samanars Bropoit Poccuiickuii @ectuBanp IOHBIX MaTEMAaTHUKOB
Qunas. Permmennst Crapieit Jluru.

1. Otrser: 50. CpaBHUM [EPBOrO CO BTOPBIM, JAJIbIIE HA KOTOPOTO YKaXKYT C TPETHUM, U3 HUX HA KOO YKa3aju C
9eTBEPTHIM . ..C 5l mepBoMm, cpepu 31ux 5l ... eCcTh PAAMOKTUBHBIN, 3HAYUT B KOHIIE YKA3bIBATH OYyIAyT HA HErO.

3a MeHbIlle Heb3s, HapucyeM Hail rpad 3ampocoB. OH Kak-TO pa3obbeTcsd Ha KOMIIOHEHTHI CBS3HOCTU, BbIbepeM
MaKCUMAaJbHYIO TI0 Pa3Mepy, MOKPACUM ee B TIEPBBIA I[BEeT, BhIOEpEM CIETYIOIIYI0, €CAu B TEpBOM eine Menbiine 50
MOKPACKM B TTEPBBINl WHAYME BO TOPOH 1 T1. Tak B KOHIE y HAC OKaxKeTCs ABa rpada mo 50 BepiinH, TaK KaK Ha KaXKIOM
Iare, KOT/ia Mbl IBITAEMCsI TIOKPACUTh KOMITOHEHTY pa3Mmepa k, y Hac 6ymeT etie XoTs Ob1 k— 1 BepIliuHa He TOKpPAIeHHAs
(3HAunT KAaKOro TO MBeTa MakcuMyM 50 — k), a 3TO BEPHO, TAK KaK KaxKJIbIil Pa3 MPOBEJEHO CPETM HE TOKPAIIEHHBIX
BepInH pebep MeHbIIe YeM TOJIOBUHA OT UX KOJUYECTBO.

V Hac BO3MOXKHBI JBa BAPWAHTA, KOT/4 BCE MEPBLIE PAIMOAKTHUBHBIE WM KOTJA BCE BTOPOrO, WX PA3AUYATHL HE
Oy IUTCS.

2. [Iycte P — MHO2KECTBO OCTATKOB k-bIX CTEIleHell HPOCTLIX II0 Moxaymio m, P = P, Pj = P;_; + P (cioxemnue 1o
Momyto m). JTocrarouno mokasars, 9ro P, COAepKUT BCe OCTATKH 1O MOILYJII0 M, Toraa ais jaboro i = 0,1,...,n—1
MOKHO BBIOpaTh M k—bIX CTeleHeil MPOCTbIX ¢ OCTATKOM 4 110 MOJY/II0 M. JIomojHsas ux n k-MU CTENeHsIMU IMPOCTBIX
PEJICTABUM B TPeOYEMOM BHJIE BCE JIOCTATOYHO DOJIBINNE YNCTIA, TAIOIIIE OCTATOK 4 10 MOYJII0 M. JIIg 3TOro JoKaxKeM,
aro ecm | Pj| < m, 1o |Pj+1| > |Pj|. B cavowm nene, Py comepsxut MHOoKecTBO Pj+pF mast mo6oro npoctoro p. Mosromy
ecmu |Pjy1| = |Pj|, 10 Pjy1 = P + pF. Takike P 1 =Pj+ ¢* nna apyroro mpocroro ¢, otkyma P; = Pj+ (pF — ¢*). To
ecTh MHOXKeCTBO P mepexouT B ceOd IIPU CABUTE Ha, BCe PA3HOCTU THUIIA p*¥ — ¢*. Bamerum, 94TO STH PABHOCTH B3AMMHO
IPOCTHI B COBOKYIHOCTH (Ha TIPOCTOE T He AeauTcs pasnocts pb — ¢F mpu p = r, ¢ # 7). Otcoona nomydaem, aro P
nepexonut B cebst npu casure Ha 1, HO Torma | Pj| = m.

3. Tak kak HaIa OKPYKHOCTH Kacaerca npambix AB u PK, o /BAP = /BCA = ZKP. U3 sToro ciaemyer, 910
rpeyronbuaukn ABC' n PBA 1omo6HbI, W 3HAYUT eCTh TpeobpaszoBanue MOA00us. TePEeBOAIIAS OUH TPEYTOJIHHUK B
apyroii. ITycrs Touka K’ B rpeyroabauke ABC, koropas npu nopobun coorsercrsyer Touke K. Torma K' nexur Ha
ouccekrpuce yrma ZABC u /K'AC = /LAB.

9o o3zHagaer, uro Touku K’ n L mzoromannro conpaxensl. Torna /LCOB = /K'CA = /LAK.

3_ o
4. 113 mepBOro paBeHCTBA IOIyUaeM § = £ E"f, a 9TO, JIETKO BUJETDH, (hOpPMyJ/1a TaHTe€Hca TpoitHoro yriaa. Boibepem
a rakoe, uro x = tg(a), Torga y = tg(3a), n3 Broporo pasexcrsa nosiyunm z = tg(9a), a uz Tpervero x = tg(27«).

Orcioga monydaeM, ato 26 = k7. 3HAYUT OTBET T = tg(g—g), y= tg(32k—67r) nz= tg(gzk—b?r).

5. JlocrarodHo 10Ka3aTh, UTO BCSIKUI HEOPUBOIMMBIN meureb gi(x) MHOrowieHa g geaut f. Ilpemmomozkumm
nporuHOe. Torga MHOTOYAEHBI f W ¢ B3aMMHO TPOCTBHI, W JJIA HEKOTOPBIX MHOTOYJIEHOB P, C PAIMOHATHHBIMEA
koapdunmenramu f(x)p(z) + g1(x)g(x) = 1. domHoxkass 9T0 PaBEHCTBO Ha OOIIMIT 3HAMEHATETh, MOJIYYIAEM, UTO
f(@)P(x) + g1(2)Q(x) = M # 0 — nenas HeHy/jeBas KOHCTAHTA Jjisi MHOrOWIeHOB P, Q) ¢ nenbivu kosdbdunuenta-
mu. Orcroga momxygaem, aro HO(f(n),g1(n)) — memurens M upu Bcex n. Pacemorpum takoe m, uro gi(n) mmeer
IpOCTOl JeauTe b p Goabimuil, uem M (Hampumep, mogoiiger awboe n, kparnoe M!, takoe, uto gi(n) # £1). Torma
f(n) n p B3aumuo npoctel. lonbepem k takoe, 9o uucsio m := n+pk geawurcs va f(n). Torga f(m) maer ocratok 1 npu
nenernn Ha f(n), To ecth ipu f(m) u f(n) B3auMHO TPOCTHI, B TO BpeMst Kak g(m) u g(n) neasres wa p. [IporuBopeune.

6. Otset: 4/3. Ilyctes A1 A3 As mpaBubHBIL TPEYTOTBHUK ¢ TeHTpoM A = Ay w momaan 1. Torma s = so = s3 =
s4 =1/3, a s5 = 1. I3 sroro caexyer, aro o < 4/3.

Hokazkem, 910 S + S2 + ... + Sp—1 = 4/3sy,. Paccmorpum Ttakoe uncio k, aro S(A,A1Ag) = s,. 3aMeHUB TOUYKH
A; Ha mx mpoeknuu Ha MI0CKOCTh Ap A1 Al MOXKHO CUNTATH, 9TO JIOMAHAS JIEKUT B 9TOH MI0CKOCTH (nmpaBasg 4acThb
HEPABEHCTBA HE M3MEHUTCS, TOT/Ia KakK JieBas pa3se uTo yMmeHbinuTcs). [lepesemem tpeyroabuauk A, A1 Ay abduanbiv
npeobpasoBaHueM B NPABUJILHBIN 1 0603Ha4uM ero neaTp yepes O. 3aMeTnM, 9To eCJIM 3aMEHATH UCXO/IHY 0 JIOMAHYT0 Ha,
JIOMaHYI0, TOJYIEHHYIO U3 Hee J00aBIeHEeM BEPITUHBI HA KaK0e-TO pebpo, TO HEPABEHCTBO, KOTOPOe HYKHO JOKA3ATD
He m3MeHuTcs. Jlokaxkem, 9To $1+ 82+ ..+ Sk_1 = 2/38y,. AHATOTUIHO Sk +Sgr1+- ..+ Sn—1 = 2/3s,. [Iycs P — Touka
nepecevenust JoMaHoi A1, ..., Ap ¢ npamoit A,O. MoxxHO cuntarh, 9T0 P BepinHa JIOMaHOIl, TT03TOMY 0D03HAUNM ee
gepe3 A,,. JokaxeMm, uTo $1 + $2 + ... + S;m—1 = 1/3s,. llocrponm HOByIO JoMaHy0. i1 9T0r0 pAcCMOTPUM TPSIMYTO
A10 m oTpa3zuM OTHOCUTEIBLHO Hee Te KycKu jomaHoi Aj, ..., A,,, KOTOpbIe JeXaT 1Mo Ty K€ CTOPOHY OTHOCHUTEJBHO
9TOM TpsiMoii aTo n Ay, 3aMeTnM, 9T0 BCe TPEYTOJLHHUKH, KOTOPBIE MOCTPOEHBI Ha 3BEHbSIX OTPaXKEHHON JIOMAHONW 1
HMEIOT B KadecTBe TpeThell BepimuHbl Ap MOTHOCTHI0 TOKPOIOT Tpeyroabuuk A1OAg. U3 3Toro ciaegayer, 9ro cyMma
ux momazneit xord 6v1 1/3s,. Torma ecnm Ha Kaxa0M pebpe jgomaHoit Aj,. .., A, HanucaTh IJIOMAIbL TPEYTOJIbHIKA
¢ Tperbeil BepiunHoi Ay wian A, (B 3aBUCHUMOCTH OT TIOJIOXKEHMsT 3TOTO pebpa OTHOCHUTETHHO TIPSMOit AlO), TO CyMMa
STUX TLIOMIAJIEH Oy/IeT MEHBIIE UM S1 + . . . + Sy,—1, HO He MeHbIIe 4eM 1/3s,. AHATOTHIHO MOJTYIAEM, UTO Sy + Sm+1 +
e T Sk = 1/38n

7. ObozHaumM chepy ¢ MEeHTPoM B Touke S u paguycom S A dyepes w. 3amernm, 9To cedenne chephl w MI0CKOCTHIO
rpaiu ABCDEF — oxpyxuocth. U3 3Toro cieayer, uro mecruyrogbank ABCDEF srnucamsbiit. O603HaUUM IIEHTD
ero omucaHHoi okpyxKHOCTH dYepes O. He cmoxkmo zamernth, uTo mpamas SO TepreHaAnKyIapHa TIOCKOCTH TPaHW
ABCDEF. N3 coobparkernit CiMMETPHUN JBYTPaHHbBIM yroja Mexay rpausvu OSA u SAB paBeH IBYTPAHHOMY YILY



mexay rpanavu OSB u SAB (ZL(OSA; SAB) = Z(OSB;SAB)). Ananoruuno Z(OSB; SBC) = Z(0OSC;SBC),
Z(0SC;SCD) = £(0OSD; SCD), u r.n. CkytajpiBasi OJyYeHHBIE DABEHCTBA ¢ HY KHBIMH 3HAKAMU TOJTy 9aeM Tpebyemoe
PABEHCTBO.

8. Jlna kaxjgoro t € N, BeIOepeM MUHUMAJIHHOE ¢, TAKOE UTO, JJIsT HETO CYIIECTBYeT Ooabimoe A, u 9To 6o
OPSIMOYTOTBHUK ¢ X B, MOKHO pa3butk, eciim B © g; u B > A. Ecmu Takoro g¢ mer 1o g = 0 (910 3HA4MT €O CTOPOHOT
t HeT XOPOIIUX MPsIMOYTOHHUKOB). Beibepem cpennm Bcex gy MuHHMaJsbHOE He paBHoe ( (ecjm HET TAKOTO, TO U HET
XOPOIIUX MPSIMOYTOJBHUKOB). Jlyist Jitoboro a, g, ' ¢¢, TaK Kak JIErKO 3aMeTHTh, 4TO §gp < (Ga,gt). Ecom M x N
xopormmit u M, N > A, to rorma (M +tg;) X (N +tg;) Toxe xopormit. Obo3HaIMM 32 k;L KOJTHIECTBO TPAMOYTOJILHIKOB

’

k .
CTOPOHBI KOTOPOro GoJibiie A u MeHbIle n. flcHo, 4To % uMeeT paluoHaIbHbI IPEeJIesT, HO U HE CJI0ZKHO 3aMETUTh, ITO
Y T TOT XK€ MPeJet.

xn

9. eHUM TIEPBOE CJIAraeMOe HAIel CYMMBI. DTO CJIaTaeMoe !
OH p T y 9 T T1T2.. T +Th41Tk4-2.-- Lhtn
3HAMEHATEe/Ib HA N U OLEHNM KasKj0e CaraeMoe B 3HaMeHaTe e 110 HEPABEHCTBY O CPeJHUX JIJIsl 1 YUCET: NLIT2 . .. Tk <

n n n n n n
(n—k)+at+ay+...+xf (Mb1 gonoqHIIM HabOp U3 k HHCeT N — Kk eMHATAMA), NIk 1Tk 42 - Thoy + T o+ T] .
n n n

Obosmauas gepes S cymmy xf + b + ...+, ., MBI BHJIUM, 9TO 3HAMEHATE/Tb OTEHUJICS CBepXy aucaoM (n — k) + 5.

. ,HOMHO}KI/IM YUCJINUTEJIb U

] nwy
T1X2.. T+ Tt 1Tk42---LThtn — (D—k)+S"
BCEX CJIATAeMBIX MBI [TOJIYYUM, 9TO CYyMMa OIEHU/IACH CHU3Y UUCIOM (n_"% N3 ycemoeusa ciemayer, uto S = n + k,

Otciofa mMeeM OIEHKY Ha, IIEPBOE CJIaraeMoe: CkiagpiBas TaKHue HEPABEHCTBA s

OTKYIa UMEEM, UTO % > ”TH“, 9TO U TPeOOBAIOCH.

10. Paccmorpum Bee HAGOPBI JIOJEH, CpeM KOTOPBIX HET nap Bparos (Oy1eM Ha3bIBaTh CIOKONHBIMEH KOMITAHUS-
mua) — O, O, ..., Cp,. JloKazkeM, 9T0 Kaxk/Jad Hapa Jpy3eil IPHHAJITe:KAT XoTd 06 27 12m CHOKOMHBIM KOMIIAHHSM,
TOrJIA CYMMUPYS JAHHBIE B YCJOBUHM OIIEHKH 110 BCEM CIOKONMHBIM KOMIIAHUAM HOJay4uM Tpebyemoe. Paccmorpum napy
apyzeit — Kuputa w Ajstekcanapa — u Bcex ux Bparos. QcraBmmxcs JIojell Ha3oBeM TpocThiMu pebstavu. Pazobbem
BCEe CIIOKOIHBIE KOMITAHUU HA I'PYNITEI B 3aBUCHMOCTHU OT TOTO, KAKHWE MPOCThIE pedaATa B HUX COCTOST. 3aAMETUM, UTO B

2'2 CHOKOMHBIX KOMIAHMI (moyuaembrx mobasienuii Koro-to n3 Anexcanapa, Ku-

KasK/I0# Tpyrniiie nMeercs He GoJiee
pHJLTIa ¥ WX BPAroB), HO XOTs Obl 0fHa U3 HuX (mosydaemas mobasiennem Kupnina m Aekcanapa) Oyaer cojepkKarhb
u Kupumra, n Anekcangpa!l CymMupys mo BceM rpyImiaM mojaydaeMm Tpebyemoe.

QuuaJi. Pemenusa Muammeit Jlury.
1. cuM. pertenne 3a7a49u 1 U3 cTapIIei JUTH.
2. cm. pemmenne 3amagu 9 crapmeit uru, ang k=2 u n = 3.

3. Ouycrum u3 rouku I neprenaukysisipbl I Py, I Ps, I Py sa BbicoThI. [10CKOJIBKY BBICOTBI TIEPECEKAIOT BIMCAHHYIO
OKPY2KHOCTb, PACCTOSAHUS OT TOYKH [ JIO BBICOT HE IPEBOCXOJISAT 1, U CJIEIOBATEIBHO, JIJIMHBI IOCTPOEHHBIX OTPE3KOB I Py,
1Ps, I P3 ToxKe He TIPEBOCXOISIT 7. BBICOTRI, Tpoxosdinye depe3 TOUKy H, pazbuBarOT MIOCKOCTb HA 6 YIJIOB, BEJIMUWHBI
KOTOPBIX PABHBI YIJIAM TPEYTOJILHUKA, T.€. 9T yTJIbl ocTpblie. OTpe3ok H I HAXOAUTCS B OJTHOM U3 YIJIOB, CJIEJOBATENHHO,
omua u3 yrios ZIH P; e mpesocxomut 45°. Torma B npsmoyroisaoM tpeyroisrnke ITHP; TH < IP;-/2 < /2r.

4. Pazobnem rpad Ha ABE MOJOBHHKH, B KarK10il BbIOepeM menb u3 99 3BeHbEB U COSIMHUM Hada Ia STHX Ierei.

5. lloxazkeM jileMMy: TyCTh M W 1 — HaTypabHbIe YUCIa, TaKne, 970 = < v/23. Torma o+ % < \/23. Jleiicrsu-
TETHbHO, YCAOBUE, UTO 7 < V23 ozmauaer, aro m? < 23n2, to ects 23n% > m? + 1. Tlepebupast ocTaTK MO MOJLYJTIO
23 u 5 nomyuaem, uto 23n? > m? 4+ 7, otkyza 23 > (2)? + n% > (T %)2 npu m > 4. Cnygan m = 1, 2 uau Tpem
MPOBEPAIOTCST HEMOCPEICTBEHHO. 13 1eMMbl MBI MOYKeM 3aK/TFOYUTh, 9TO TeM 0oJiee BEepHO, 9To 't + 5% < /23, Tax Kax
m < dn.

[IycTs Temeps B AECATHIHOM PA3IOKEHHH 9HCIa /23 Ha MECTax ¢ 1 1m0 21 HAXOAATCS HYIH. DTO O3HAUAET, 9TO
Ton=T < V23 < Ton=T T 10%. Orcroza, a TaKXKe U3 JIEMMBI, TTOJTYIaeM, 9TO W < 10%. JIerko BUETH, 9TO 3TO He
TaK.

6. cM. pemenne 3a1a9u 6 U3 CTApINeil JIUTH.

7. Orer: n =1, 2, 3 wiu 5. 3amerum, 9T0

2n—1)2n—3)...(2n —2k+ 1) N

(2k — 1) =Gk g

2k __ ,m
C&n _’(jk'

Pazbepem HeckoJIBKO Cily4aes:

1. llycte n — werno. Ciuyuait n = 2 oueBujeH, nyctb n > 2. Torma mycrte p > 3 — upoctoit pesutens n — 1.
ITostoxkum k = Z%l, to ectb p = 2k — 1. Torga M jemurcs Ha p, a N, Kak HETPYJIHO BujeTh, HeT. JleficTBUTEIBHO,
mexay 2n —2k —1=2(n—1) —pu 2n — 2 = 2(n — 1) Her unces, KPATHBIX D.

2. [lycte n — mederno. Cayuait n = 1 oueBuyeH, myctb n 2> 3. Tenepb BO3HUKAET HECKOJIBKO TTO/CIYIAEE.

2.1 ¥ n — 1 ectb HEUETHBIN TPOCTOI mesuTenb p. Torma meiicTByeM COBEPITEHHO aHAJOTHYHO MEPBOMY CJIYUaIo.

2.2 Y n — 2 ectb mipoctoit genutenb p > 3. Torna monaraem k = % KaK ¥ BBHIE, U BUAUM, 9To M menuTcd HaA P,
Ho N Ha p He menuTcst, Tak Kak Mexay 2n —2k —3 =2(n—2) —p u 2n — 4 = 2(n — 2) HeT Ynces, KPATHLIX P, & 2n — 1

He JIeJUTCA Ha p, Kak p > 3.



2.3 Ocranock pazobpars caydaiil, Korma y n— 1 HeT HEUeTHBIX TPOCTHIX JeuTeel, a ¥ n—2 HeT NPOCThIX JeTUTeelH,
Goapimmx 3. 1o o3magaer, uto n— 1 = 2% u n— 2 = 3. meem ypasrerne 2¢ = 3° 4 1, KOTOpOE peImaeTcs Mo MOIYITIO 8
u nojiyvaercsd jiBa orsera: ¢ = 1, b =0 mwm a = 2, b = 1. B 3rux caydasax nosydaem n = 3 win N = 5 COOTBETCTBEHHO.
Heciioxxuo BujieTh, uTo 06a 3THX BapuaHTa MOJIXOJAT. S

8. Ilycts E — rouka mepecedenus QR u AB, D — rtouka nepecedenns PR u AC. Torma Tpeyroabuuku AEQ n
ADP nonobust. Tpeyrombunku AQC 1 AP B Toxe nogo6HBI. COMOCTABISST 9TH 1B HAOTIOMEHNS, MBI 3aKTI0IAEM, ITO
rorga Tpeyroasanku ADE uw ABC nonobusl, npamast DE anrtunapasiensia BC u AM — meauana, TpeyroibHUKA,
DAEFE.

Xoporio u3BecTHO, 9To npsiMas AL comepxkut cumennany tpeyroapuuka ABC. Jlaga pererus 3a1a9u JOCTATOTHO
MPOBEPHTD, ITO TipaMast AR comepxuT cuMmennany Tpeyroabanka ABC. DTo cpa3y ciaegyeT n3 MpoaeaaHHbIX Paccy K-
JeHnlt U TOro 001ero hakTa, 9TO CUMeIMaHA JEIUT IOM0JaM OTPE3KM aHTUIApaJIebHbIe CTOPOHE, K KOTOPOH OHa
[IPOBEJIEHA.



