLJIEIbHOI HAYAJIbHOMY IOJIOZKEHHIO.

2. Jlano meverHoe uucyio n. lIpaBUbHBIN TPEYTOJHHUK Ppa3ieeH

Ha N’ MAJEHBLKHX TPEYTOJbLHHKOB, KOTOPEIE HOKPAIIEHE B IMAXMAT-

HOM TIOpgJIKe (YIVIOBble TPEYIOJIbHUKU YepHbie). B KaXKIoM 4epHOM
TPEYroJIbHUKE OTMETHJ/IM IIEHTP W COeIuHUIu ¢ Beprmmaamu. [losy-

YEHHYIO KADTUHKY PACCMATPUBAIOT KaK I'pad: y3JIbl CETKHU U IEHTPHI TPEYTOJIHbHUKOB
— BEpIINHBI, OTpe3KN — pebpa (Ha pucyHKe m306pakeH npumep s n = 3). Joka-
JKHTe, 9TO KOJIMYECTBO MOJHBIX TAPOCOYeTanuii sroro rpada memnres ma 3(H1/2,
3. Jlambl HaTypaJibHble YUCIA A1, G2, ..., Gp W GUCJIO a > 1, ;mejsineecss Ha WX
npoussegenue. Jokaxkute, uro a"t! + a — 1 He JeimTCs Ha IpoU3BEICHEE

(a+ar—1D(at+az—1)...(a+a, —1).

4. JlokakuTe, 9TO B TYPHHUPE C 2n BepIINHAME Haii/1eTCs JTI000€ ITOIBEIIIEHHOE OPU-
E€HTUPOBAHHOE JIepeBO HAa 1 + 1 BepImHax.

5. DByznem roBoputs, 49TO JBE TPHAHTYJISIUU BBILYKJIOT'O N-YIOJIbHUKA OPTOTOHAJIb-
HBI, €CJIN Y HUX HET HU OJIHOI ob1eit nuaronasnu. JIokakute, 9TO Bce TPUAHTYISIIAN
C JIByMsl yIIaM¥U UMEIOT OJIMHAKOBOE KOJIMYECTBO OPTOIOHAJIbHBIX.

6. IlonoxkurenbHBIE YUCIA T, Y, Z YAOBIETBOPAIOT COOTHOIIEHUIO TY + Y2z + 2 = 1.
23 Y3 53 V3
JlokazkuTe HEPABEHCTBO 3 + 3 + 3 = —.
4 +yz y*+zx 24wy 2
7. Ilycrs p — mpocroe wucio. Haiiqnre MuaNMAaIbHOE HATYpAaIbHOE d, JJIsT KOTO-
pPOTO CyIIEeCTBYET YHUTAPHBI MHOTOYJIEH CTEIEHU d C MEIbIMU KO3(hMOUINEeHTAMHA,

BCe 3HAUYECHUA KOTOPOI'O B IEJIBIX TOYKaX JAEJIATCA Ha pp+1.

8. Ilycte AK — GuccekTpuca HepaBHOOeIpeHHOTO Tpeyroabuuka ABC, M — ce-
pemuna ayru BAC ero onmcannoit okpyskHocTr w. JIya M K BTOPHYHO TiepeceKaer
OKpy»kHOCTb w B Touke A’. Kacarenbnble Kk w B Toukax A nu A’ nepecekatorcst B To4-
ke T. Touka R takosa, uro RA’ 1| A’K, RA 1 AK. Jlokaxwure, uro Touku K, R,
T nekaT Ha OJTHON TPAMOIA.

9. B ocrpoyrossaoMm Tpeyrosbauke ABC nposenens Boicorsl AA; u BB;. Touka
H — oprornienTp, a Touka O — IEHTp ONMCAHHON OKPYKHOCTH Tpeyroyibanka ABC.
Touka K — opronentp tpeyronbauka AO B. Jlokaxwure, uro npsmas H K npoxoant
4qepe3 cepenuny orpeska Aj Bi.

10. ®eneura — 3TO KjaeTdaTas OyMarkHas MOJOCKA 2 X M, CKJICEHHAs B IIAIHH-
JpUYecKoe KOJIEYKO BBICOTHI 2. JIBa MIrpoka IO o4epe/in BbIpe3aloT U3 (heHEeUKH I10
ool kierke. Urpok, mocse xofa KoToporo ¢dpeHedka pa3sepHeTcst (HoTepsieT Iu-
JIMHJPUYIECKYIO CBIA3HOCTD ), IIPOUTPLIBAaET. KT0 BhIUrpaeT Ipu NPaBUILHON UIpe —
HAYMHAIONIWI WK ero conepHuK ! JIBe KIeTKH, COCETHUE IO YTIIY, CINTAIOTCS HECBSI-
3aHHBIMU.

ABamiiate yerBepThiit Poccuiickmnit @ecTuBaib IOHBIX MATEMATUKOB
Anana, 9.10.2013
Jluea maxmux. Yemeepmoiti myp

1. Ha BepTUKAJIbHYIO CT€HY HAKJIEEHBI HEIIEPECEKAIOIINEC UIOJIKHU (IIPEeICTABIIAIO-
e u3 cebd uHrepBadinl). Jokaxkure, 4TO HANIETCS UIOJKA, KOTOPas MOYKET OT-
KJIENTHCA U YIIACTh HA II0JI, He 3a/ieBas APYTrux urosiok. VIroika majgaer Ha mOJI, BCe
BpeMs OCTaBasICh IMAaPAJLJIEJIbHON HAYAJIbHOMY IOJIOZKEHHIO.

2. Jlano meuerHoe uucyio n. lIpaBUbHBIN TPEYTOJHHUK Ppa3jieieH

Ha N’ MAJEHBLKHX TPEYTOJbHHKOB, KOTOPEIE HOKPAIIEHE! B IMaXMAT-

HOM TIOpgJIKe (YIVIOBblE TPEYIOJIbHUKU YepHbie). B KaXKIoM 4epHOM
TPEyroJIbHUKE OTMETWJ/IM IIEHTP W COequHuIn ¢ Beprmaamu. [losy-

YEHHYIO KADTUHKY PACCMAaTPUBAIOT KaK I'pad: y3JIbl CETKHU U IIEHTPBI TPEYTOJIHbHUKOB
— BEpIIUHBI, OTPe3KN — pebpa (Ha pucyHKe m306pakeH mpumep s n = 3). JToka-
JKHTe, 9TO KOJIMYECTBO MOJHBIX APOCOYeTanuii sroro rpada memmres ma 3 H1/2,
3. Jlanbl HaTypaJIbHBIE YUCAA A1, A2, ..., Gp U UACIO a > 1, Jessiieecs Ha UX
npousseaenne. Joxaxkute, uro a"t! + a — 1 He geimTCs Ha IpoM3BeICHEE

(a+a1—1D(at+az—1)...(a+a, —1).

4. JlokakuTe, 9TO B TYPHHUPE C 2n BepUINHAME Haii/1eTcs JI000€e IT0IBEIIIEHHOEe OPU-
E€HTUPOBAaHHOE JIepeBO Ha 1 + 1 BepIImHax.

5. Dyznem roBoputs, 9TO JBE TPHAHTYJISIUN BBILYKJIOI'O N-YIOJbHUKA OPTOTOHAJIb-
HBI, €CJIN Y HUX HET HU OJIHOI obreit muaronasnu. JlIokaxkute, 4TO Bce TPUAHTYISIIAN
C JIByMsl yIIIaM¥U UMEIOT OJIMHAKOBOE KOJIMYECTBO OPTOIOHAJIbHBIX.

6. IlonoxkurenbHBIE YUCIA T, Y, Z YAOBIETBOPAIOT COOTHOIIEHNUIO TY + Y2 + 2 = 1.
23 y3 23 V3
JlokazkuTe HEPABEHCTBO 3 + 3 + 3 = —.
4 +yz y*+zx 24wy 2
7. Ilycts p — mpocroe wucio. Haiiqnre MuanMAabHOE HATYpaIbHOE d, JJIsT KOTO-
pPOTO CyINEeCTBYET YHUTAPHBIN MHOTOYJIEH CTEEHU d C MEIbBIMU KO3(hMOUINEeHTAMH,

BCe 3HaQYECHUA KOTOPOT'O B IEJIBIX TOYKaX JAEJIATCA Ha pp+1.

8. Ilycte AK — GuccekTpuca HepaBHOOeIpeHHOTO Tpeyroabunka ABC, M — ce-
pemuna ayru BAC ero onmcannoit okpyskHocTr w. JIya M K BTOPHYHO TiepeceKaer
OKpy»HOCThL w B Touke A’. Kacarenbnble kK w B Toukax A nu A’ nepecekatorcst B To4-
ke T. Touka R takosa, uro RA’ | A’K, RA 1 AK. Jlokaxwure, uro Touku K, R,
T nekaT Ha OJTHON TMPAMOIA.

9. B ocrpoyrosmaoMm Tpeyrosbauke ABC nposesens Boicorbl AA; u BBy. Touka
H — oprorentp, a Touka O — IEHTP OMUCAHHON OKPYKHOCTH Tpeyrojbauka ABC.
Touka K — opronentp tpeyronbanka AO B. Jlokaxure, uro npsmas H K npoxoaut
4qepes cepenuny orpeska Aj Bi.

10. ®eneura — 3TO KjaeTdaTas OyMarkHas MOJOCKA 2 X M, CKJICEHHAs B IIMIHH-
JpUYecKoe KOJIeYKO BBICOTHI 2. JIBa MIrpoka IO o4epe/in BbIpe3aloT U3 (heHEedKH I10
onmuolt kierke. Urpok, mocse xofa KoToporo ¢dpeHeuka passepHeTcst (HoTepsieT Iu-
JIMHJPUYIECKYIO CBIA3HOCTD ), IIPOUTPLIBAET. KT0 BHIMrpaeT Ipu NPaBUILHON UIpe —
HAYMHAIONIWI WK ero conepHuK ! JIBe KIIeTKH, COCETHUE TI0 YTIIY, CINTAIOTCS HECBSI-
3aHHBIMU.



ABamiiate yerBepThiit Poccuiickmnii @ecTuBaib IOHBIX MATEMATUKOB
Anana, 9.10.2013
Juea maxmux. Yemeepmuiti myp

1. Ha BepTUKaJIbHYIO CT€HY HAKJIEEHBI HEIIEPECEKAIOIIUEC UIOJIKHU (IIPeICTABIIAIO-
mupe u3 ceba mHTepBasibl). Jokaxkure, 4TO HANZETCS UIOJKA, KOTOPas MOMKET OT-
KJIENThCA U YIIACTh Ha II0JI, He 3a/ieBas APYrux urosiok. Irojka magaer Ha 1OJI, BCe
BpPEMsI OCTaBasICh MMapaAJLIETbHON HAYAJIbHOMY TOJIOZKEHHIO.

2. Jlokakure, 4TO IPHU JIOOOM HATYPAJIHHOM 7 YIOJIOK, COCTABJIEHHBIH M3 TpeX
KBaJIpaTOB 71 X N, MOXKHO pa3pe3aTh HA yrOJKUA U3 TPeX KJIETOK.

3. anbl HaTypaJbHbBIE YUACIA A1, A2, ..., Qp U 9GUCJIO a > 1, messdrieecs Ha UX
npoussejenne. Jokaxkure, uro a"t! + a — 1 He JenuTCs Ha IIPOU3BEICHIE

(a+ar—1D(a+az—1)...(a+a, —1).

4. Ha mrockocTu orMedeHs! y3i1bl, obpasymomue KBaapar 2013 x 2013. Yepes kax-
JIYIO OTMEYEHHYIO TOUKY ITPOBEJIN IPSIMYIO C YIJIOBBIM KO3 DUIHEeHTOM %. CKOJIbKO
PAa3HBIX MPSMbBIX IIOJIYIUJIOCH !

5. CymectByer i rpad ¢ 2013 BepuimHaMu, IPOHYMEPOBAHHBIMHU YKUCJIAMU OT 1
J10 2013, Takoit 9To JII0OBIE JIBE BEPIINHBI UMEIOT OOIIYI0 COCEIHIO BEPIIIHY, €CJII
U TOJIBKO €CJIM HOMED OJHOI U3 HUX JEIUTCH Ha HOMED APYroi.

6. IlonoxkurenbHBIE YUCIA T, Y, Z YAOBIETBOPAIOT COOTHOIIEHNUIO TY + Y2z + 2 = 1.
23 Y3 3 V3
2 T3 + 3 > :
r?+yz y*+zx 22+ ay 2
7. Ilycrs & m y — 7Ba PAnMOHAJIBHBIX YUACIA, N — HEYETHOE HATYPAJIHLHOE IUCJIO.
Oxka3zaJjioch, uto ™ — 2z = y" — 2y. Jlokaxkure, 910 T = .

ﬂOKa}KI/ITe HepaBEHCTBO

8. B rpeyronbauke ABC yros A pasen 84°. OKpy:>KHOCTD, BIMCAHHAS B TPEYTOJIb-
nuk ABC kacaercst ero ctopos B Toukax Aj, By u C7 — coorsercrBenno. LlenTpa
OKPYXKHOCTEI, BlIncaHHbIX B Tpeyrosbauku AB,Cy, A1 BC, u A1 B1C — 510 To4KH,
O4, Op u O¢ coorBercrBenHo. Yemy paser yros OgO0c?

9. B ocrpoyrossaoMm Tpeyrosbauke ABC nposenenst Boicorsl AA; nu BB;. Touka
H — oprorentp, a Touka O — IEHTP ONUCAHHON OKPYKHOCTH Tpeyrojbauka ABC.
Touka K — opronentp tpeyronbauka AOB. Jlokaxure, uro npamas H K npoxoaur
uepe3 cepenuny orpeska A By.

10. Deneuxka — 3TO KjerdaTas OyMarkKHas IOJOCKA 2 X N, CKJICCHHAs B IMJINH-
JIPUYECKOe KOJIEYKO BBICOTHI 2. JIBa UI'DOKa 110 OYepesil BhIPE3aIoT U3 (HhEHEUKH 110
onmoi Kierke. VIrpok, mocie xoja Koroporo dbeHedka pasBepHercs (Iorepser Iu-
JIMHJPUYIECKYIO CBA3HOCTD ), IIPOUTpPbIBaeT. KTo BhIUrpaer Ipu NPaBUILHON UIpe —
HAYHHAIONINIA WK ero conepHuK? JIBe KJIeTKHU, COCeIHIE IO YTUIy, CIUTAIOTCS HECBSI-
3aHHBIMHU.

Bamiate yeTBepThiit Poccuiickmnit @ecTuBaib IOHBIX MATEMATUKOB
Anana, 9.10.2013
Jluea maxmux. Yemeepmoiti myp

1. Ha BepTUKaJIbHYIO CT€HY HAKJIEEHBI HEIIEPECEKAIOIINEC UIOJIKHU (IIPEeICTABIIAIO-
mpe u3 cebd mHTepBasibl). Jlokaxkure, 4TO HANZETCS UIOJIKA, KOTOPas MOYKET OT-
KJIENTBCA U YIIACTh HA II0JI, He 3a/ieBas APYrux urosiok. Irojka mnagaer Ha mOJI, BCe
BpPEMSI OCTaBasICh MMapaJLIEIbHOI HAYAJIbHOMY TOJIOXKEHUIO.

2. Jlokarkure, 4TO IPH JIOOOM HATYPAJIBHOM 7 YTOJIOK, COCTABJIEHHBIH 13 Tpex
KBa/IpATOB 71 X N, MOXKHO pa3pe3aThb Ha yrOJKUA U3 TPeX KJIETOK.

3. anbl HaTypaJbHBIE YUACIA A1, A2, ..., Qp U 9GUCJIO a > 1, messdrieecs Ha HUX
npoussesenne. Jokazkute, aro a"t! + a — 1 He JeiuTCs Ha IIPOU3BEICHIE

(a+a1—1D(a+az—1)...(a+a, —1).

4. Ha mrockocTu orMedeHs! y3i1bl, obpasyomue KBaapar 2013 x 2013. Yepes kax-
JIYIO OTMEYEHHYIO TOUKY ITPOBEJIN PSIMYIO C YIJIOBBIM KO3 MUITHEHTOM %. CKOJIbKO
PAa3HBIX MPSMbBIX IIOJIYyIUIOCH !

5. CymectByer i rpad ¢ 2013 BepuimHaMu, IPOHYMEPOBAHHBIMHU YHUCJIAMHU OT 1
J10 2013, Takoit 9To JII0OBIE JIBE BEPIIUHBI UMEOT OOIIYI0 COCEIHIOI BEPIINHY, €CJIH
U TOJIBKO €CJIM HOMED OJHON U3 HUX JEIUTCH Ha HOMED APYroOi.

6. IlonoxkurenbHBIE YUCIA T, Y, Z YAOBIETBOPAIOT COOTHOIIEHUIO TY + Y2z + 2 = 1.
23 Y3 3 V3
2 T3 + 3 > :
r?+yz Yy *+zx 2+ ay 2
7. Ilycrs @ m y — 7Ba PAnMOHAJIBHBIX YUACIA, N — HEYETHOE HATYPAJIHLHOE IUCJIO.
OkagzaJjioch, uto ™ — 2z = y" — 2y. Jlokaxkure, 910 T = .

ﬂOKa}KI/ITe HepaBEHCTBO

8. B rpeyronbauke ABC yrosn A pasen 84°. OKpy:>KHOCTb, BIUCAHHAS B TPEYTOJIb-
nuk ABC kacaercst ero ctopos B Toukax Aj, By u C1 — coorBercrBenno. LlenTpa
OKPYXKHOCTEI, BlimcaHHbIX B Tpeyrosbauku AB,Cy, A1 BC, u A1 B,C — 510 TO4KH,
O4, Op u O¢ coorBerctBenno. Yemy paser yros OgO0c?

9. B ocrpoyrossaoMm Tpeyrosbauke ABC nposenenst Boicorsl AA; u BB;. Touka
H — oprorentp, a Touka O — IEHTP ONMUCAHHON OKPYKHOCTH Tpeyrojbauka ABC.
Touka K — opronentp tpeyronbauka AOB. Jlokaxure, uro npamas H K npoxoaur
uepes cepenuny orpeska A By.

10. ®eneuxka — 3TO KjerdaTas OyMarkKHas IOJOCKA 2 X N, CKJIECHHAs B IMJINH-
JIPUYECKOe KOJIEYKO BBICOTHI 2. JIBa UI'DOKa 110 OYepesil BhIPE3aloT U3 (hEeHEUKH 110
onHol Kierke. VIrpok, mocie xoja Koroporo dbeHedka pasBepHeTcs (1orepser Iu-
JIMHJPUYECKYIO CBA3HOCTD ), IIPOUTpPbIBaeT. KTo BhIUrpaer Ipu NPaBUILHOI UIDe —
HAYUHAIONINIA UK ero conepHuK? JIBe KJIeTKHU, COCeIHIE 10 YTUIy, CIUTAIOTCS HECBSI-
3aHHBIMHU.



dBaamnars yerBepThiii Poccuiickuit @PecTuBab IOHBIX MAaTE€MaTUKOB
Anana, 5.10.2013
Jluza cmpamezud. Ilepeviti myp.

1. Ilycte p m ¢ — B3aMMHO IIPOCTHIE HATypaJbHbIe yncia. Haiinure cymmy

pq—1

Z (—1)le/pl+Ik/al,

k=0

2. Bepmunsr npasuiabnoro 2013-yrosbHuka TpedyeTcs PacKpacuThb B OesIblil u 3e-
JIGHBIN I[BETa TaK, YTOOBI cpeau JIIoObIX 21 mocjesoBaTeIbHONR BEPIIUHBI HAILIACH
x0T ObI oTHA 3esieHast. JIOKaKuTe, 9TO KOJMIECTBO CIIOCODOB 3TO CAEIATH HEYIETHO.

3. Haiinure Bce Takue dpyrkimuu f: R — R, 11t KOTOPBIX BBIIIOJHEHBI CJIEILYOIIHE
yeoBus 1) f0) €@ 2) flz+y)?=fla+fy)?)
4. Tano marypaJsibHOe yncjo n. Ha kaxkmom pebpe mosaoro rpada wa 1000n Bep-
IIMHAX HAIMCAJH IleJIoe Yucyo. JlokakuTe, 4TO HAIETCs IPOCTOM IUKJI, CyMMa
quces Ha pedpax KOTOPOro JEJTUTCS Ha N.
5. CyMmma HEOTPHUIATEIBHBIX IUCEN L1, Lo, - .., L2013 PaBHA 1, o014 = 1. Haitaure
2013
MUHUMYM Bbipaxkenust || (1 — z;xit1) -
i=1
6. lam tpeyrompuuk momaan 1. Ha mirockoctn maxomsrcsa 2013 mapasurebHBIX
CIBATOB 3TOr0 TpeyrojbHuKa. JloKakuTe, YTO CyMMa ILJIONIA Iei obacTell, TOKPbI-
TBIX HEYETHOE YHCJIO Pa3, He MEHBIIEe %
7. Touka O — EHTP ONMUCAHHON OKPYKHOCTU OCTPOYTOJIHHOTO Tpeyrobauka ABC.
Ha cropone AB Bwibpana takasi Touka P, aro /BOP = Z/ABC), a na cropone AC
BBIOpaHa Takas Touka @, uro ZCOQ = LACB. [lokaxute, 9T0 npsiMasi, CAMMET-
puunas npsimoii BC' oTHOCHTEIBHO IPsiMOil P, KacaeTcsi OIMCAHHON OKPYKHOCTH

TpeyrosbHuKa APQ.

8. Ha upsawmoit ¢ Boibpanst Touku A, B, C u D (B TakoMm nopsijke). Cdepbl wy 1 wo
¢ nearpamu O1 u Og nipoxozsiT Yepes Toukn A u B, a cdepbl wi u w) ¢ 1eHTpamu
O} u O} — gepes touku C' u D. Ilpu srom wy L Wi, a upamsie 0105, 0207 u £
[epeCceKarTCst B OiHOM Touke. Jlokaxkure, 910 wy L wh.

9. JlokaxKuTe, YTO IIPOCTOE WHCIO P > 5 MOXKHO IPEJICTABUTL B BuAe 2x2 + 332,
e x, y € Z, Tor/ia U TOJbKO TOT/a, KOT/Ia P /IaeT OCTaToOK b miu 11 mpu jaemeHun
Ha 24.

10. Boibepem pou3BOJIBHO (B BelleCcTBeHHbIX Yucia « u ( B unrepsase (0;27).
[TosoxkuM KpyTuiblii TUPOT Ha HENOJBHXKHOE KpyTioe 6esoe OJI1010, HA KOTOPOM
HaPUCOBAaH YE€PHBIN CEKTOD YIJIOBOU BeanduHbI (. Jlajiee OyeM BBIIOJHATD CJIELY-
olee peobpa3oBaHKe: BBIPEXKEM YaCTh [IUPOTa, MOMABIIYI0 B CEKTOD, IepeBepHeM
9Ty YaCcTh U BCTABUM HA MECTO <BBEPX HOraMU>, MOCJE Yero MOBEPHEM BECh IH-
por Ha yroi [ (B NOJOKUTENLHOM HalpabieHnun). JlokaxkuTe, 9To 4epe3 KOHEUHOe
YUCJI0 TPe0Opa30BaHUil cpa3y Bce TOYKH MUPOra BEPHYTCS Ha MCXOTHBIE MECTA.

ABaamnars yerBepThiii Poccuiickuit @PecTuBab IOHBIX MAaTEeMaTUKOB
Anana, 5.10.2013
Jluea cmpameezudi. Ilepsviti myp.

1. Ilycte p m ¢ — B3aMMHO IIPOCTHIE HATypaJbHbIe uncia. Haiiqure cymmy

pq—1

Z (—1)le/pl+Ik/al,

k=0

2. Bepmunsr npasuiabnoro 2013-yrosibHuKa TpedyeTcs PaCKpacuThb B OesIblil u 3e-
JIGHBIN I[BETa TaK, YTOOBI cpeau JIIoObIX 21 mocjesoBaTeIbHONR BEPITUHBI HAILIACH
x0T ObI OTHa 3esieHast. JIOKaKuTe, 9TO KOJMIECTBO CIIOCODOB 9TO CAEIATH HEIETHO.

3. Haiinure Bce Takue pynkimu f: R — R, 11t KOTOPBIX BBIIOJHEHBI CJIEILYOIIHE
yeoBus 1) f0)eQ  2) flz+y)?=fla+fy)?)
4. Tamo marypaJsibHOe yncjo n. Ha kaxkmom pebpe mosaoro rpada wa 1000n Bep-
IMHaX HalluCaJid IIeJIoe YUCJIO. ﬂOKa)KI/ITe7 9TOo Haﬁ)leTCf{ IIpOCTOfI IMUKJI, CyMMa
quces Ha pedpax KOTOPOro JAEJTUTCS Ha N.
5. CyMmma HEOTPHUIATEIBHBIX IUCET L1, Lo, - . ., L2013 PaBHA 1, o014 = 1. Haitaure
2013
MUHUMYM Bbipaxkenust || (1 — z;wit1) -
i=1
6. lam tpeyrompuuk miomaau 1. Ha mirockoctn maxomsrcsa 2013 mapasureibHBIX
CIBUATOB 9TOr0 TPeyrojabHUKA. JloKakuTe, YTO CyMMa ILJIONIA/Iei obacTell, TOKPbI-
TBHIX HEYETHOE YHCJIO Pa3, He MEHBIIEe %
7. Touka O — MEHTP OMUCAHHON OKPYKHOCTU OCTPOYTOJIHLHOTO Tpeyroibauka ABC.
Ha cropone AB Bwibpana takasi Touka P, yro /BOP = ZABC, a Ha cropone AC
BbIOpaHa Takas Touka @, uro ZCOQ = LACB. [lokaxute, 9T0 npsiMasi, CAMMET-
puunas npsimoit BC' oTHOCHTEIBHO TIPsMOil P, KacaeTcsi OIMCAHHON OKPYKHOCTH
TpeyrosbHuKa APQ.

8. Ha upsawmoii ¢ soibpanst Touku A, B, C u D (B TakoMm nopsizke). Cdepsl wy 1 wo
¢ nearpamu O1 u Og nipoxozsiT Yepes Toukn A u B, a cdepbl w] u w) ¢ 1eHTpamu
01 u O} — gepes toukn C' u D. Ilpu srom wy L Wi, a upamsie 0105, 0201 u £
[epeceKarTCst B O/IHOM Touke. Jlokaxkure, 910 wy L wh.

9. JlokaxKuTe, ITO IIPOCTOE WHCIO P > 5 MOXKHO IPEJICTABUTL B BuAe 2x2 + 332,
e x, y € Z, Tor/a U TOJbKO TOT/a, KOT/Ia P JIaeT OCTaTOK b mau 11 mpu jaemeHun
Ha 24.

10. Boibepem pou3BOJIBHO (B BEleCTBeHHbIX Yucia « u ( B unrepsade (0;2m).
TTosmozkuM KpPYIJIbIii IUPOr Ha HEIOJBHXKHOE KpyTIJioe 6ejtoe G070, Ha KOTOPOM
HaPUCOBAaH YE€PHBIN CEKTOD YIJIOBOU BeanduHBbI (. Jlajiee OyaeM BBIIOJHATH CJIELY-
folee Mpeobpa3oBaHKe: BBIPEXKEM YaCTh [IAPOTa, MOMABIIYI0 B CEKTOP, IepeBepHEeM
9Ty YacTh U BCTABUM HA MECTO <BBEPX HOraMU>, [OCJE Yero MOBEPHEM BECh IH-
por Ha yroi [ (B NOJOKHUTENLHOM HalpasieHun). JlokaxkuTe, 9To 4epe3 KOHEUHOe
YUCJI0 TPe0OpPa30BaHUil cpa3y Bce TOYKU MUPOra BEPHYTCS HA WCXOTHBIE MECTA.



dBaamnars yerBepThiii Poccuiickuit @PecTuBab IOHBIX MAaTE€MaTUKOB
Anana, 6.10.2013
Jluza cmpameauti. Bmopot myp

1. Jlan mraHapHbIil Tpad, B KOTOPOM MAKCHMaJIbHAs CTEl€Hb BEPIIUHBI pPaBHA
d > 100, a mamHAa MUHEMAJbLHOTO TpocToro mukJia pasuHa 10d + 100. Hokaxkwure,
qT0 pedpa rpada MOKHO packpacuTb B 2d — 1 1BeT Tak, YTOOBI JIIOOBIE /IBA pPEO-
pa, uMermuX JIMOO0 OOIIYIO BEPIINHY, MO0 CMEXKHbIE BEPITUHBI, ObLIN ObI PA3HOTO
1BeTa.

2. MOXHO Jii TTOKPBITH TPEXMEPHOE IIPOCTPAHCTBO CEMENCTBOM IOMAPHO CKPEIIH-
BAIOIIMXCST TTPAMBIX?

3. ¥ Hema Moposa ects n > 1 pazimuaabix mogapkoB. OH KaK-TO PACKJIAIBIBAET UX
[0 MEIIKAM ¥ KJIaJIeT MEIIKK BOKPYT €JIKK (BAXKHO COJEPXKUMOE MEIIKOB U IIOPSAJIOK,
B KOTOPOM OHH JIE2KAT BOKPYT €JIKH ). JIoKazkuTe, 9T0 KOJIMIECTBO CIIOCOOOB CIE/IaTh
9T0, UCIIOJIb3Ysl YeTHOE M HEYeTHOE KOJIMYECTBO MEIIKOB, PaBHbL. IIpuMmep: eciin ecThb
Tpu nogapka A, B, C, To pa3jnyHbie BApUaHTBI — 3TO
A-(BC), B-(AC), C-(AB); (ABC), A-B-C, A-C-B.
4. CymecrByer jm 6eckoreunoe muokecTBo M C N, Takoe 9ro jyist JIOOBIX €ro
9JIEMEHTOB T < Y YUCJO X + Y CBOOOTHO OT KBAJIPATOB?

5. Touka O — IEHTP ONMMCAHHO OKPYKHOCTH OCTPOYTOJBHOTO Tpeyrobauka A BC
(AB > AC). Ilpambie BO u CO nepecekaror 6uccekrpucy yria BAC B Toukax P
u @ coorBerctBenHo. [Ipsimbre BQ) u C P nepecekarorcs B Touke R. Jlokaxkure, 9T0
AR 1 BC.

[B omHOM H3 MaT6oeB 3aga4a 5 OblIa 3aMEHEHa Ha CJACAYIOILYIO 3aa4Y.|

5°. Ha croponax BC, CA u AB tpeyrossauka ABC BbiOpanbl Touku P, Q u R
coorBercTBeHHO. OBO3HAYNM Yepe3 w4, Wp U W OINCAHBIE OKPY?KHOCTH TPEYTOJIb-
nukoB AQR, BRP, C'PQ coorsercrBento. Orpe3ok AP mepecekaer BTOPOil pa3

OKPYKHOCTH W4, Wp, Wwo B Toukax X, Y, Z. Jlokaxkure, 9T0 % = g—g.

6. [lampl HaTypasibHbIE Ynciaa m u n. Jokaxkure, 970 HallIeTCS TaKOe HATYPATHHOE
9UCIIO ¢, ITO KaXKIasi HeHyJIeBas Mudpa BCTPEIACTCA B JTECATHIHBIX 3AIMUCAX TUCET
cm U cn OJMHAKOBOE YUCJIO Pa3.

7. Hana dbyskmua f: R — R, takas aro f(f(z)) = 2?°!3 npu Bcex semecrsen-
weix x. Haitmure cymmy f(—1) 4+ f(0) + f(1).
8. Jokaxkure, 9To 11pH @, b, ¢ > 1 BBITOJTHEHO HEPABEHCTBO

Va—14+Vb—1+vVe—1<e(ab+1).
9. B onmcannom gersipexyroibauke ABC D BBIIOIHEHO PABEHCTBO
LABD + /BCA = /BDA+ ZDCA.

Jokaxkute, 9T0 JIUOO ONIHA U3 JUATOHAJIEN YETHIPEXYTOJIbBHUKA IEJUT JIPYTYIO I0-
ojiaM, Jiubo derbipexyroibHuk ABC D — BIUCAHHBIN.

10. B BepmmHax BeITyKJI0T0 2013-yro/ibHUKA paCCTaBICHBI HYJIU U €IUHUIBLI. Jlo-
Kaxkute, 9To 2013-yroJbHIK MOXKHO Pa30UTh HETIEPECEKAIOMIMMUCS TUATOHAISIMI Ha
TPEYTOJIbHUKHU TaK, YTOOBI CyMMBI YHCeJI B BEPIIMHAX JIIOOBIX JBYX TPEYTOJIHHUKOB
OTJIMYAJINCH He OoJiee deM Ha 1.

dBaamnars yerBepThiii Poccuiickuit @PecTuBab IOHBIX MAaTE€MaTUKOB
Anana, 6.10.2013
Jluza cmpameauti. Bmopot myp

1. Jlan mraHapHbIi Tpad, B KOTOPOM MAKCHMaJIbHAs CTEl€Hb BEPIIUHBI pPaBHA
d > 100, a mamHAa MUHEMAJLHOTO TpocToro mukia pasuHa 10d + 100. Hokaxkwure,
qT0 pedpa rpada MOKHO packpacuTb B 2d — 1 1BeT Tak, YTOOBI JIIOOBIE JIBA PEO-
pa, uMemuX JIMOO OOIIYIO BEPIINUHY, MO0 CMEXKHbIE BEPITUHBI, ObLIN OB PA3HOTO
1BeTa.

2. MOXKHO Jii TTOKPBITH TPEXMEPHOE ITPOCTPAHCTBO CEMENCTBOM IOMAPHO CKPEIIH-
BAIOIIMXCSI TTPAMBIX?

3. ¥ Hema Moposa ects n > 1 pazimuaabix 1ogapkoB. OH KaK-TO PACKJIAIBIBAET UX
[0 MEIIKAM ¥ KJIaJIeT MEIIKK BOKPYT €JIKK (BAXKHO COJEPKUMOE MEIIKOB U IIOPSAJIOK,
B KOTOPOM OHH JIEZKAT BOKPYT €JIKH ). JIoKazKuTe, 9T0 KOJIMIECTBO CLIOCODOB CIEIATh
9T0, UCIIOJIb3Ysl YeTHOE ¥ HEYeTHOE KOJIMYECTBO MEIIKOB, PaBHbL. IIpuMmep: eciin ecThb
Tpu nogapka A, B, C, To pa3jnyHbie BApUaHTBI — 3TO
A-(BC), B-(AC), C-(AB); (ABC), A-B-C, A-C-B.
4. CymiecrByer jm 6eckoreunoe MuOkecTBo M C N, Takoe 9ro jyist JIOOBIX €ro
9JIEMEHTOB T < Y YUCJO X + Y CBOOOTHO OT KBAIPATOB?

5. Touka O — IEHTP OMHMCAHHO OKPYKHOCTH OCTPOYTOJBHOTO Tpeyrobauka A BC
(AB > AC). Ilpambie BO u CO nepecekaror 6uccexrpucy yria BAC B Toukax P
u @ coorBercTBenHO. [Ipsimbre BQ) u C P nepecekarorcs B Touke R. Jlokaxure, 9T0
AR 1 BC.

[B ozHOM n3 MaT6oeB 3aga4a 5 OblIa 3aMEHEHa Ha CJACAYIOILYIO 3aa4Y.]

5°. Ha croponax BC, CA u AB tpeyrossauka ABC BeiOpanbl Touku P, Q u R
coorBercTBeHHO. OBO3HAYNM Yepe3 w4, Wp U W OINCAHBIE OKPY?KHOCTH TPEYTOJIb-
nukoB AQR, BRP, C'PQ coorsercrBenno. Orpe3ok AP mepecekaer BTOPOil pa3

OKPYKHOCTH W4, Wp, Wwo B Toukax X, Y, Z. Jlokaxkure, 9T0 % = g—g.

6. [lambr HaTypasibHbIe Ynuciaa m u n. JJokakure, 9T0 HAleTCS TaKOe HATYPAJIHHOE
9UCIIO ¢, 9TO KaXKasi HeHyJieBas Mudpa BCTPEIACTCA B JTECATHIHBIX 3AIMUCAX TUCET
cm U ¢n OMHAKOBOE YHUCJIO Pa3.

7. Hana dbyskmua f: R — R, takas aro f(f(z)) = 2?°'3 npu Bcex semecrsen-
wbix x. Haitmure cymmy f(—1) 4+ f(0) + f(1).
8. Jokaxkure, 9TO 1IpH @, b, ¢ > 1 BBIOJTHEHO HEPABEHCTBO

Va—1+Vb—1++vVe—1<e(ab+1).
9. B onmcannom ugersipexyroibauke ABC D BBITIOIHEHO PABEHCTBO
LABD + /BCA = /ZBDA+ ZDCA.

Jokaxkure, 9T0 JIUOO ONHA U3 JUATOHAJIEN YETHIPEXYTOJIbHUKA IEJUT JIPYTYIO I0-
mojiaM, Jiubo derbipexyroibHuk ABC D — BIUCAHHBIN.

10. B BepmmnHax BeInykKJ0r0 2013-yro/ibHUKA paCcCTaBJICHbl HYJIU U €IUHUIBLL. Jlo-
Kaxkure, 9To 2013-yroJbHIK MOXKHO Pa30UTh HETIEPECEKAIOIIMMUCS THATOHAISIMI Ha
TPEYTOJIbHUKHU TaK, YTOOBI CyMMBI YHCeJI B BEPIIMHAX JIIOOBIX JBYX TPEYTOJIHHUKOB
OTJIMYAJINCH He OoJiee deMm Ha 1.



dBaamnars yerBepThiii Poccuiickuit @PecTuBab IOHBIX MAaTE€MaTUKOB
Anana, 8.10.2013

Juza cmpameaut. Tpemud myp

1. B tpeyronpuuke ABC, AB > AC, M — cepequna nyru BAC onmcannoit
OKPYZKHOCTHU, I — IEHTP BIMCAHHOW OKPY?KHOCTH w, [ — TOYKA KaCAHWUsS W U CTO-
pount BC. Tlpsamas, mpoxopsiast depe3 D napasutensno Al, BropudHo miepecekaer
w B Touke P. Tokaxkure, uro AP u I M nepecekaloTcsi Ha OIMUCAHHON OKPY?KHOCTH
tpeyroipauka ABC.

2. Jlano marypasbnaoe unciao n. [lycts 0=z <1< -+ < o = 1.
Haitmure MmakcuMaabHOE BOZMOXKHOE 3HATEHUE CyMMBI

n—1

Zwixiﬂ(%‘ﬂ - 351)

=0

3. JlokaxkuTe, 9TO KOJIUIECTBO KPIOKOB JaHHON (opmbl B quarpamme FOmra na 1
MeHbIIle KOJINIeCTBa TaKUX K€ (OTParKeHHBIX) KPIOKOB B €€ JIONOJHEHNN B [IEPBOM
kBazpanTe. Ha pucynke nzobpaxken Kpiok B quarpamme HOHra 1 0TparkeHHBIN KPIOK
B JIOTIOJIHEHUN.

4. Jlano n > 2. KakuMm HAUMEHBIITUM KOJTUIECTBOM TOJTHBIX IpadOB Ha N BEPIITHHAX
MOXKHO TIOKPBITH BCe pebpa motHoro rpada Ha 2n BepiimHax?

5. Habop npsiMbIx Ha IIOCKOCTU HA30BEM Pe2YAAPHbIM, €CII TPAHUIA XOTS ObI Ol
HOIT U3 yacreil (He 06s3aTEILHO OIPAHIYEHHOIT ), HA KOTOPble OHM Pa3bUBAaIOT I11JI0C-
KOCTb, ITPOXOJIUT TI0 KAXKJIOHM U3 IpsAMBbIX Habopa. JlokaxkuTte, 9TO IPU JTOCTATOTHO
GosbiioM N cpeju Jiio0bix N OPIMbBIX O0MIEro HOJI0KEHNsl Ha, [JIOCKOCTH (HUKaKue
JIBe He IIapaJIJIeIbHbl, HOKAKIE TPH He [IePECeKAIOTCsl B OJHOM TOYKe) MOXKHO HANTH
perynapHsbiil Habop u3 2013 npsaMbBIX.

6. Jlaubr n > 2 1esbIX YUCes, B3AaUMHO IPOCTBIX B COBOKYITHOCTH. Pasperraercs
npubaBUTh K JIIOOOMY M3 YHCEJ IEJ0€ KPATHOE JIFOOOT0 M3 OCTAJIBHBIX UUCET. 3a
KaKOe HAMMEHBIIIee YUCJI0 TAKUX OMEPAINil MBI 3aBEIOMO CMOXKEM JI0OUTHCA TOTO,
9TO HADOD YnCes OYIeT COEePKATH XOTs ObI OJIHY €IMHUILY !

7. Onpenemum dyukimio f: N — N ¢ momorpo cooTHOIIEHAH
f() =1, f(n+1)= f(n) + 2™ upu scex neN

Jokaxure, aro uuciaa f(1), f(2), ..., f(3%013) nator pasHble octaTku npu jeieHun
Ha 32013.

8. Touka O — nEHTp OMMCAHHOM OKPYKHOCTH OCTPOYTOILHOTO Tpeyrojbauka ABC.
Ilepuenukysisip, BoccraBjieHHbI B Touke B Kk mnpsimoit BC, mepecekaer cepeuH-
HbIA TIeprieHuKyIsap K orpe3ky AB B Touke P. IleprieHjukysisip, BOCCTABJICHHBIH
B Touke C' K npsimoit BC, miepecekaeT cepeuHHbIN TepIeHIuKyIsip K orpe3ky AC
B Touke (). Touka T — 1ieHTp onmcaHHON OKpYyKHOCTH Tpeyroibauka POQ). Toka-
KuTe, 9To npsamas AT KacaeTcs ONMMCAHHON OKPY»KHOCTH Tpeyroabunka ABC.

9. Haitsure Bee Takne dynkiwn f: [0, +00) — [0, +00), uro npu Beex z,y > 0
F(2f(z) +y) =22+ f(y).

10. Haiigure Bce HaTypaJbHbIE YUCIA N, JJIs KOTOPBIX CYIIECTBYIOT MHOIOYJIEHBI
P(z), Q(x) € R[z] crenenu n, Takue 9T0 BellleCTBEHHbIe KOpHE MHOrowIieHa P(Q(z))
06pasyoT HENOCTOAHHYIO apudMETHIECKYIO IPOIPECCUIO JUIMHBL N°.

dBaamnars yerBepThiii Poccuiickuit @PecTuBab IOHBIX MAaTEeMaTUKOB
Amnana, 8.10.2013

Juza cmpameaut. Tpemud myp

1. B tpeyronpuuke ABC, AB > AC, M — cepequna nyru BAC onumcannoit
OKPYZKHOCTHU, | — IEHTP BIUCAHHOW OKPY?KHOCTH w, [ — TOYKA KACAHUS W U CTO-
pount BC. Tlpsamas, mpoxopsiast depe3 D napajutensuo Al, BropudHo miepecekaer
w B Touke P. JTokaxkure, uro AP u I M mnepecekaloTcsi Ha OIMUCAHHON OKPYKHOCTH
tpeyrospauka ABC.

2. Jlano marypasnbnaoe unciao n. [lycts 0=z <1< -+ < oy = 1.
Haitmure MmakcuMaabHOE BOZMOXKHOE 3HATEHUE CyMMBI

n—1

Zl'ixH»l(miJrl - 331)

=0

3. Jlokaxkure, 4TO KOJUYIECTBO KPIOKOB JaHHO# (popmbl B auarpamme FOHra Ha 1
MeHbIIle KOJINIeCTBa TaKUX K€ (OTParKeHHBIX) KPIOKOB B €€ JIONOJHEHNN B [IEPBOM
kBazpanTe. Ha pucynke nzo0paxkeH Kpiok B quarpamme HOHTa 1 0TparkeHHBIN KPIOK
B JIOTTOJTHEHUH.

4. Jlano n > 2. KakuMm HAUMEHBIITUM KOJTUYIECTBOM TIOJTHBIX IpadOB Ha N BEPITHHAX
MOYKHO IIOKPBITH BCe pebpa MoJHOro rpada Ha 2n BepIInHax?

5. Habop npsiMbIx Ha IIOCKOCTU HA30BEM Pe2YAAPHbIM, €CIIH TPAHUIA XOTs ObI Ol
HOIT u3 yacreil (He 0653aTEILHO OIPAHIYEHHOIT ), HA KOTOPble OHM Pa3bUBAaIOT 11JI0C-
KOCTb, ITPOXOJIUT TI0 KAXKJIO# U3 MPsAMBbIX Habopa. Jlokaxkure, 9TO IPU JTOCTATOTHO
GosbiioM N cpeju Jiio0bix N OPsIMBIX O0MIEro HOJI0XKEHNsl Ha, [JIOCKOCTH (HUKaKue
JIBe HE IIapaJIJIeIbHbI, HOKAKIE TPH He [IePECEeKAIOTCsI B OJHOM TOYKe) MOXKHO HANTH
perynapHbiil Habop u3 2013 upsaMBIX.

6. Jlaubpr n > 2 1eJbIX YHUCes, B3AaMMHO IPOCTBIX B COBOKYITHOCTH. Pasperraercs
npubaBUTh K JIOOOMY M3 YHCEJ IEJ0€ KPATHOE JIFOOOTO M3 OCTAJIBHBIX UUCET. 3a
KaKOe HAaMMEHBIIIee YUCJI0 TAKUX OMEPAINil MbI 3aBEIOMO CMOXKEM JIOOUTHCA TOTO,
9TO HADOD YnCes OYIeT COePKATH XOTsI ObI OJTHY €IMHUILY !

7. Onpenemum dysakimio f: N — N ¢ momorpo cooTHOIEHAH
f(1) =1, f(n+1):f(n)+2f(”) npu Bcex n € N

Tokaxure, aro uuciaa f(1), f(2), ..., f(3%013) nator pasHble octaTku npu jeieHun
Ha 32013.

8. Touka O — neHTp OMUCAHHOM OKPYKHOCTH OCTPOYTOJILHOTO Tpeyrojbauka ABC.
Ilepuenukysisip, BoccraBjieHHbI B Touke B Kk mnpsimoit BC', mepecekaer cepeuH-
HBIA TIeprieHuKyasap K orpe3ky AB B Touke P. IleprieHpukysisip, BOCCTABJICHHBIH
B Touke C' K npsmoit BC, mepecekaeT cepeuHHbIN TepIeHauKyissp K orpe3ky AC
B Touke (). Touka T — 1eHTp onmcaHHON OKpyKHOCTH Tpeyrobauka POQ). Toka-
KuTe, 9To npsamas AT KacaeTcs ONMMCaHHON OKPY»KHOCTH Tpeyroabhuka ABC.

9. Haitzure Bee Takne dynkiwn f: [0, +00) — [0, +00), uro npu Beex z,y > 0
F(2f(z) +y) =22+ f(y).

10. Haiigure Bce HaTypaJbHbIE YUCIA N, JJIs KOTOPBIX CYIIECTBYIOT MHOIOYJIEHBI
P(z), Q(z) € R[z] crenenn n, rakue 4ro BelecTBeHHbIE KOpHU MHOrOWwIeHa P(Q(x))
06pa3yIoT HETIOCTOAHHYIO apupMEeTHIECKYIO TIPOTPECCHIO [IIMHBI 12



dBaamnars yerBepThiii Poccuiickuit @PecTuBab IOHBIX MAaTE€MaTUKOB
Anana, 9.10.2013

Jluza cmpameaut. Yemsepmoiti myp

1. JlokaxkuTe, YTO B TYPHUPE C 21 BEPIIMHAMUI HAMIETCsT JIIOOOE TIOIBEIIEHHOE OPU-
€HTUPOBaHHOE JIepeBO Ha 1 + 1 BepmmuHAaX.

2. llociegoBaressbHOCTD 1 = X1 2> X9 = T3 > ... TOJOXKHUTEJIbHBIX YHUCEs YI0BJIE-

TBOPSET CJIC/LYIOIIEeMY YCJIOBHIO: [JId BCAKOIO HATYPaJIbHOI'O 71 HaillyTCa HaTypaJsb-
HBIE D, ¢, TAKUE YTO P <N < q U

Tpp1 4.+ 21 <0,99(zp + ...+ 24).

Hoxkaxwure, 910 1 + ... + 2, < 200 npu Bcex n.

3. Mokaxkure, 4TO Jijid JIHOOOIO HEUETHOrO IIPOCTOTO P HANJIETCs TAKOe LEJoe N,
aro cpasrerne n° +n* — 3 = 22 (mod p) He MMeeT permenuii.

4. Bynem roBopuTh, 9TO JB€ TPUAHTYJISAIIAN BBITYKJIOTO N-YTOJIBHAKA OPTOIOHA b
HBI, €CJIN Y HUX HEeT HU OIHOMI 00Imeil nuaronanu. Jlokaknure, 9T0 BCe TPUAHTYJISIIII
C AByMs YIIIaMH UMEIOT OJIMHAKOBOE KOJITYEeCTBO OPTOrOHAJIBHBIX.

5. Ilycts n, m u @ — HaTypajabHble 9nucia, p — mpocroe, a > p + 1. Jokaxkure,
910 MHOrOWIeH =™ (x — a)™ + p HeJNb3sl MPEJCTABUTH B BUJE HPOU3BEIEHUS JBYX
HEITOCTOSTHHBIX MHOTOYJIEHOB C IEJIBIMUA KOI(DDUITHEHTAMU.

6. Ilycte AK — Guccekrpuca HepaBHOOepeHHOTO TpeyroJibauka ABC, M — ce-
pemuna qgyru BAC ero onmcanuoi okpykuHocTr w. JIya M K BTOPUYHO TIepeceKaer
OKpy»kHOCTE w B Touke A’. Kacarenpubie Kk w B Toukax A n A’ nmepecekaiorcst B TO9-
ke T. Touka R takosa, uro RA’ 1 A’K, RA 1 AK. Jlokaxure, uro Touku K, R,
T nexkaT Ha OJIHON TIPSIMOIA.

7. Jlanbl HeOTpUTIATEIbHBIE BENECTBEHHbBIE YNCIA A, b, ¢, d Takue, 910 a+b+c+d=2.
Jokazkute, 4TO

ab(a® +b* + ) + be(b* + 2 + d?) + cd(c® + d* + a®) + da(d® + a* + b*) < 2.

8. ,ZLOK&}KI/ITG, 49TO MHOZKeCTBa peH_IeHI/IfI CHUCTeM ypaBHeHI/Iﬁ COBIIa/JJaIO0T:

22— g2 = r
x2 + 92’ 23 —3xy? + 3y =1,
y 302y — 3z —y® = 0
2 = 3: Ty r — Y .
a:y+x2+y2 ;

9. B ocrpoyroJsibHOM TpeyroJibHuKe TpeyroJibauka ABC npoBeseHbl BbicOThl A A1
u BB;. Touka H — oprouenTtp, a Touka O — IEHTP OIMCAHHOW OKPY>KHOCTHU Tpe-
yroaeauka ABC. Touka K — oprorenrp Tpeyrosbauka AOB. Jlokaxure, 910
npsmasg H K npoxoaur yepes cepeiauny orpeska A Bi.

10. Humubr pebep nmapaJiiesennie/ia paBHbl 2a, 2b, 2¢. Jlokaxkure, 9T0 paBHBIE Ia~

PHI C IIeHTpaMy B BepllInHaX IapaJulesenuiena pajanyca v a2 + b2 + ¢2 nokpbiBaioT
HapaJiIesIelIuIIe ], IIeJIUKOM.

dBaamnars yerBepThiii Poccuiickuit @PecTuBab IOHBIX MAaTEeMaTUKOB
Amnana, 9.10.2013

Jluza cmpameaut. Yemsepmoiti myp

1. JlokaxkuTe, YTO B TYPHHUPE C 21 BEPIIMHAMUI HAWIETCsT JIIOOOE TIOIBEIIIEHHOE OPU-
€HTUPOBaHHOE JIepeBO Ha 1 + 1 BepmmHAax.

2. llociiegoBaresbHOCTD 1 = X1 2 X9 = T3 > ... TOJOXKHUTEJIbHBIX YHUCEs YI0BJIE-

TBOPSET CJICYIOIIEeMY YCJIOBHIO: Ul BCAKOIO HATYPaJIbHOI'O 7L HaillyTCd HaTypaJsb-
HBIE D, ¢, TAKUE YTO P <N < G U

Tpp1 + .o+ 2Tgr1 <0,99(zp + ...+ 24).

Hoxkaxwure, 910 1 + ... + 2, < 200 npu Bcex n.

3. JMoxkaxkure, 4TO Jijid JIHOOOIO HEUETHOrO IIPOCTOTO P HANJIETCsT TAKOe LEJoe N,
aro cpasrerne n° + n* — 3 = 22 (mod p) He MMeeT permenHmii.

4. Bynem roBopuTh, 9TO JB€ TPUAHTYJISAIINN BBIITYKJIOTO N-YTOJbHAKA OPTOrOHAIb-
HBI, €CJTU Y HUX HET HU OJIHOM 001elt juaronasu. JlokaXKuTe, 9T0 BCe TPUAHTYJISIITIN
¢ AByMsl YIIIAMHU UMEIOT OJMHAKOBOE KOJMIECTBO OPTOTOHAIHHBIX.

5. Ilycts n, m u @ — HaTypajabHbIe 9ucIa, p — mpocroe, a > p + 1. Jokaxkure,
910 MHOrOWIeH =" (z — a)™ + p HeJb3sl MPEJCTABUTH B BUJE NMPOU3BEIEHUS JBYX
HEITOCTOSTHHBIX MHOTOYJIEHOB C IEJIbIMUA KO(DDUITHEHTAMU.

6. Ilycte AK — Guccekrpuca HepaBHOOe peHHOTrO TpeyroJibauka ABC, M — ce-
pemuna qxyru BAC ero onmcanuoi okpykuHocTr w. JIya M K BTOPUYHO Hepecekaer
OKpy>kHOCTB w B Touke A’. Kacarenpubie Kk w B Toukax A n A’ nmepecekaiorcst B TO4-
ke T. Touka R takosa, uro RA’ | A’K, RA 1 AK. Jlokaxure, uro Touku K, R,

T nexkaT Ha OJIHON TIPSIMOIA.

7. JlaHnbl HeOTpHUIIATEIHHDBIE BEIIECTBEHHDIE TUCA @, b, ¢, d Takue, ITo a+b+c+d=2.
Joxkazkute, 4TO

ab(a® + b* + ) 4+ be(b? + 2 + d?) + cd(® + d* + a?) + da(d® + a® + b*) < 2.

8. ﬂOKa}KI/ITe, 4TO MHOZKeCTBa peIHeHI/IfI CHUCTEeM ypaBHeHI/Iﬁ COBIIa/JJaI0T:

22— g2 = x
x2 + 92’ 23 —3xy? +3y =1,
y 302y — 3z —y® = 0
2 = 3: Ty r — Y .
my+x2+y2 ;

9. B ocrpoyroJsibHOM TpeyroJibHuKe TpeyroJibauka ABC npoBeseHbl BbicoThl A A1
u BB;. Touka H — oprouenTp, a Touka O — IEHTP OIMCAHHOW OKPY>KHOCTHU Tpe-
yroneauka ABC. Touka K — oprorenrp Tpeyroiabhuka AOB. Jlokaxure, 910
npsmasg H K npoxoaur depes cepeiauny orpeska AiBi.

10. Humubr pebep nmapaJiiesenuie/ia paBHbl 2a, 2b, 2¢c. Jlokaxkure, 9T0 paBHBIE ITa~

PBI C IIeHTpaMy B BepIIMHaX IapaJulesenuiena pajanyca v a2 + b2 + ¢2 nokpbiBaioT
napaJiIesIeluIIe ], IeJTUKOM.



dBaamnars yerBepThiii Poccuiickuit @PecTuBab IOHBIX MAaTE€MaTUKOB
Amnana, 10.10.2013

Dunan

1. Tlpu KakuX HATYPaJdbHBIX N ypaBHeHue [x] + [2z] + [3z] + ... + [nz] = 2013n
UMeeT pelleHHe B BEMIeCTBEHHBIX YUC/IaX?

2. Ilycrs o u y HaTypasibuble uncia (y < x), Takme uto 2 + y2 — 2 jemures Ha
22 — y?. Jloxkaxure, uro uncia 2 + y? — 2 u 22 — y? uMeoT OIUHAKOBBIE HAOOPLI
IPOCTBIX JeJIUTesIeH.

3. Han tpeyroabauk ABC co croponamu a < b < ¢. Toukn D, E, F — cepeaunbl
croporn BC, CA, AB coorBercrBerro. [Ipsimasi ¢ nepecekaer cropousr BC, CA,
AB coorserctBenno B Toukax P, @, R. lokaxwure, uro DP + EQ + FR > /ab.

4. Jlano mppanmoHaJbHOE YUCJIO x. Beerma Jim BEpHO, 9TO sl BCEX JIOCTATOTHO
GOJILIINX 7 CPEU YUCEN T, 2, ..., NT HaJIeTca 9UCI0, JPOOHAS YacTh KOTOPOTO
oramgaercst ot 1/2 mensbine, uem Ha 1/y/n 7

5. B nBycesizHOM rpade ecTh IOJIHOE TapocodeTanue. JJoKaKuTe, YTO OHO HE OJHO.

6. Ilycte BL — OGuccekrpuca tpeyrosibanka ABC. Touku M u N — cepenuHbI
orpe3koB AL u LC coorsercrenno. Ha croponax AB u BC' BbIOpaHbI COOTBET-
crBenHO Takue Touku P u @, uro LZQAC = ZABM u /PCA = ZCBN. Ilpsmbie
AQ u BM nepecekaiorcst B Touke D, a npsimbie C'P u BN niepecekaiorcsi B ToUke F.
Hoxkaxkutre, uro Touku P, @), E u D Jiexkar Ha OJIHON OKPYKHOCTH.

7. Buosnb upsmoit cTosaT n rpysos, Macca Kaxjaoro — uncao u3 (0,1). Biaok —
910 JI000# HAOOP MOAPST CTOSAIUX T'PY30B, Macca OJIOKA — 3TO CyMMa, MacC ero
rpy3sos. Jokaxkure, uro upu gobom k (1 < k < n) rpyssl MOXKHO pa3burb Ha k
HEIlEPECEKAIOIINXCs OJIOKOB TaK, 9YTO MAKCHMAJIbHA U3 MACC OJIOKOB HE IIPEBOCXO/INT
MHUHUMAJIbHOM, yBeJIn4eHHOil Ha 1.

8. Yucaa z1, xa, ..., T 6osbme 1 u npu srom (21 — 1)(ze — 1)...(z, — 1) = 1.
Hokaxkute, 94T0

n

1 1
< .
kz::l Tp + 2Tk41 +3Tp42+ ...+ (0 — 1)Thyn—2 n—1

(Mnznekcel GepyTes Mo MOJLYJIIO N.)

9. Paccmorpum Bce KoHeUHBIE mTocsenoBaTeabuoctu a; = 0, ag, ..., a, HEOTpUIA-
TEJIbHBIX IEJIbIX YUCEJI, YIOBJIETBOPSIOIIIE CIEIYIONINM CBOMCTBAM.

1) ap < Fy+ 1 upu k > 1. Bnece F» = 0, a npu k > 3 uepes F}, 0603Ha1EHO
KOJIMYECTBO BO3PACTAIOIINX YIACTKOB (bparMeHTa aj, ..., Gg_1 ITOH IOCIeq0Ba-
TeJIbHOCTH, T. €. YUCJIO TAKUX HOMEPOB ¢ € [1,k — 2], mig KOTOpBIX a; < Qjq1.

2) Hu ja xakux 4, j, k, 1 < i < j < k < n, He MOryT ObITh OJHOBPEMEHHO
BBIIIOJTHEHE! HEPABEHCTBA 0 < G; < .

JokaxxuTe, 9TO KOJIMIECTBO TAKUX IOCJIEI0BATEILHOCTENl PABHO %(3"‘1 +1).

10. Jlan Tpeyrosbuuk ABC. Ha npomoskenun croporbsl C'A 3a Touky A BhIOpa-
Ha touka K, takas uro AK = AB. Touka M — cepemuna ayru AB onucaHHOM
okpyxkHOCTH TpeyrosibHuKa ABC, He comepxareit Touku C'. [Ipsimbie KM u AB
nepecekarTcs B Touke P. AHasorndabiM 06pazoM (nomensis Mectamu Touku A u C
B KOHCTpyKimu) Ha npsamoii BC' crpoutcsa Touka ). Hokaxkure, uro nupsmas PQ
MIPOXOJIUT Yepe3 IEHTP BIMCAHHOW OKPYKHOCTH Tpeyroibauka ABC.
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1. TIpu kakuX HATYPaJdbHBIX N ypaBHeHue [x] + [2z] + [3z] + ... + [nz] = 2013n
UMeeT pelleHHe B BENIeCTBEHHBIX YUC/IaX?

2. Ilycrs o u y HaTypasibable uncia (y < x), Takme uto x2 + y2 — 2 gemurcs Ha
22 — y?. Jloxkaxure, uro uncia 2 + y? — 2 u 22 — y? uMeoT OIMHAKOBBIE HAGOPLI
IPOCTBIX JeJIUTEsICH.

3. Han Tpeyroabauk ABC co croponamu a < b < ¢. Toukn D, E, F — cepeaunbl
croporn BC, CA, AB coorBercrBerro. [Ipsimasi ¢ nepecekaer cropoust BC, CA,
AB coorBerctBenno B Toukax P, @, R. lokaxwure, uro DP + EQ + FR > ab.

4. Jlano MppanmoHAJBLHOE YUCJIO x. Beerma Jim BepHO, 9TO sl BCEX JIOCTATOTHO
GOJILIINX 7 CPEIU YUCEN T, 2, ..., NI HalIeTca 9UCI0, APOOHAS YacTh KOTOPOTO
orsmgaercst ot 1/2 menbine, uem Ha 1/y/n 7

5. B aBycesizHOM rpade ecTh IOJIHOE TapocodeTanue. JJokarKuTe, 9TO OHO HE OJTHO.

6. Ilycte BL — Guccekrpuca tpeyrosibauka ABC. Touku M u N — cepeiuHbI
orpe3koB AL u LC coorsercrBenno. Ha croponax AB u BC' BbIOpaHbI COOTBET-
crBenHo Takue Touku P u @, uro LZQAC = ZABM u /PCA = ZCBN. Ilpsmbie
AQ u BM nepecekaiorcst B Touke D, a npsimbie C'P u BN niepecekaiorcst B Touke F.
Hoxkaxkute, uro Touku P, @), E u D Jiexkar Ha OJIHON OKPYKHOCTH.

7. Buosnb upsiMoit cTosT n rpysos, Macca Kaxjaoro — uncao u3 (0,1). Biaok —
910 J1I000# HAOOP MOAPST CTOAIUX T'PY30B, Macca OJIOKA — 3TO CyMMa, MacC ero
rpy3sos. Jlokaxure, uro upu jobom k (1 < k < n) rpyssl MOXKHO pa3burb Ha k
HEIIEPECEKAIOINXC s OJIOKOB TaK, YTO MAKCHMAJIbHA U3 MACC OJIOKOB HE IIPEBOCXO/IUT
MHUHUMAJIbHOM, yBeJIn4eHHOil Ha 1.

8. Yucaa z1, xa, ..., T 6osbme 1 u npu srom (21 — 1)(ze — 1)...(z, — 1) = 1.
Hokaxkute, 94TO

n

1 1
< .
kz::l Tp + 2Tk41 + 3Tp42+ ...+ (0 — 1)Thyn—o n—1

(Munekcer GepyTes Mo MOJLYIIIO N.)

9. PaccmorpuMm Bce KoHEUHBIE mTocienoBaTeabuoctu a; = 0, ag, ..., a, HEOTpUIA~
TEJIbHBIX IEJIbIX YUCEJI, YIOBJIETBOPSIOIIIE CIEIYIONINM CBOMCTBAM.

1) ap < Fy+ 1 upu k > 1. Bnecy F» = 0, a npu k > 3 uepe3 F}, 0603HaIEHO
KOJIMYECTBO BO3PACTAIOIINX YYACTKOB (bparMeHTa aj, ..., Gg_1 ITOHM IOCIeq0Ba-
TEJIbHOCTH, T. €. YUCJIO TAKUX HOMEPOB ¢ € [1,k — 2], 1w KOTOpBIX a; < Qjq1.

2) Hu ja xakux 4, j, k, 1 < i < j < k < n, He MOryT ObITh OJHOBPEMEHHO
BBIIIOJTHEHE! HEPABEHCTBA 0 < G; < Of.

Jokaxxute, 9TO KOTMIECTBO TAKUX IOCJIEI0BATEILHOCTENl PABHO %(3"‘1 +1).

10. JTan Tpeyrosbuuk ABC. Ha npomosmkenun croporsl C'A 3a Touky A BhIOpa-
Ha touka K, takas uro AK = AB. Touka M — cepemuna ayru AB onucaHHOM
okpyxkHOCTU TpeyrosibHuKa ABC, He comepxareit Touku C'. [Ipsimbie KM u AB
nepecekarTcs B Touke P. AHasorndabiM 06pazoM (nomensis Mectamu Touku A u C
B KOHCTpyKimu) Ha npsamoit BC' crpoutcsa Touka (). Hokaxkure, uro upsmas PQ
MIPOXOJIUT Yepe3 MEHTP BIUCAHHON OKPYKHOCTH Tpeyroibauka ABC.



