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IIpenucaoBHE

B HoBocubupckom rocynapcTBeHHOM yHUBepcuteTe W Criennannsu-
poBaHHOM yd4eOHO-HayuyHoM TIieHTpe HI'Y HakomieH 3HaYHTETHHBIHA
OTIBIT TOBY30BCKOM pa®OTHI cO IIKOJIbHUKaMU. B TedeHne MHOTHX necs-
TuneTuil npenoxasarenu HI'Y y4acTBYHOT B NpOBENCHUM OJIMMIIHAN
pa3HOTO YpPOBHS; yCIEUTHO pabOTaroT MOATOTOBUTENBHBIE KYpPCHI IS
Oynymmx abUTypHEHTOB M 3a04YHAs IIIKOJIA; €XKETOJHO mpoBoautcs Jlet-
His (U3NKO-MaTeMaTHUYeCKasl IIKOJa, Yepe3 KOTOPYH OCYIIECTBISETCS
Habop yganuxcs B CYHI] HI'Y.

[Tomumo Bcero mepeumciieHHOTO pabora mnpenomaBareneii CYHI]
HI'Y ¢ matemaTtndecku OJapeHHBIMH HIIU IPOCTO CIIOCOOHBIMHU B Mate-
MAaTHUKE [IKOIbHUKAMU CKIIAJbIBACTCS U3 HECKOJIBKUX COCTABIISIFOIINX:

®[IPOBEACHUE 3AHIATHM C y4allUMHUCS AEBITHIX KJIAaCCOB HA MOJATOTO-
BUTENIBHBIX Kypcax mo MaremaTtuke B CYHI HI'Y;

®PYKOBOJCTBO U NpoBelcHHE (DaKyJIbTATUBHBIX M KPY)KKOBBIX 3aHs-
THH TI0 MaTeMaTHKe B psfe mkon HoBocnbupcka;

eMIPOBEACHUE CIEUUATbHBIX KypcoB i yuamuxcs 10-11 kmaccos
0 PEIICHUIO OJIMMITHATHBIX 3a1a4 1mo MaTemaTuke B CYHII HI'Y.

JanHoe mocoOue BOSHUKIIO B OTBET Ha 3allPOCHI yUYAIUXCS, UX POAU-
TeJe U mpenojaaBaresied AOMOJHUTEIBHBIX 3aHATUNA MO MAaTEMATHKE C
LEJIbI0 BOCTIOTHUTH UMEBILIUICS HEJOCTATOK OMMMIINAIHON JIUTEPATyPHI
B OMONMOTEKaX IIKOJ U AaTh HEKOTOPHII MpUMEp BO3MOKHOTO BapHaHTa
BEJICHUS Kypca M0 PELICHUIO OJMMIINAIHBIX 3a/1a4 HAYaJIbHOTO YPOBHSI.

3amaun JAHHOTO MOCOOMS HE SBISAIOTCS OPUTMHAIBHBIMH, 4acTh U3
HHUX N0J00paHa W3 CHeNUaNbHOW JHUTEPaTyphl, CIUCOK KOTOPOH MpHia-
raercsa. YacTe MCHONMB3yeMbIX 3aJlaHUH B3STa M3 yU4EOHBIX MOCOOHMi 3a-
OUYHOH (pu3MKo-MaTeMatnieckor mkoisl mpu CYHL HI'Y nponuisix ner,
aBTOPHI ¥ Pa3pabOTYMKK KOTOPBIX 3aCITy>KUBAIOT HCKPEHHIOKO Onaromap-
HOCTb.

Jannas mombopka OblIa cocTaBieHa sl crernkypca «Pemenue
OJIMMIINAJIHBIX 3a/1a4 [0 MaTeMaTUKe», KOTOPBIN MIPOBOAMIICS B TEUEHHE
Ooznee Tpex ner B Crenuain3upoBaHHOM y4eOHO-HaydyHOM neHTpe Ho-
BOCHOMPCKOTO TOCYIJapCTBEHHOTO yHUBepcuTeTa. Hamo 3aMeTuTh, 4TO
OTHOBPEMEHHO C JAaHHBIM CIICLKYPCOM B (PU3UKO-MaTeMaTHYECKOH ILIKO-
Jie IPOBOJMIICS TaKXe CHELKYPC MO MOATOTOBKE K YYaCTHIO B MaTeMaTH-
YeCKHX OJMMITUA/IaX BBHICOKOTO YPOBHsI, Iyie paboTa Beslach CKOpee HH-
JUBUAYAIbHO, Y€M C TPYMIION, M 3ajjaud pelainch, COOTBETCTBEHHO,
0oJiee BEICOKOTO YPOBHSI.

4 YyebHoe nocobue

Bropas yacTe momboOpkH 3afad MpesIaraeéMoro IMOCOOHs SIBISETCS
JOTIOJHEHUEM K CHELKYpCY, OHa Obljla MCIIOIb30BaHA U MOXKET OBITh HC-
MOJIb30BaHa Jlajiee Kak JIOMOJHEHUE K peryysipHbiM 3aHsATusIM B OMII u
MIOArOTOBUTENBHBIM Kypcam B CYHIL HI'Y.

Bech kypc paccunTaH Ha OAWH y4eOHBIN TOJ U COCTOUT U3 28 Ipak-
TUYECKHX 3aHATHH U YETBIPEX 3a4ETOB.

OOBIYHO 3a/1a4u MpeIarajich B Hauaue 3aHATHS BCEM CIHCKOM, Ka-
XKIBIH U3 YYCHUKOB BBIOMpal, YTO eMy HpaBWJIOCh. Perienue oObsCHS-
JIOCh BHaYalle MPENoJaBaTellio, a B MOCIEIHEH TPETH-YETBEPTH 3aHATHUS
BCE peIleHHUs, KaK MPaBUIIo, pa3oHpanch y AOCKHU. s ycTHOrO 3aueTa
MIpeUIaraJIiCch 3aJadyl He CIOXKHBIE, 3a /1Ba yPOKa MPUXOAMIOCH MPUHHU-
Math 3a4eThl Y 30—40 ygamuxcs. st caMocToATebHOM paboThl joMa
y4aliiecs Mmojiydait o JKEeJIaHWI0 HHANBUAYaJIbHbBIE JOMAITHUE 3a1aHus
MOBBIIEHHOM CIIOKHOCTH.

B nanHOM mocoGum mpuBeneHbl HE TOJIBKO YCIOBHUS, HO U KpaTKHe
pelIeHus Bcex 3a1ad.

[TocoOue B mepBylo o4epenb pacCUUTaHO HA TEX ydaIuuxcs, ATl KO-
TOPBIX BA)KHO HAYYHUTHCSA UCKATh CAMOCTOSTENIbHBIC ITyTH PELICHH 3a/1a4.

[lo pa3HbIM MpUYMHAM HE Y BCEX yYallMXcs ObLIa BO3MOXKHOCTH BO-
BpeMsI TO3HAKOMUTBCSI C JOMOJIHUTENBHBIMH pa3fellaMd MaTeMaTHKH,
ONTUMIHNATHBIMUA UICSIMH M MeToAaMU. 10, 4TO B COOpHUKE NMPHUBEAEHBI
peleHns 3a1a4, TOMOXKET ydalleMycsl IpUOOpeCcTH HOBBIE HICH W 3HA-
HUS, pacIIIPUTH CBOM MaTEMaTHYECKU HHCTPYMEHTAPHIL.

Tewm, KTO elle HAXOAUTCS B Hayalle IyTH B CBOEM CTPEMJICHHM CTaTh
Oosiee yCIHEIIHBIM B PEIICHUH HECTaHAAPTHBIX 3aJad 0 MaTeMaTHKeE,
PEKOMEHIyeTCsl YNTaTh M Pa3OHpaThcs B PELICHUSIX MpeliaraeMblX 3a-
Jad caMOCTOSITENFHO WM C TOoMolIbio mpernonasatend. Ilocime 3toro
mpoOoBaTh pelaTh HOBBIE 3a1a4l CAMOCTOSATEIBHO.

Bce xe Hanbosiee «IpOABHUHYTHIM» B MaTEeMaTHKE Y4YEHHKaM PEKO-
MEHyeTCs pelaTh 3aa4d CaMOCTOSTENIbHO U TOJBKO IOCIE 3TOTO CBE-
PATH CBOE pELIeHHE C MPeAaraéMbIM KPaTKUM KOHCIIEKTOM PEIICHUSI.

3amaum Kypca IO YPOBHIO HECKOJBKO Pa3IMYarOTCsSd MEXKTy COOOM.
EcTtp coBceM mpocThle 3a1aud, KOTOPHIE MOTYT OBITh HCIOJIb30BAaHbI
LIKOJIbHUKAMU JEBATHIX KJIAcCOB, HAIIpUMED, MPHU MOATOTOBKE K MOCTYTI-
nennto u ooyuenuio B CYHIL HI'Y. Ectp 3amaun mocioxHeld, KOTOpBIC
MOTYT OBITH IOJIE3HBI KaK JOMOJHUTENbHBIA MaTepuan Ha 3aHATHUAX B
OMIII nnu npu caMocTOSATENFHOW MOATOTOBKE B BY3 mnn k ydacTtuio B
MaTEMaTHYECKOH OJIMMIIHAJIE.
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[Nockonpky mpeanaraeMasi ToJ0OpKa COCTABISIACH JUIS UCIOJIB30Ba-
HUS Ha 3aHATUAX CIELKypca, IO BO3MOXXHOCTH 3aJayd MpeAsiararoTcs
JIOCTATOYHO M3AIIHbIE U HETPYJIOEMKHE B PELICHUM, YBJIEKATEIbHbBIC B
CBOCH IMOCTaHOBKE. 3HAKOMCTBO C HMMH HE TOJIBKO PAaCIIUpSIET 3arac
OJIMMIHNAIHBIX HJIEH W METOAOB, HO M yIIyOJIIeT MIOHUMaHHe OCHOBHBIX
pasnenoB anreOdpel, MaTeMaTHIECKOTO aHaTN3a U TEOMETPUH ITKOIHHOTO
Kypca. MHorue u3 3aj1ad MOryT ObITh PACCMOTPEHBI KaK HUCCIIEI0BATEIb-
CKHMe 3a7]adi HadaIbHOTO YpoBHs. [lon00HBIE 33a1a4u HE TOJIBKO MPUBH-
BAaIOT MHTEPEC U YBJIICUCHHOCTh Yepe3 MPHUBICKATEILHOCTh MOCTAHOBKHU
U KPacoTy PEIICHUs, HO U IIOMOTAIOT Pa3BUBATh «BKYC» K HUCCIICOBAHUIO,
CIOCOOHOCTD K TITyOOKOMY IMOTPYXKEHHIO B 3a7ady, HE3aBUCUMOCTh pac-
cyxnenuit. OnHUM pebsATaM Takue 3a7avd Jal0T BO3MOXKHOCTh 3aHSATHCS
JOOMMEBIM JIEIIOM, JIPYT'MM — TIOMOTAIOT MOAHSTHCS Ha OoJiee BBICOKUI
YPOBEHb MIOHUMAaHUS UCCIEI0BATENBCKOr0O IpoLecca.

B m000M ciiydae KakJ0ro U3 y4aruxcs KIAeT COOCTBEHHBIN MPOIECC
CaMOpPa3BUTHSL.

Xodercsi BEepUTh, YTO JAaHHOE TTOCOOME MOCIYKUT OJTHOU U3 CTYNEHEK
B OTOM YBJICKAaTEIHHOM ITyTEIICCTBHH.

Kenaem ycnexon!

6 YyebHoe nocobue
3anarue 1.
BBoaHoe
1. Pemmre cucteMy ypaBHEHUN:
[x]-y =1000,
X- [ y] =1996.

2. Tlycrs a,b,c — uensie uncna, a’ +b° +c¢* =1. Jlokaxure Hepa-

BEHCTBO: b(a+c¢) < \/5/2

3. CyMMa deThIpex HaTypaJbHBIX dmcel paBHa 1995. Kakoe Haum-
MeHbIIIee 3HAUCHHE MOXKeT puHUMath ux HOK'?

4. Mansimn u Kapncon pasgenunu Kpyriablid TOPT ABYMs NEPICHIU-
KyJApHBIMU pa3zpe3aMu Ha 4 gactu. KapicoH B3sul cebe onHy HaMMEHb-
IIyI0 U OAHY HauOOJBIIYyI0 YacTH, a OCTaJbHBIE JB€ OTHan MaJblry.
Hoxaxwurte, uto KapicoHny nocTanocs He MeHee ITOJIOBUHBI TOPTA.

5. Tpaneuuss ABCD (AB| CD) TakoBa, 4TO OKPYXHOCTb, OTIMCaH-

Has OKOJIO TpeyrosbHuka ABD, kacaetrcs npsmoit BC. Jlokaxute, 4To
OKpPY>KHOCTb, OITMCaHHAs OKOJIO TpeyronbHuka BCD, xacaetcs NpsMoit
AD.

6. Ywuamuecs IIKOJIBI IOCTPOEHBI MPAMOYTOIBHBIM Kape. Ilocie 3to-
r'0 B KaX/I0! KOJIOHHE BEIOpaH CaMbIid BEICOKUM, 1 U3 HUX BBIOPaH CaMblit
HU3KUH — UM okazajcs Ilets MBaHoB. 3aTeM B KaXKIOW IIEpeHTe BRIOpa-
JIX CaMOT0 HU3KOTO, ¥ U3 HUX BBIOpAJIM CaMOT0 BBICOKOTO — UM OKa3aJiCs
Bans Iletpos. Kto Beie, Ilets unu Bans?

7. JlokaxxuTe, 9TO JIOOYIO CyMMYy, OONBIIYIO 8 KOIIeeK, MOKHO BBI-
IUTATUTH C IOMOIIBI0 MOHET IOCTOMHCTBOM 3 U 5 KOTIEEK.

8. Hoxkaxute, uro umucno a =0,123..91011... (moapsn BbIIUCHIBae-
MbI€ HaTypaJIbHbIE YHCIIa) — UPPALUOHATIBHO.

9. B HEKOTOpOM uucIie nepecTaBuwid HU(QPHI, © OHO YMEHBIIUIIOCH B
TpH pa3za. Jfokaxxure, 4TO 3TO YUCIIO AeIuTcs Ha 27.

10. Ha koopauHaTHYIO TJIOCKOCTh IOCTaBJIeHA KISKCAa IJIOMIAIbIO
Oonpire 1. Jlokaxure, 4To HaHAYTCS JBE TOUKH KISKCHI C OIMHAKOBBIMU
OpOOHBIMH JOISIMU KOOPAMHAT.

' HOK — HanmeHbIee ob1ee KpaTHoe.
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8 YyebHoe nocobue

3augarue 2.
IlonyaAsapHbIe 3aLa4YH IO IAAHHMETPHH

1. JlnweBl cTOpoH TpeyrombHUKa ABC 00pa3yloT apuMEeTHYECKYIO
nporpeccuro u u3BecTHO, 4To AB < BC < AC . JlokaxuTe, 4yTO TOrnaa
LIEHTP OKPY>XHOCTH, BIMCAHHON B 3TOT TPEYT'OJIbHUK, U TOUKA Iepeceye-
HUS €ro MeJNaH JIeXkaT Ha MPsSMOH, mapauiensHoit BC.

2. B BemykioMm detbipexyroiabHuke ABCD crtopousl AB u CD
noxaeneHsl Toukamu K, L u M, N Ha Tpu paBHble 4acTH. JlOKaxure,

1

qro SKLMN = ESABCD .

3. Kakyro HanOonbpLIyIO IUIOIAAb MOKET UMETh TPEYTOJIBHHUK, CTO-
POHBI  KOTOPOTO d,b,c 3aKiIIOUeHBl B CICAYIOIIMX Mpenenax:
0<a<1<b<2<c¢c<3?

4. JlaHbl OTpE30K W MapajuieibHas eMmy npsmas. [lomap3ysck TOIBKO
OIHOCTOPOHHEW JIMHEHKOMH, pa3fienuTe OTPE30K MOIOoJIaM.

5. B paBuoGenpenno#t tpaneuuu ABCD ZCAD =60°. Touka O —
TOYKAa IepeceueHusl auaroHaiei, rouka £ genut momojam BO, Touka
K — cepeauna AO, Touka M — cepeauna CD . JlokaxxuTe, 9TO TPEYIroib-
HUK FKM paBHOCTOpOHHUM.

6. Teopema IlTomemes. [JokaxuTe, 9TO BO BCIKOM BIUCAHHOM YETHI-
pexXyroibHUKE MPOU3BEJICHHE UIMH AUaroHajeil paBHO CyMMe MpOU3Be-
JEHUH JUINH IPOTHBOIOJIOKHBIX CTOPOH.

7. Uepes Touky S, Jexalylo BHE OKPYXXHOCTU ¢ LeHTpoMm O, mpo-
BEJICHBI [IBE KacaTeIbHbIE, KACAIOIUECS OKPYKHOCTH B TOUKax A U B, 1
ceKylasi, mepecekaroniasi OKpy>KHOCTb B Toukax M u N . [Ipsmbie AB u
SO mnepecekatotcs B Touke K. Jlokaxute, yto Touku M, N,K,O nexat
Ha OJTHOW OKPY’KHOCTH.

8. B okpyxHOCTh paaumyca R BOHMCaH PaBHOCTOPOHHHMU TpEyroJib-
HUK ABC, M — mpousBoibHas TOYKa OKpyXHOCTH. Haiimure cymmy
KBaZpaToB AJUH OTpe3koB xopa MA, MB u MC, T.e. BeIU4uHYy
MA® + MB* + MC”.

9. Tpu okpyxHOCTH ¢ paauycamu 1, 2, 3 momapHO KacaroTcs ApyT
IOpyra BHeIHUM oOpa3om. Haliaure paguyc OKpYXHOCTH, HPOXOISIICH
yepe3 TPHU TOYKH IOMIAPHOTO KaCaHWsl JaHHBIX OKPYKHOCTEU.

3augarue 3.
JeAHMOCTH H LleABbIe YHCAA. 3amadyH

1. Uz uudp 2, 3, ..., 9 cocraBuim 1Ba HATYpaJbHBIX Yucia (KaKkaas
uudpa UCIoab30BajIachk POBHO OJMH pa3). MOTIIO I OHO U3 ATUX YHCENT
0Ka3aThCsl BABOE OOIbLIe APyroro?

2. Haiinute Bce HaTypajibHbIE YUCIA A, 11 KOTOPBIX 4uca0 a’ +1 —
CTEIEHb TPOUKH.

3. Haiigure Bce maphl IMPOCTHIX YHCEN BUIA (a” -1,a" +1), neN,

aeN.

4. HaiinmuTte Bce HaTypalbHbIE YHCIIA, KOTOPHIE HENb3s MPEICTaBUThH

B BUJIE: g+a_+1’ a,b € N.
b b+1

5. Haiinure Bce mpocTsie uncna p, g Takue, uto p+q=(p—q)’.

6. HarypanpHoe 4nclioO # HA30BEM XOPOIIMM, €CITH KaXA0€ U3 YH-
cen n,n+1,n+2,n+3 pmenmurcs Ha cymmy cBoux Hudp. Hampumep,
60398 — xopomiee yucio. O0A3aTeNbHO U MpeAnocieaHei nuppon xo-
POLIETO YKCIIa, OKAHYUBAIOIIETOCS BOCEMEPKOIi, OyaeT neBsiTKa?

7. CymecTByeT M TaKoe HATypaJbHOE YHCIO, YTO IMPOW3BEICHIHE
BCEX €ro HaTypalbHBIX JenuTeneill (BKIo4as 1 M camMo YHCIIO) OKaHYH-
Baetcst poBHO Ha 2009 Honb?

8. Ha nmocke HamucaHbl SITh yucen, ogHO U3 Kotopbix 2009. Pa3zpe-
IIaeTcs CTepeTh JII000e YHCI0 M BMECTO Hero 3amucaTh 9ucio a +b—c,

rac a,b,c — KaKHUC-TO TPU U3 OCTAJBHBIX YCTBIPEX YUCCIL. MoxHo 1u ¢

MIOMOIIIbIO TAKUX OTNEpaluid MOJYYUTH MATh YHCEN, KaXKI0€ U3 KOTOPBIX
pasno 2009?
9. Hanel nensle uyucna a,b,c, c¢#b. V3BecTHO, 4TO KBaapaTHBIC

TpexwieHbl A4 = (arx2 +bx + c) u B= (c - b)x2 +(c—a)x+(a+b) ume-
IOT O00muii KOpeHb, HE o00sg3aTeNbHO TeNblid. JlokaxuTe, dYTO
(a+b+2c)3.

1
10. U3 mecATUYHOTO pa3siokeHus Apodu —, p >S5 — MpPOCTOE YHUCIIO,
p

BeruepkHynu 2000-f0 1mudpy. B pesynprare MONydHIoCch MECATHIHOE

. a .
pasoxeHne HeCOKpaTUMOi 1poOu . Hokaxwure, 4to b: p.
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11.Yucna ot 1 10 999999 pa30uTe! Ha Be IPYNIbL: B IEPBYIO TPYIITY
OTHECEHO KaXk[[0€ YMCIIO, IJI1 KOTOPOTo ONMKAUIINM K HEMY KBaJpaToM
OyIer KBaapaT HEYETHOTO YHCIIA, BO BTOPYIO — YHCHA, I KOTOPBIX
OJIMKAWIITUM SIBIISTFOTCS KBaJpaThl YSTHBIX 4HCEN. B kakoi rpymme cym-
Ma gucen 0ombime?

12. CymecTByIOT JId J1Ba KBaJpaTHBIX TpPEXWICHA ax’* +bx+c wu
(a+1)x* +(b+Dx+(c+1) ¢ memsiMu kodpUIMEHTAMH, KaKABIH U3

KOTOPBIX UMECT I10 ABA LECIIbIX KOprI?

3augarue 4.
IIapaAA€eABHOCTSD, IEPIEHAHKYAAPHOCTD, IAOLIAAH

1. U3 cepenunsl M ocHoBanus AC paBHOOEIPEHHOTO TPEYTONbHUKA
ABC onymen nepnesaukyiasip MH Ha ctopony BC. Touka P — cepenuHa
otpeska MH. Jlokaxxute, uto npsimas AH nepneHauKyisipHa npsimoit BP.

2. B octpoyromsHoM TpeyronbHuke 4ABC TpoBeeHb BEICOTE BD u
CE . U3 BepmuH B u C Ha npsmyto ED ONyIICHB MEPHCHIUKYIISPHI
BF u CG. lokaxurte, uto EF = DG .

3. B mapamnenorpamme ABCD, AB# BC, naHo OTHOLIEHUE Oua-

roraneit AC: BD =k . Ilycts mya AM cumMmetpudeH ayay AD OTHOCH-
TenbHO TpsMoit AC, ayd BM cummerpudeH dydy BC OTHOCHTEIHHO
npsimoit BD , M — oOmiast Touka nyuyeir AM u BM. Halinute oTHOIIEHHE
AM : BM .

4. W3 BeplIMH NPOU3BOJIBHOIO BBITYKJIOTO YETHIPEXYTOJbHHUKA OILY-
IIEHbl NEPIEHIUKYISIPBl HA €ro auaroHanu. JloKakute, YTO YEThIpEX-
YTOJBHUK, BEPIIMHAMU KOTOPOTO SIBISIOTCS OCHOBAHMSI STUX MEPICHAU-
KYJISIPOB, 1TOTI00EH HCXOTHOMY .

3anarue S.
KoHCTpYyKIHH

B 3amauax aToro pasnena TpeOyeTcs MOCTPOUTh HEKOTOPYIO KOHCT-
PYKIMIO WM OCYIECTBUTH HEKOTOPBIH npoliecc. B HEKOTOPBIX ciaydasx
TpeOyeTcs OnpenenuTh, MOXKHO JIM 3TO crenaTh. [y o0ocHOBaHUS MO-
JIOKHUTENILHOTO OTBETA JIOCTATOYHO IMPEIbSIBUTH TPEOYEMYI0 KOHCTPYK-
uto. Ecau KOHCTpyKIus ciokHasi, cleayeT JoKa3aTh, YTO OHA YJOBJIIe-
TBOpsieT TpeOyeMbIM ycioBUsIM. bojee ciokHa cuTyanus, Koria
NPUXOAUTCS JOKa3bIBaTh HEBO3MOKHOCTH TPeOyeMOi KOHCTpYKIMU. Jis

10 YyebHoe nocobue

3TOTO CIEeNyeT MPEANOIOKNUTh, YTO OHA CYIIECTBYET, U MPUNWTH K MPOTH-
Bopeunto. MHoraa TpeOyeTcsl MOCTPOUTh HAWITYULIYI0 KOHCTPYKLHIO, TO
€CTb HE TOJBKO €€ IPEABSIBUTH, HO M JJOKA3aTh, YTO YJIyUIINTh €€ HEIb3.

1. BanumuTe B KJIETKH KBaapaTta 3x3 pasmuYHbIEe HaTypalbHbIE
YHcia Tak, YTo0bl 6 MpOou3BeeHUH (IT0 CTPOKAaM U IO CTOJIOIaM) paBHS-
JIUCh MEXKIY COOOM.

2. 36 TOHH rpy3a yIakoBaHHI B MEIIKK BecoM He Oonee 1 T. Jlokaxu-
T€, YTO YCTHIPEXTOHHBIA aBTOMOOWIbL 3a 11 MOE3T0K MOXKET MEepPeBE3TH
3TOT TPY3.

3. Ksampar 2009x2009 pasgenen Ha kBampatuku 4x4, 3x3,
2x2, 1x1. Moxer mu 0Ka3aThCs, 9YTO CYMMapHOE YUCJIO KBaIPATHKOB
4x4, 2x2, 1x1 pasuo 2009?

4. Krnerku maxmMaTHOM JOCKM NMPOHYMEpPOBaHHI yuciaMu ot 1 go 64
TaK, KaK [I0Ka3aHO B TaOnuIe («3MEeHKOi» BBEpX HAUMHAsI C JIEBOIO yIJja
HWXKHeH ctpoku). Ha nocky mocraBwim 8 najeid Tak, 9ToObl OHU HE OHIIH
npyr apyra. Kakoe HauMeHbllee 3HAU€HHE MOXKET NMPUHUMATH CyMMa
HOMEPOB KJIETOK, Ha KOTOPBIX CTOAT JIaAbu?

5. B tabmune 10x10 Hamucanbl HaTypajdbHBIE YHCIA, HE TPEBOCXO-
msmie 10. [lpu aToMm grcia B JIFOOBIX IBYX COCETHHUX IO CTOPOHE YTIJia
KJIETKaX B3aMMHO TMPOCTHL. JloKakuTe, 4TO KaKoe-TO YHCIIO BCTPEUaeTCs
B Tabnuiie He MeHee 17 pas.

6. Kommerorep «Intel IleHTHmyM-5» yMeeT BBITIOJHATH C YHCIOM
TOJIbKO OJ[HY OIlEpallyio: OH MpHOaBIAeT K HEMy 1, a 3aTeM B MOIy4eH-
HOM YHCJIE NIEPECTaBIsIeT BCE HYJIM B KOHEIl, a OCTaJbHbIe HU(PHI — KaK
yromuo (Hanpumep, u3 uncia 1004 on moxket moy4auts 1500 wu 5100).
B xommnbroTep BBenu uucno 12345, u nocne BomonHenus 400 oneparuit
Ha sKkpaHe okazanock uncio 100 000. Cxonbko pa3 3a 3TO BpeMs Ha dK-
paHe KOMIIbIOTepa MOSIBIIUIOCH YHUCII0, OKaHuuBaromeecs Ha 07

7. B crtpane AHuypuu, rae mpaBuT mpe3uaeHT Mupadiopec, npH-
ONMM3MIIOCH BpeMsl HOBBIX NMPE3HICHTCKUX BbIOOpoB. B crpane 20 MiH.
n30upareneid, U3 KOTOpbIX ToibKko 1 % mommepkuBaer Mupadmopeca
(perynsipast apmusi). Mupaduiopec xoueT ObITh H30paHHBIM, HO U30paH-
HBIM «JIEMOKPaTH4eCKn». «J[eMOKpaTn4ecKum» roJocoBaHHEM OH Ha3bl-
BaeT BOT 4YTO: BCEe M30MpaTeny pa30MBAaIOTCS Ha HECKOJIBKO DPaBHBIX
TpYMI, KaXast U3 HUX Takke pa30uBaeTcs Ha HECKOJBKO PaBHBIX TPYIHII
U Tak Janee. B caMpIXx Menkux rpynmnax BbIOMpPAlOT MpPEACTaBUTEIS
TPYIIIEI — BRIOOPIIUKA — JIJIST TOJIOCOBAHUS B OOJBIIEH TpyTIe, BEIOOP-
LIMKH B 3TOH OOJbIIEH TPyMIe BEIOMPAIOT BRIOOPIIMKA IS TOJIOCOBAHUS
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12 YyebHoe nocobue

B emle OonpLiel rpymie U Tak nanee. HakoHel, mpeacTaBUTENH CaMbIX
0OJIBIINX TPYII BEIOMPAIOT Tipe3ueHTa. Mupadiopec aenut nzdupare-
JIeH Ha TPYMITHI TTO CBOEH BOJIe. B KaXkmoii rpyrie pemnraet OOIBITHHCTRO,
a TIpU paBEHCTBE TOJI0COB mobexaaeT ommno3unusi. Cmoxer mu Mupad-
nopec modeauTh Ha BBIOOpax?

8. JlokakuTe, 4TO ypaBHEHHME X + )’ +2z =2 HMeeT OECKOHEUHO

MHOTO PEIIEHUH B IEJIBIX YHUCITAX.

9. MoxHo 11 paccTaBuTh uucna 1, 2, ..., 25, 26 B BepLIuHaX U cepe-
MITHAX CTOPOH MPaBUILHOTO 13-yroapHUKa TakuM 00pa3oM, YTOOBI CyM-
Ma TPEX YHCENl, CTOSAIUX Ha KKI0W CTOpOHE, ObLTa OJHOU U TOU kKe?

3augarue 6.
BrnnHcaHHbIE YE€TBIPEXYTrOABHHKH

1. Hdan npsamoyronbHblid TpeyroibHUK ABC. OKpyKHOCTb C LIEHTPOM
Ha THUIIOTEHY3e¢ AB MPOXOAWT depe3 TOUKy A U mepecekaeT karer BC B
toukax M u N . Ilycts K — Touka, cumMmeTpuyHasi M OTHOCHUTEIBHO
npsmoii AB. Jlokazate, uto KN = MC+CN .

2. Jokaxwre, 4TO JIOOOH TPEYTONBHUK MOXHO pa3pes3ars He Oojee
YyeM Ha 3 4acTH, U3 KOTOPBIX CKJIaJbIBAETCS PaBHOOEIPEHHBII TPEYTOIBHUK.

3. Jan tpeyromsuuk ABC. Ha npsimoit AC oTMeueHa Touka B' Tak,
yto AB = AB', ipu 3ToM B' n C HaxoAsTcs MO OAHY CTOPOHY OT A.
Yepes toukn C, B' U ocHOBaHME OMCCEKTPHUCHI yria A TpeyrojibHHKa

ABC mpoBOIUTCS OKPYKHOCTH W , BTOPHYHO TIepeceKaromias OKpYK-
HOCTb, OIIMCAHHYIO BOKPYT TpeyrojbHuka ABC, B Touke Q . Jlokaxure,
YTO KacaTelbHas, MPOBEJCHHAs K OKPYKHOCTH W B Touke () , mapal-
nensHa AC.

4. Opna U3 ABYX OKPYXKHOCTEH pamuyca R TPOXOIHT Yepe3 BEepILU-
HBl A ¥ B, a npyras — yepe3 BepunHbl B u C napamnenorpamma ABCD .
JokazaTb, 4TO ecnu Touka M — BTOpasi TOUKa NepeceyeHus: ITHX OKPYK-
HOCTEW, TO paJuyC OKPY>KHOCTH, OIMCAHHOW OKOJIO TPEYroJibHUKa
AMD , paBeH R.

3anarue 7.
HuBapuaHTBI — 1

Hy>HO HaliTH BEIMYHUHY MM XapAKTEPUCTUKY, KOTOpasi HE MEHSETCS
B IIPOLIECCE HEKOTOPOI'O NCUCTBUS.

HHorma 3T0 J€rko yaaeTcsi, KOTJa MPOIECC CBS3aH C JEIMMOCTBIO
WM 4ETHOCTHIO. TpyaHee, KOrma Halo IOTaiarThCs, Kakoe BBIPaKEHUE
CIIeMyeT B3ATh IS aHAJIM3a YETHOCTH, NEIMMOCTH W Tak Jajiee, TO eCTh
HaJI0 TPpUOETHYTh K HEKOTOPOU JTONOTHUTEIBHON KOHCTPYKIIHY.

1. Ha pocke Hamucano 11 uymcen: 6 nyneil u 5 egunun. Tenepb
10 pa3 moaps BHITIOTHUTE TaKyIO OIEPAIHMIO: 3aU4EPKHUTE JIOOBIC TBa
YHCIa U, €CJTH OHU OBLIM OJWHAKOBBI, JOMHUIIUTE K OCTABIIUMCS YHCIIaM
OJIMH HOJIb, & €CITH Pa3Hble — eANHUILYy. Kakoe 4uciio moayduTcs B KOHIe?

2. Ha mectu enkax CHUIAT MIECTh YMXKEH, HA KaXJIOW €JIKe MO YIXKY.
Enku pactyt B psa ¢ uatepBanom B 10 M. Eciiu kakoli-To umx nepenera-
€T C OJHOH eJIKU Ha IPYTYI0, TO KaKOW-TO JIPYTOi UMK 00S3aTENBHO Tie-
pejeTaeT Ha CTOJIBKO JK€ METPOB, HO B 00paTHOM HampaBlieHHd. MoryT
JIM BCE YIDKU COOPATHCS HA OJTHOM enke? A eclii umkel u enok 77

3. Ha gocke nanucansl yucna 1, 2, 3, ..., 2009. Pazpemaercs cre-
peTh mMo0bIe JBa YHCIIA B HAaUCaTh BMECTO HUX Pa3HOCTH ATHUX YHCET.
MOo3KHO 71 TOOUTHCS TOTO, YTOOBI BCE YMCIIA HA JIOCKE CTATH HYJISIMU?

4. Kpyr pasgeneH Ha 6 CEKTOPOB, B KaXKIOM W3 KOTOPBIX CTOUT
¢umka. Pa3penraercs 3a oAWH X0l CABUHYTH JIIOOBIE JiBe (DUIIKU B CO-
CeHHE C HUMH ceKTopa. MOXXHO JIU ¢ TIOMOUIBIO TaKUX OMNEpaluil co-
OpaTh BCce (DUIIIKU B OJHOM CEKTOpe?

5. Ha mocke mamucansl yucna 1, 2, 3, ..., 19, 20. Pa3pemaercs cte-
peThb NMo0bIe JiBa YMCia a U b, U HamMcaTh BMECTO HUX YHCIO a+b—1.
Kaxkoe grciao MokeT ocTaThCs Ha OCKe Tmocite 19 Takux omepartnii?

6. Ha nmocke nanucansl uncina 1, 2, 3, ..., 20. Paspemaetcs crepeTh
JIO0BIC J1Ba YMCNa @ U b, U HamucaTh BMECTO HUX 4ucio (ab+a+b).

Kaxkoe grcio MokeT ocTaThCs Ha OCKe Tmociie 19 Takux omepartnii?

7. Illokonanaxy, COCTOSIIYI0 M3 KBaJPATHBIX JOJEK pa3MepoM 6 x4
paspemiaeTcs JIoMaTh TOJBKO M0 0opo3akam. Kakoe MUHMMaIbHOE KOJIH-
YECTBO Pa3IOMOB HY)KHO, YTOOBI pa3jioMaTh €€ Ha CAUHUYHBIC JOTBKHU?

8. B Tabmmue 8§ x8 onHa U3 KIETOK 3aKpallieHa YepHBIM I[BETOM, BCE
ocTanbHbIe — OenbIM. JlOKakHTe, YTO C TOMOIIBID IEpPEeKpaIlIBaHUS
CTPOK M CTOJIOIIOB HENB3s JTOOUTHCS TOTO, YTOOBI BCE KIETKH CTalH Oe-
neiMu. [loj mepekpalimBaHueM CTPOKH WM CTOJIOIA MOHUMAETCS U3ME-
HEHUE [IBETa BCEX KIETOK B CTPOKE MII CTOJIOIE COOTBETCTBEHHO.

3anarue 8.
HuBapHaHTBI — 2

1. Pemuts 3amauy 8 3aHsatus 7 mig tadmuisl 3x 3. McxomHo nrmib
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OJlHA KJIETKA MTOKpallleHa B YEPHBIH IIBET.

2. VY Banu ecth 1 py0. CymiecTByeT 1Ba 0OMEHHBIX ITYHKTa, B OJTHOM
n3 HuX MeHsoT 1 py6. ma 10 momi., B apyrom — 1 mOil. MEHSIOT Ha
10 py6. MoXKeT M MOJyYUThCs B MPOLIECCe OOMEHOB, YTO KOJIUYECTBO
JOJIapoB U pyOieli cTaHeT OJMHAKOBBIM?

3. ®umka XOOUT IO KBagpaTHOW NOCKE, KaXABIM CBOHUM XOJOM
C/ABUTAsACH MO0 HA KIETKY BBEPX, JTMOO Ha KIETKY BIPaBoO, JIMOO 1O Aua-
rOHaJlM BHHM3—BJIEBO. MOXET M OHa OOOWTH BCIO JOCKY, MOOBIBaB Ha
BCEX ITOJIAX POBHO IO OJHOMY pPa3y, W 3aKOHYMTh Ha IIOJIE, COCETHEM
CIpaBa OT UCXOAHOTO?

4. B ctpane CepoOypomanuauu >xuBeT 13 cepbix, 15 Oypeix u
17 MmanuHOBBIX XameneoHoB. Korga BcTpedaroTcs 1Ba XaMeJIeOHa Pa3Ho-
ro IBeTa, OHU OJHOBPEMEHHO MPHOOPETAIOT OKPAacKy TPEThEro LBETA.
MoxeT 1M uYepe3 HEKOTOpOe BpeMsl OKa3aThCs, YTO BCE XaMEJICOHBI
AMEIOT OJUH IIBET?

5. B Bepmmnax mpaBuipHOrO 12-yronpHuka paccraBieHsl yucina (+1)
u (—1) Tak, 9TO BO BCEX BEpIIMHAX, KpOME OJIHOM, cTosaT +1. Pazpemaer-
Csl MEHSTH 3HAK B JIIOOBIX & MOIPAN MAYLIMX BepLIMHAX. MOXKHO JM Ta-
KHMH OIepauusMi JOOUTHCS TOTO, YTOOBI €AMHCTBEHHOE uucio (—1)
CIBUHYJIOCH B COCEIIHIOIO C UCXOJHOM BepIIUHY, eciu k =3, 4, 67

6. Yucna 1,2,3,...,n pacnoyioxeHbl B HEKOTOpPOM TMopsiake. Paspe-

IaeTCsl MEHATh MECTaMH JIFOOBIE JBa CTOSIIMX PsIoM uncia. Jlokaxkure,
YTO €CJHM TMPOJENaTh HEYETHOE YMCIIO TaKUX OIEpalyid, TO HaBEepHSKa
MOJIyYUTCS OTJIMYHOE OT TICPBOHAYAIBHOIO PACIIOJIOKEHHE YHCEI
1,2,3,..,n.

7. llets pa3opain nucTok Oymaru Ha 10 KyCKOB, HEKOTOPBIC M3 STHUX
KYCKOB OH CHOBa pa3opBain Ha 10 kyckoB u Tak panee. Mor nu [lets mo-
JTy4uTh TakuM o0pazom 2009 KycoukoB Oymaru?

8. Ha xaxmoii rpaau Ky6a HalmMCcaHO YHUCIIO, IPUYEM HE BCE ITH YHC-
Ja OJMHAKOBBI. Kak/i0e U3 HalMCaHHBIX YUCENl 3aMCHSETCS Ha Cpe/IHee
apudmMeTnIecKoe Yucel, HAMCaHHBIX Ha YETHIPEX COCETHUX T'PaHAX Ky-
0a. MoryT am 4epe3 HEeCKOJIBKO TaKHX ONEepaluil Ha BCEX TpaHsIX OKa-
3aThCsl UCXO/IHBIE YKcia?

3auarue 9.
HuBapuaHTBI — 3

Bynem Ha3pIBaTh MOTYWHBAPHAHTOM BEIMIMHY, MEHSIONTYIOCS MOHO-
TOHHBIM 00pa30M M MPUHUMAIOIIYIO JIUIb KOHEUHOE YHCIIO Pa3IMYHBIX
3HAYECHUH.

14 YyebHoe nocobue

1. B mpsMoyrosbHON TabinIie mXn 3aldcaHbl JIeHCTBUTEIbHBIC
ymcna. Pa3zpemaeTcs MEHATh 3HAaK Cpa3y y BCEX YUCEN KaKOW-IHOo cTpo-
KM WM KaKoro-JIn0o ctoyidna. JJokaxkure, 4To STUMH ONEPaIlUIMU MOXK-
HO JOOWTHCS TOTO, YTOOBI B KAXKIOH CTPOKE M B CTOJNOIE CyMMa YHCel
ObLTa OBl HEOTPHULIATEIILHOM.

2. Jloxaxwure, 9yTO JFOOBIE 27 TOYEK HA TUIOCKOCTH SIBIAIOTCA KOH-
[aMU 71 HETIePECEKAIOIINXCS OTPE3KOB.

3. B mapmameHTe y KakIoTo €ro wieHa He Ooiee Tpex Bparos. Jlo-
Ka)KUTe, YTO MapiaMeHT MOKHO pa3OMTh Ha JBE MaJlaThl TaK, YTO Y Kax-
JIOTO TIapilaMeHTapusi B OJHOW C HHUM IManare OyJer He Ooiee OJHOTO
Bpara.

4. Tlpu nBope kopoinsi Aprypa coOpamuce 2N pelnapeid, mpudem
KaXKIBIH U3 HUX UMEET CPeAM MPUCYTCTBYOmMX He Oonee N —1 Bpara.
JlokaxxuTe, 4TO COBETHHK KOpOIS APTypa MOKET TaK paccaauTh phIla-
peit 3a KpyIJIblid CTOJI, YTO HU OJIMH M3 HUX HE OyAeT CHAETh PSIOM CO
CBOMM Bparom.

5. B koHIax nuameTpa OKpY>KHOCTH 3alHCHIBAIOTCS eAMHUIBL. Kaxk-
Jast U3 MOJIyYEeHHBIX MOIYOKPY)KHOCTEH JETUTCS IOIojaM, U B ee cepe-
JIUHE THIIETCS CyMMa YuCes, CTOSIIMX B KOHIaX OyTu (TMEepBBIM Iiar).
3areM KakJas U3 YeThIpeX MOTYUHBIIUXCS YT JEIUTCS TOIMONIaM, U B ee
CepearHEe MUIIETCA YUCIO, PAaBHOE CYMMeE YHCENl, CTOSAIINX B KOHLIAX Y-
ru (BTOpO# mar). Beero ocymmecTBisiercst # Takux maros. Hadtu cymmy
BCEX 3alMCaHHBIX YHCEIL.

6. Ha mocke 3anmcano nenoe yucno. Ero mocnennsist nudpa 3anoMu-
HaeTcsl, 3aTeM CTHpaeTcsl W YMHOXEHHas Ha 5 TpUOaBIsAeTCS K TOMY
YHCITy, KOTOPOE OCTaJoCh Ha JOCKE Tociie cTupaHus. llepBoHauanbHO
66110 3amucano yncno 77" . MoeT u Tocie IpHMEHEHHs HECKOMBKHIX

TaKUX omnepanuii momydaurhes yucio 2008”2

3augarue 10.
3amMedyaTeAbHBIE TOYKH H OTPE3KH TPEyroAbHHKA

1. Jloxa3aTtp, uTo opToueHTp H, Touka mepecedeHuss Menuan G u
LIEHTP OMMCaHHOM OKpyxkHOCTH O TpeyroabHuka ABC nexar Ha OZHOMN
psIMOH.

2. Jlan tpeyronpHuK ABC. JIBe ipsiMBbIe, CHMMETpHIHBIE TIpsiMoit AC
OTHOCHUTEIBHO NpsIMBIX AB 1 BC COOTBETCTBEHHO, MEPECEKAIOTCS B TOU-
ke K. Jlokazate, uro npsMas BK mpoxoauT uepe3 LEHTP OMHCAHHOU OK-
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pyxHoctu O Tpeyroiabauka ABC.

3. «Metox obpaTHOTO X0A2». BOKpPYTr OCTPOYTrONBHOTO TPEYTrOJIbHH-
ka ABC ommcaHa OoKpyXHOCTh. KacarenpHbIe K OKPYKHOCTH, IPOBEACH-
Hble B Toukax 4 u C, mepecekaroT KacaTelbHyIO0, IPOBEIEHHYIO B TOUKE
B, B Toukax £ u F . B tpeyronbauke ABC mpoBenaeHa BoicoTa BK,
touka K mexut Ha ctopone AC. Jloka3aTs, uro mpsimas BK sBisercs
ouccexTpucoii yrna EKF .

3augarue 11.
I'padsr - 1

Bo MHOrux 3agauax yaoOHO n300pakaTb OOBEKTHl TOUKAMH, & CBSA3H
MEXJy HUMH JIMHUSAMHU WIH CTpeslkaMmu. Takoil crmocob mpeicTaBieHHs
Ha3bpiBaeTcsa rpadom. Touku — BepIIuHEI rpada, a JMHIH — pedpa.

OpvHaKoBbIe, HO, MOXET ObITh, MO-Pa3HOMY HApUCOBAaHHbIE Ipagbl
NPUHATO Ha3bIBaTh N30MOP(HHBIMU. UTOOBI yOenuThcs B M30MOP(HHOCTH,
HaJ0 TPaBWIBHO 3aHyMepoBaTh BepIIMHBI rpada. KommyectBo pebdep,
BBIXOJSIIINX M3 JaHHOH BEPIIMHBI rpada, Ha3bIBAIOT €€ CTEICHBIO.

CyMmMa crereHei Bcex BeplrH rpada JomKHa ObITh YETHOW, TaK Kak
9Ta BeJIMYMHA TMOJyYaeTcs YMHOXKEHHEM Ha J1Ba OOILero uucia pebdep
rpada.

BepmnHy Ha3bIBalOT YETHOM, €CIM M3 HEEe BBIXOJUT YETHOE YHCIIO
pebep, HeYeTHOH B MPOTUBHOM ciydae.

Yucio HeYeTHBIX BEPILUH JI000T0 rpada — 4eTHO, TaK Kak CyMMa He-
CKOJIBKHMX CJIaraéMbIX YeTHa TOT/AA M TOJIBKO TOTJa, KOTJa KOJHMYECTBO
HEYETHBIX CJIaraéMbIX YETHO.

I'padp Ha3bIBaEeTCS YETHBIM, €CJIM Y HETO BCE BEPLIMHBI YETHBIE, CBSI3-
HBIM, €CJIM MEKAY JIFOOBIMH BEPIIMHAMH €CTh Iy Th, COCTOSIINI U3 pedep
rpada, OpUEeHTHPOBAHHBIM, €CIIM Ha KaXIOM peOpe ykazaHO Hampasiie-
HUE, INIOCKKUM, €CJIM OH HapuCOBaH Ha MJIOCKOCTH U €ro pedpa He mepe-
CEKaIOTCS BO BHYTPEHHUX TOUYKaX.

I{uknoM Ha3bIBaeTCs 3aMKHYTBIN IyTh, HE IPOXOASIIUI TBaX bl ue-
pe3 OHY M Ty ke BeplmHHy. «KyCkn» Ha3bpIBalOTCA KOMIIOHEHTAMH CBSI3-
HOCTH Tpada.

[TpocThiM myTeM Ha3bIBaeTCsl MyTh, B KOTOPOM HHKaKoe pedpo He
BCTpeYaeTCs JBaK/BI.

JepeBoM Ha3bIBaeTCs CBS3HBIN rpad), He UMEIOIIUI IUKIIOB.

BepmmHa Ha3piBaeTcs BUCSYEH, €CITM M3 HEE BBIXOJUT POBHO OJIHO
pebpo.

16 YyebHoe nocobue

Jlemma o Bucsiuel BepiuHe. B nepeBe ecTb BeplluHA, U3 KOTOPOH
BBIXOJHUT POBHO OJHO pedpo.

loxazamenvcmeo. PaccMoTpuM JI00yI0 BepImuHy rpada u moiaem mo
M000My BBIXOAALIEMY U3 Hee pebpy B Apyrylo BepmnHy. Eciam u3 HoBoi
BEpILIMHBI OoblIe pedep He BBIXOIUT, MBI OCTaeMcs B HEl, a B IPOTUB-
HOM Clly4ae HJEM IO JIIo0oMy Apyromy peopy naneure. [loHaTHO, 4TO B
3TOM IyTEIIECTBUU MBI HUKOI'ZIa HE CMOKEM IONAacTh B BEPIIUHY, B KO-
TOpPOU yKe MOOBIBAIM — TaKk Kak ObUT OBl TOorAa muki. Tak kak y rpada
KOHEYHOE YHCIIO BEPIINH, TO HAIlle IMyTEIIECTBUE TOJDKHO 3aKOHYUTHCS.
Ho 3axoHUYNTBCS OHO MOKET TOJIBKO B BUCSUEH BEpPIINHE.

Teopema. B nepeBe uncio BepinH Ha oAHY OoJjblIe Yncia pedep.

[Ipu pemieHMH MHOTHUX OJUMIIMAIHBIX 3a7ad HCIIOJB3YIOT CIexyro-
[IMe YTBEPXKIEHHS, OTHOCSIIHeCs K 00xony pebep rpada:

1) ecnu B rpade Oosble OBYX HEUETHBIX BEPIUUH, TO €r0 MPaBHIIb-
HBIH 00Xx0x (00X01, MpHU KOTOPOM KaxkIoe pedpo MpOXOAMTCS
POBHO OJIUH pa3) HEBO3MOXKEH;

2) Ans KaXIOro YETHOTO CBA3HOTO rpada CymiecTBYeT MpaBUIIbHBINA
00X0J], KOTOPBI MOKHO HadaTh C JI000I BEpIIMHBI U KOTOPBIN
00513aTeTIbHO KOHYAETCs B TOH K€ BEPILUHE, C KOTOPOI Hadaucs;

3) ecnu B CBA3HOM rpade pOBHO 2 HEUETHBIE BEPLIMHBI, TO CYLIECT-
BYET MPaBWIBHBIA 00X0J], MPHUYEM B OJTHOM U3 HUX OH HauMHAeTcs,
a B IPyroi KoHYaeTcs;

4) B m00OOM Tpade YUCIIO HEYETHBIX BEPIIUH YETHO.

1. B ropoge ManenskoM 15 TenedoHoB. MOXKHO JH MX COEIWHHUTH
TaK, 9TOOBI KOX/IbIH Tele()OH ObLIT COSAUHEH POBHO C 5 ApyrumMu?

2. B ximacce 30 gyenoBek. MOXKeT i OBITH TakK, YTOOBI 9 M3 HUX MMe-
11 1o 3 apyra B 3ToM Kiacce, 11 —mo 4 npyra u 10 — mo 5?

3. Moxer 11 B TOCYyAapCTBE, B KOTOPOM U3 KaXKIIOTO TOPOJia BBIXO-
IUT poBHO 3 goporu, 66ITh poBHO 100 mopor?

4. B crpane Cemepka 15 ropomoB, Kaxablii U3 KOTOPBIX COCTUHEH
JIoporamMul He MEeHee, 4eM ¢ 7 ApyruMu. Jlokaxure, 4To U3 JH000ro ropo-
Jla MOKHO TOOpAaThCs 10 JTI000T0 APYTOTO.

5. B TpuaeBsiTOM mapcTBE JHWIIL OJWH BHUJ TPAHCIIOPTa — KOBEP-
camozer. U3 cronuiel BRIXOAUT 21 KOBposMHUS, U3 ropona JlampHuii —
0/IHa, a U3 BCEX OCTAIIbHBIX ToposioB — 1o 20. Jlokaxkurte, 4TO U3 CTOJIU-
16l MOKHO JI0JIETETh B JlasibHUM.

6. B crpane [pepnsaauu 101 ropon, nu HEKOTOpBIE U3 HUX COEIUHE-
HBI noporamu. llpm sToM moOBIe JBa TOpOAa COEAWHSET POBHO OIUH
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myTh. CKOJIBKO B 3TOW CTpaHe Opor?

7. BoneiibonmpHas ceTka WMeEET BHUJA MPSIMOYTOIbHUKA pa3MepoM
50x600 knerok. Kakoe HanOombIliee 4uCIO BEPEBOUYCK MOXKHO Tepepe-
3aTh Tak, YTOOBI CETKa HE pacraiach Ha KyCKu?

8. Boimumute B pan mudpsl oT 1 10 9 Tak, 4To0bI YHMCIO0, COCTAB-
JICHHOE M3 JIBYX COCEIHUX (P, ASTIIOCH Jrb0 Ha 7, mubo Ha 13.

3augarue 12.
I'padsr - 2

1. JlokaxkuTe, 9TO B KOMITAHUU U3 17 YEIOBEK, B KOTOPOH KaXKIbIif
3HAaKOM POBHO € 4 IpyruMH, HailtyTca JBO€, HE 3HAKOMBIX APYT C APY-
I'OM U HE UMEIOIIUX OOIIMX 3HAKOMBIX.

2. Typucr, npuexapmuii B MOCKBY Ha 1moe3fie, BECh A€Hb OpOIMII IO
roponay nemkoM. [loykuHaB Ha omHOHM W3 IUIOIIAAEH, OH peInI Bep-
HYTHCS Ha BOK3aJI M IIPH 9TOM HITH TOJIBKO IO TEM YJIUIAM, IT0 KOTOPBIM
OH IIEJI 0 3TOTO HEeYEeTHOe Yucio pa3. [lokaxxuTe, 4TO OH BCerga CMo-
JKET 3TO CAENATh.

3. B Mapcuanckom Metpo 100 craniuii, 1 MOXHO MpoexaTh OT JIFO-
0oi craHIMM A0 000N Apyroi. 3a06acTOBOYHBIN KOMHUTET XO4YeT 3a-
KPBITh OJHY W3 CTAHIMH TaK, YTOOBI MEXAYy BCEMH OCTAJIbHBIMH CTaH-
LIUSIMH OBUT BO3MOJXKEH npoe3a. JlokaxkuTe, 4To Takasl CTAaHLUS HaliAeTCsl.

4. B Tpex BepUIMHAX MPABUIBHOTO MATHYTOJIBHUKA PACHIOIOKIIN O
¢umke. Pazpemaercs nepeaBurarh UX M0 JUaroHaiu B 100YyI0 CBOOOI-
HYIO BepIIHHY. MOXHO JIH TaKUM 00pa3oM JOOUTHCS TOTO, YTOOBI OJHA
U3 (PHIIIEK BEpPHYJIACh Ha CBOE MECTO, a JIBE JPYTHE MOMEHSIIUCH MeCTaMH?

5. Mexny 9 nnaneramu COJHEYHON CHCTEMBI BBE-
JEHO KOCMHUecKoe cooOmeHue. PakeTsl seTaroT 1o
clenyomuM MapipyTam: 3emist — Mepkypui, [lmy-
ToH — Benepa, 3emms — [lnyToH, [linyToH — Mepkypuid,
Mepkypuii — Benepa, Ypan — Henryn, Hentryn — Ca- | 3 | 6 | 9
TypH, CatypH — Omnutep, FOnutep — Mapc u Mapc —
VYpan. MoxHzo 1 1o0patbes ¢ 3emiun 1o Mapca?

1| 4|7

b2
wn
oo

Puc. 1

6. MOXHO 1M, CJEJaB HECKOJIBKO 'e) ®) @) ®
XOZOB KOHSMM W3 HCXOMHOTO II0JIO-
JKCHHUS, W300paKEHHOTO Ha pHC. 1,
PacIoNOXUTh MX TaK, KaKk I0Ka3aHO

Ha puc. 2? o _ @ O . O

Puc. 2

18 YyebHoe nocobue

3auarue 13.
OKXpyzKHOCTH

1. BHyTpu yria ¢ BepmmHoOi M oTMmedueHa Touka A. V3 3Tol TOUKHU
BBIIYCTHJIN IIap, KOTOPBIM OTpasmics OT OAHOIN CTOPOHBI B TOUKe B, 3a-
TEM, OT IPYroi cropoHsl B Touke C, 3aTeM BEpHYJCS B TOUKy A (yroi
MaJIeHus paBeH yriry oTpaxenus). Jlokaxure, 4to 1eHTp O OKpY>KHOCTH,
ONHCAaHHON OKOJIO TpeyroybHuKa BCM, nexut Ha npsaMoit AM.

2. Ha ognoii cTopone yria ¢ BepiwinHoil O B3sTa Touka A, a Ha Opy-
roii — touku B u C Tak, 4ro B nexut mexay O u C. llpoBeneHbl OKpyx-
HOCTH ¢ mieHTpamMu O' n O" — BnHcaHHas B TpeyroiabHUK OAB u BHe-
BNHCaHHasi OTHOCUTENBHO TpeyronbHuka OAC, ¢ kacanuem cTopoHbsl AC
BHEIHUM 00pa3zoM. Jlokaxwute, uro ecimm O'4=0"A, TO TpeyroabHUK
ABC — paBHOOEIPECHHBIH.

3. Ilyctb O — UEHTP OKPYKHOCTH, OIMUCAHHOM OKOJIO TPEYTOJIbHUKA
ABC. Ha croponax AB u BC BoiOpanbl Touku M; N COOTBETCTBEHHO

TakuM obpaszoM, uto 2LMON = LZAOC . Jlokaxute, 9TO TIEPUMETP Tpe-
yronbHuka MBN He MeHble cTopoHbl AC.

4. Xopast AC u BD OKpy>XKHOCTH C LIEHTpOM B Touke O Tepeceka-
orest B Touke K. Ilycte M m N — LEHTPBI OKPYXXHOCTEW, ONHMCAHHBIX
OKOJIO TpeyrobHUKOB AKB u CKD COOTBETCTBEHHO. JlOKakWTe, UTO
OM =KN.

3augarue 14.
PYyHKIHOHAABHbIE YPABHEHHSA

1. Hatigure Bun dyakmum f(x), ecnma f (Llj =x’.
X+

2. TpeOyercst Hatith QyHKIHIO f(X), ONpEeAeIeHHYIO0 TIPU BCEX He-
HYJICBBIX 3HAUCHHUSAX apryMEHTa W YJIOBJICTBOPSIONIYIO YPaBHECHHIO

r@-2f(1)-2. x=0.
x
3. Haitnute pynkuuto f(x) Takyro, 9ro: f(x)+ f (%) =
-X

4. Haitgure Qyskumo f(n) takyro, uro: n’™ =(n —l)f(nfl) ,
nx2.
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5. Haiinure pyskmuio f(x) Takyto, uto: f(x-y)=y* - f(x).

6. Haiimure d¢yakmmio f(x) Takyro, uto f(x+y)-2f(x—yp)+
+f()=-2f(y)=y-2.

7. Haiigute pynkuuio f(x) Takylo, 4To: f(xy) =y-f(x), x>0.

x+yj=f(X)+f(y)_

2 2

9. Ilycth S MHOXECTBO HEOTPHUIIATEIHHBIX IENBIX uucen. Haimure
Bce (QyHKIMU f(x), ompeneneHHbIC Ha dTOM MHOXKECTBE S M TPHHH-
Malolue 3Ha4eHus Takue, uto f(m+ f(n))= f(f(m))+ f(n).

10. 3Hauenue QyHKINHU OMPENENIeHO IS BCeX AEHCTBUTENBHBIX YHCEI
U SBISETCS NeUCTBUTENbHBIM. Haiiinte BHI (YHKIMHU, €CIH M3BECTHO,

uto VxeD: 2f(x)+ f(1-x)=x".

8. Haiigure ¢pyukiuio f(x) Takyto, 4ro: f (

3anarue 15.
CeBolicTBa QyHKIHNH: MOHOTOHHOCTD H NIEPHOAHYIHOCTH

1. Haiinure BCe BENIECTBEHHbIE KOPHH ypaBHEHHUs 3 x + 30 + Jx=2.

. . s
2. Jlokaxwure, 9To cos(sinx) > sin(cosx), 0<x < 7

3. Oobnacts onpeneneHus GyHKIUH [ (Xx) — BCS YHCIOBas IpsMast, H

W3BECTHO, YTO HU JUI KAKOTO X €€ 3HAYeHHE He PaBHO CAMHHIE WU IS
HEKOTOPOro (PMKCHPOBAHHOTO YHCIA k , HE PAaBHOTO HYIIO, M BCEX X BBI-

1+ f(x)
1= f(x)

TIOJTHSCTCS COOTHOIIeHue: f(x+k)= . Jokaxwure, uro f(x)

SIBJIICTCS TIEPUOTUIECKON (QyHKITHEH.
4. Haiiiute HauMEHBIIMH IOJNOXKHUTENBHBIA TEpUO]  (YHKUIUH
y = tg(sinx) . OTBeT 000CHOBATH.

3auarue 16.
KoMOHHATOPHKA H HE COBCEM...

1. B xieTku npsMOyroJsHON TabIHUIIBI BOMCAHBI HATYpalbHbIE YUCIA.

P as3pelacTCd yaABanMBaThb BCE 4YHCIIa 000 CTPOKH, a TAKIKC BbIYUTATDH
no €AMHUYKE M3 BCCX YHUCCI m000r0 CTOJ'I6LIa. I[OKaSaTI), 49TO C IIOMO-
IO TAKUX onepaunﬁ MOXXHO IMOJTYYUTh Ta6.HI/ILIy 3 OJHUX Hy.HCfI.

2. B CTpaH€ MPOBEJIN ONPOC-aHKETUPOBAHUEC, T'/IC TpC6OBaHOCI> YKa-
3aTh JIOOUMOTO mucaTeiid, Xya0KHUKa U KOMIIO3UTOpa. OKaSaJ'IOCB, 4qTo

KKIBIH YIIOMSHYTBIA AESTEIh HCKYCCTB SIBIETCS JIIOOMMBIM POBHO Y 71
yenoBeK. JlokazaTrh, YTO Y4YaCTHHMKOB AaHKETHI MOXKHO pa30WTh Ha
(3n—2) Tpynmel Tak, 9TO B KaXXIOW TPYIIIE JIFOOBIE IBa YEIOBEKA MME-

IOT COBEPIIEHHO pa3INYHbIE BKYCHI.

3. Ha mutockocTu mpoBeneHBI 1, 7 >2 , MPSIMBIX, AESIMAX IUIOC-
KOCTh Ha HECKOJIbKO oOjactedl. HekoTopble W3 HUX OKpallIeHBI, TPHIEM
HUKaKHe JBE OKpallleHHbIE 00JIACTH HE MOTYT COIPUKAcaThCsl Ha TPaHU-
ne. Jlokasarh, YTO YHCIO OKpalleHHBIX 00JacTeli HE MPEBOCXOIUT
n’+n

-

4. Ksaapat co ctopoHoit (n—1) u IPSIMOYTOJBHUK CO CTOPOHAMH

(a—1) m (b—1) pa3OUTHl Ha eIWHWUYHBIC KBaApaTHl, #, d,b — HaTy-

pasbHBIE uncia, GobIINe enuHUIb, ab =n’. KaxmoMmy U3 y3lmoB KBaji-
paTa COMOCTAaBIICH Y3€Il MPSIMOYTOIbHUKA, IPUYEM Pa3HBIM y3JIaM — pas-
HBIE, TPU 3TOM YETHIPEM BEpIIMHAM U IIEHTPY KaXXIOro KBaapara
IUIOMIAI 2 COTIOCTABIIEHBI COOTBETCTBEHHO BEPIIUHBI M IIEHTP IMPSIMO-
YTOJIEHUKA, MOXET OBITh BRIPOXKACHHOTO. [loka3arh, 4to a =b.

5. MHOXecTBO M COCTOHUT M3 IIENBIX YHCEJI, €r0 HaWMEHBIIHNHN 3JIe-
MeHT paBeH 1, a HamOompmmid >nemeHT paBeH 100. Kaxmoe uncno u3
MHOkecTBa M, kpome 1, paBHO CyMMe ABYX, BO3MOKHO OJMHAKOBHIX,
yucen MHOXecTBa M. YkazaThb Cpeiu BCEX MHOXECTB M, yIOBJIETBO-
PAIOIINX 3TUM YCIIOBUAM, MHOXKECTBO ¢ MUHUMAJIbHBIM YUCJIOM 3JICMCHTOB.

3augarue 17.
BanayH Ha HaHOOABIIIHE
H HaHMEeHbIIIHEe 3HAa4YEeHHA B reOMeTpHH — 1

1. Ha mnockoctu ¢uxcupyercst Touka P. PaccmarpuBaroTcs BCeBO3-
MOXXHBIC PaBHOCTOPOHHUE TPEeYroibHUKU ABC, nus KOTopeix AP =3,
BP =2 . Kakyio Haubonp11yto 1uHy MoxeT umets CP?

2. Ha kakoe HaMEHBIIIEe KOTMIESCTBO TETPASAPOB MOYKHO Pa3OUTh KyO?

3. Haiitu HanOounpliee 3Ha4€HUE, KOTOPOE MOXKET IIPUHUMATD JITHHA
OTpe3Ka, OTCEKaeMOoro OOKOBBIMH CTOPOHAMH TpPEYrojbHHKAa Ha Kaca-
TEeNbHOW K BIIMCAHHOW OKPYXHOCTH, ITPOBEACHHON MapajuieIbHO OCHO-
BaHUIO, €CITU TIEPUMETP TPEYTOJIbHUKA PaBeH 2p.

4. JliuHBl IBYX MapajuIeNbHBIX CTOPOH NPSIMOYTOJbHUKA paBHBI 1.
Kpome Toro, u3BecTHo, 4yTO ABYMS NEPIEHAUKYJAPHBIMU MPSIMBIMU OH
MOJeT OBITh pa30UT Ha YeThIpe MPSMOYTOJIbHUKA, TPU U3 KOTOPBIX HMe-
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0T ILIOIIA/Ib, HE MEHBIIIYIO 1, a 4eTBepTHIi — He MeHbIIyto 2. [Ipu Kakoii

MHHHMMAJIBHON JUIMHE JBYX JAPYTMX CTOPOH MPAMOYTOJBHHMKA TO BO3-
MOKHO?

3angartue 18.

3anayu Ha HAaHOOABIIIHE

M HAaHMEHBIIHE 3HAYECHHS B T€OMETPHH — 2

1. PaccrosiHne Mexxay mapajuleNnbHBIMU NPSMBIMH paBHO /. TpeTbs
IpsiMasi, napajjeiabHas 3aJaHHBIM IPSIMBIM, HAXOAUTCS BHE IIOJOCHI Me-
KAy HUMHU Ha paccTosiHUM H oT naneHel npsimod. OTpe3ok 4B nepreH-
IUKYJSIPEH MPSIMBIM, @ KOHIIBI €T0 Jie’KaT Ha MEePBBIX ABYX NpsiMbIX. Haii-
TH Ha TpeThed mnpsMoi TOouky M Tak, 4YToOBl yroa AMB Obin
HaNOOJIBILIUM.

2. B cekTop Kpyra ¢ HUEHTpalbHbIM YriioM AOB paBHBIM O BIHCHI-
BaeTCs MPSIMOYTOJBHUK TaK, YTO JBE €r0 BEPIIMHBI JEKaT Ha paauyce
OA, onHa BepiMHa — Ha ayre AB, ogHa BepmuHa — Ha paguyce OB. Jlo-
Ka3aTb, YTO MPSMOYTOJBHUK MMEET HauOOJbIIYIO IUIONMAAb, KOTa YIoi
Mexny paguycoM OA M paanycoM, IMPOBEAECHHBIM B BEPIIMHY MPsIMO-
YTONIBHHKA, JIeKalIyto Ha ayre AB, paBeH o./2.

3. Jlana oxpyxHOCTb pamuyca R ¢ unentpom O. OT Touku O OTIO-

KeH 0Tpe30k OB, IIrHa KOTOPOTO MEHBIIIE UIMHBI paJnyca OKPYKHOCTH.

HaiiTi Ha OKpy’XHOCTH TOUKY M, 11 KOTOpoit yron OMB npuHuMan 061
HanOoJbIee BO3MOXHOE 3HaYeHne. ONpeAenuTh 3TO 3HAUCHHE.

4. Cpenu Bcex NPSIMOYTOJBHBIX TPEYTOJIbHUKOB, Y KOTOPBIX BBICOTA,
OIYILEHHAs U3 BEPIIMHBI IPSIMOTO yIjla Ha THUIIOTEHY3Y, PAaBHA 3aJaHHON
BEJINYMHE /1 , yKa3aTb TPEYrOJbHUK, MMEIOIIMN HAaMMEHBIINH panuyc
BIIMCAHHOT'O KpyTa.

3augarue 19.
MHuoroidaeHsI — 1

MHOTOWIEHBI SBIIAIOTCS OOBEKTaMH KaK anreOpandecKuMu (Iuc-
KpETHBIE CBOMCTBA, KOPHH, IPYIITUPOBKH), TAK U HEMIPEPHIBHBIMH, (PYHK-
UOHANTBHBIMY (Tpaduyeckue MpencTaBICHUs, YSTHOCTh, MOHOTOHHOCTh
1 JpyTHE CBOWCTBA).

1. Kaxaplii W3 KBaJpaTHBIX TpexwieHoB P (x)=x"+px+q u
P,(x)=x"+qx+ p umeer kopHu. J[OKaxuTe, 4TO TOTJA KAKOH-TO M3
tpexunenoB Q,(x)=x"+(p—2)x+1 wm Q,(x)=x"+(g—2)x+1 nume-
€T KOPEHb.

2. CymectByoT au MHOTOWIeHH P = P(x;y;z), Q=0(x;y;2),
R =R(x;y;z) Takue, 9T0O A BCEX JCUCTBUTEIHHBIX 3HAUYCHUN X, V, Z
BBITIOJTHEHO TOXKIECTBO:

(x=y+1) P+(y—z+1) O+ (z-2x+1)-R=1?

3. Ksagparsslif Tpexuned f(x)=ax’ +bx +c TaKoB, UTO ypaBHEHHE
f(x)=x He uMeeT ACHCTBUTEIBHBIX KOpHEH. [lokaxkuTe, 4TO ypaBHE-
Hue f(f(x))=x Takke HE UMEET NEHCTBUTENBHBIX KOPHEH.

4. HaiinuTte Takue BelleCTBEHHBIE 4Hcha a,b U p,q, 4TOOBI paBeH-

CTBO (Zx - 1)20 - (ax + b)20 = (x2 + px+ q)lo BBITIOJTHSIIOCH TIPH JTFOOOM X.

5. IlocnenoBaTenbHOCTL 4, @y, ... Ay, HEUCTBUTENBHBIX YHCEN Ta-

KOBa, YTo Vn € N Takux, 4To:
3, 3 3 2

1<n<2009 = a) +a, +...+a =(a,+a,+..+a,)

JIOKa)XHTe, 9TO BCE WICHBI 3TOM MOCIIEA0BATSILHOCTH — [IEIIbIC YHCIIA.
3

6. Pemmre ypaBHEeHHE {(x +1) } =x’, rae {z} — apobHas 4acTk unc-
ma, T0 ectb {z}=z—[z].

7. Hycts f(x)=x"+ax+b-cosx . Halinure Bce 3HaueHus mapa-

METpOB a, b, ipu KOTOpEIX ypaBHeHUS f(x)=0 u f(f(x))=0 wumeror
COBITQ/IAIONINE HEMYCThIE MHOXKECTBA PEIICHHIA.

3augarue 20.
MHOro4A€eHbI — 2

1. Pemute ypaBHeHue:
(x+1)" +(x+ 1) (x =D+ (x+1)" (x=1)* +..+(x=1)" =0.
2. Tlyers f(x)=x"+12x+30. Pemmure ypaBHeHue:

JUS SN =0.

3. Bommcmure f(3/2—1), ecmm f(x) = x" +3x"% +4x"7 4+ 2x" +

+4xP 42X 44X +2xP +3x+1.

4. Haiinure nBa KopHsS ypaBHeHms Sx®—16x*—33x’ —40x* +
+8 =0, mpounsBezeHNE KOTOPHIX paBHO 1.

5. U3BecTtHO, 4TO Sin3x = 3sinx —4sin’ x . Herpynno moxasats, 4ro
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sin(nx) AJIT HEYETHBIX 7 MOXKHO TPEACTABUTH B BHAEC MHOTOUJICHA CTe-
neHu n ot sinx . [lycte sin2007x = P(sinx), rae P(¢) — MHOTO4ICH

1
2007}5'

6. Pemmre ypasuenne: x° +(x+1) +(x+2) +...+(x+2010)’ =0.

2007-oit ctenenu ot ¢ . Pemure ypaBHeHue: P (cos

3augarue 21.
HepaBencrBa - 1

CunTaroTcs M3BECTHBIMHU HCEpPaBCHCTBA Kommu o cpeaHemM apI/I(I)MeTI/I—
YCCKOM U CPEAHCM I'COMETPHUYICCKOM U Kommm — BYHHKOBCKOI‘O, a TaKXKeE
JICTKO BBIBOAMMBIC CJICACTBHUA M3 HECPABCHCTBA O CPCIHEM apMQ)MeTqu-
CKOM U Cp€AHEM I'COMETPHUUICCKOM BHUIA:

1 1
) a+—<-2 qmaa<0u a+—=2 gua a>0;
a a
2) a’*+b>+c’ >ab+bc+ac.
4 4 4
1. JloxaxxuTe HEPABEHCTBO MZdbc, Y a,b,c >0.
a+b+c

2. Hoxaxwure, uto V a,b,c>0=

Nat+b* +¢? -(czl)+bc+ac+\/c12b2 +b*c? +a202)
- 23(\/§+1).

abc
3. JHlokaxute,yto V ne N = (2n + l)n > (2n)n + (2n - 1)".
4. JloxaxxuTe, 9TO
Ya,b,c>0=a’+b +c’ +3abc > ab(a+b)+bc(b+c)+ac(a+c).
5. Jlokaxwure, 4TO

2 2 2
VYa,b,c>0= a + b + ¢ > E .
(a+b)a+c) (b+c)b+a) (c+a)c+b) 4
6. Jlan mHOTOUNEH P(t) =1 —4¢. JloKaxkuTe, 4TO

Vx>21lm y>1 :P(x2+y2)2P(2xy).

7. JloKaXuTe HEpaBEHCTBO:

! ! < 2 0<x<1

+ < , , 0<y<l1.
Ji+x? Ji+y? 1+ g
v

8. CymectByer yu ¢pyuakmus f(x) V x € R Takas, 9TO BBITIOJHICTCS
HEPaBEHCTBO: |f(x + y)+sinx +sin y| <27?

3ausarue 22.
HepaBencrTnBa — 2

1
1. Jano: x+ y+z =1. Jlokaxxute HepaBeHCTBO: x4yt > 5

2. Hoxaxwure: S = a + b + ¢ 23, a,b,c>0.
b+c a+c a+b 2

3. Hoxaxurte HepaBeHCTBO Komn — ByHSIKOBCKOTO:
2
(ab +ab, +..+ab,) < (a,2 +a; +..+ aj)(bf +b 4.+ bj) :

a b
4. JloKakWTe HePaBEHCTBO: — + —— >+ a ++b, a,b>0.
Vb a

5. Hausl a, b, ¢ — ANMHBI CTOPOH TPEyroidbHUKA. JloKaxkuTe:
a b c

+ +
b+c—-a c+a-b a+b-c
6. Jloxaxxute HEpaBEHCTBO:
Ja(l=b)(1=c) +/b(1-a)(1-c) ++Je(1-a)(1-b) <1+~ abc, ecim
0<a,b,c<1.
7. BelecTBeHHBIE YUCHA X, X,,...,X, € [—1;]1] TakOBBI, 4TO CymMMa HX

23,

KyOoB paBHa Hymo. Jlokaxkure, 4YTo0 CyMMa OSTHX YHCel
n
xl+x2+...+xnsg.

8. JlokaxxuTe, 9TO I TOJIOKHUTEIBHBIX Yncen a, b, c BEpHO Hepa-

bc ac ab
BEHCTBO. — +—+—2>a+b+c.

a b ¢
3angarue 23.

MaTeMaTH4uecKaa HHAYKIHSA B OAHMIIHAAHBIX 3azavdax

1. B xBagpate 2011x2011 kneTrox BbIpe3aHa OJHa MPOU3BOJIbHAL
KJeTka. JlokakuTe, 4TO OCTAaBLIYIOCS YacTh BCETJa MOXHO pa3pe3aTh Ha
TPEX KJIETOYHBIEC YTOJIKH BUa OyKBBI I

2. Hatigure Bce HaTypanbHBIC YHcla k, k > 1, yIOBIETBOpSIONINE
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YCIOBHIO: JJIsl HEKOTOPBIX HATypallbHBIX m W n,m #n 4ducna k" +1 u

k" +1 momydaroTcst ApyT U3 apyra NepecTaHOBKOH B OOPATHOM MOPSIIKE
UG p OeCITUIHON 3aITUCH STUX YHCE.

3. Jlokaxwute, 4yTO A1000C HATypajIbHOE YHCIIO, HE MPEBOCXOJIAIICS
n!, MOXHO TPEACTaBUTh KaKk CYMMY He OoJiee UeM 7 HaTypalbHbIX YH-
CeJI, SIBJISIFOIINXCSI Pa3IMIHBIMU JACTUTENIMH ducia n! .

4. Jan xBaapat 64 na 64. M3 Hero BrIpe3aHa ogHa kieTka. Jlokaxu-
T€, YTO OCTABIIYIOCSA YaCTh MOXKHO pa3pe3aTh Ha YTOJIKU U3 TPEX KIETOK.

5. JHoxaxwure, uto 2"""> > mn 1pu MoObIX HATYPAIbHBIX 71,71 .

3augarue 24.
IIpeoGpazoBanue nmoaoous

Onpenenenue. [lycts O — mpousBosibHAs TOUYKa, kK — JII0OOE YHCIIO,
OTIIMYHOE OT HyJIA. lleHTpanbHbIM mogo0ueM (ToMoTeTHEH) ¢ TieHTpoM O
1 K03QOUIEHTOM k Ha3bIBaeTCS OTOOpaKEHHE IUIOCKOCTH Ha ceds, pH
KOTOpOM Jfo0ass Touka M mepexouT B Takyl TOouky M' , dro

OM'=k-OM . Touka O — HEMOABMXHAs TOYKA ILIOCKOCTH IIPH IICH-
TpanmsHOM moaooun. [Ipu k =1 Bce TOYKH IITOCKOCTH HETOABMKHEIL, TIPU
k =—1 — eHTpaIbHas CUMMETpUSL.

CBolCTBa TOMOTETHH

Ecnu npu romotetuu ¢ ko3¢ HUueHToM k TOUku 4 U B nepexonsT B
Touku A' u B', T0o

1) A'B'=k-AB;

2) OTpe30K MepeXOIHT B OTPE3OK, IyU — B JIy4, IPSIMas — B MIPSIMYIO;

3) ecnu mpsiMasi AB POXOAUT Yepe3 LHEeHTP NOJ00Hs, TO OHA MEepexo-
IUT B ce0s; eciin xe npsmMas AB He IPOXOOUT Yepe3 LUEHTP MoJ00Hs, TO
OHa MEePEXOUT B IPSIMYI0, NapaJuIenbHY0 AB;

4) rOoMOTETHS COXPAHSET YTJIbI;

5) npu roMoTeTHH ¢ KOA(PPUIUEHTOM k OKPYKHOCTH ¢ HeHTpoM C
pamuyca r HEepexoIuT B OKPY>KHOCTH ¢ HeHTpoMm C' paanyca |k|-r, rue

C' — Touka, B kKoTopyto mepexoaut C.
CnencrBue. IlycTh AaHbI 1B KacarollUecs OKPYKHOCTH M TOYKa Ka-

v
caHus — IEHTp roMoTeTHu ¢ Koddduimenrom k =2 . Torga KacaTeib-

4
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Has K MEHbBIIEH OKPY>KHOCTH MEPEXOIUT B KacaTelbHYIO K OoJbILeH, mna-
paUIETIBHYIO €H C TOUKOM KacaHus B CEpPeIUHE AYTH.

1. Teopema Hamoneona (puc. 3— ('
Tpeyronka Hamoneona). Ha cto-
pOHax TpeyrojibHUKa H3BHE IIO-
CTPOEHBl PAaBHOCTOPOHHHUE Tpe-
YTOJIBHUKH. JlOKaxkuTe, 4YTO WX
LIEHTPBl SBISIOTCS BEpIIMHAMU
PaBHOCTOPOHHETO TPEYroJbHUKA,
LIEHTP KOTOPOTO HAaxXOAWTCA B
TOUKE IEpecedeHHs MeIuaH MHc-
XOJIHOTO TPEYTrOJIbHUKA.

2. YersipexyronsHuk ABCD
BIIMCAH B OKpY»HOCTb w . IIpo-
JOJDKEHUS TTPOTUBOIIONOKHBIX Puc. 3

4’

CTOPOH 3TOTO YeThIpeX YroJbHUKa nepecekarorcst B Toukax K u N . Jlo-
Ka)KUTE, YTO OKPY’KHOCTh, ONMCaHHAsl OKOJIO TpeyroibHuka AKN — w",
KacaeTcsi OKPYKHOCTH W TOTAa W TOJBKO TOTAA, KOTJa OKPYXKHOCTE,
OTIFICaHHas OKOJI0 TpeyroibHnka CKN — w' KacaeTcs OKpYKHOCTH W .

3. B mapamnenorpamme ABCD Ha auaroHanu AC OoTMedeHa TOYKa
K. OxpyxHocTh S' mpoxoauT yepe3 Touky K U kacaercs NpsAMbIX AB u
AD, S' BropuuHo mnepecekaer auaroHaib AC Ha orpeske AK. Okpyx-
HOCTh S" mpoxomuT depe3 Touky K u kacaercs npsmeix CB u CD, S
BTOprYHO nepecekaeT AC Ha otpe3ke KC. JlokaxkuTe, 4TO MpH BCEX IO-
JoxkeHusIX Touku K Ha auaroHanu AC mpsMble, COETUHSIONINE IEHTPbI
okpykHocTe S' m S" OyayT mapauienbHBI MEXITy COOOM.

4. JlaHbpl ABE OKPYXHOCTH, Kacaroluecs APYT Apyra BHYTPEHHUM
obpazom B Touke N . Xopabl BA u BC BHeumHel OKpY>KHOCTH KacaroTcs
BHYTpPEHHEH OKpyXHOCTH B Toukax K u M coorBercTBeHHO. [lycth O U
P — cepenunsnl ayr AB n BC, He comepxxamux Touky N . OKpy>KHOCTH,
ONHMCaHHBIE OKOJIO TpeyroibHUKOB BOK u BPM , mepecekaioTcs BTO-
poii pa3 B Touke B'. Jlokaxure, uto BPB'Q — napaienorpamm.

5. Ilycte AD — Guccekxtpuca Tpeyroasunka ABC, u mpsmast [ kaca-
€TCSl OKPY>KHOCTEH, OMUCAHHBIX OKOJO TpeyroibHUKOoB ADB u ADC B
Toukax M u N COOTBETCTBEHHO. JlOKakMTe, YTO OKPY>KHOCTh, IIPOXO-
nsmas yepe3 cepeaunsl otpeskoB BD, DC, MN kacaetcs npsmoi /.
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3augarue 25.
3azayH MeXAYHaApPOAHBIX OAHMIIHAaZA 1976-1996 rr.,
aarebpa - 1
D I 1
1. Ilyctb p,q — HarypajibHblE€ YHCJIa TaKue, 4YTO _:1_E+§_
q
1 1

e ——— +L . Hokaxkure, yTo uncio p nenutca Ha 1979.
4 1318 1319

2. VYka3zaTh Kakyw-1u00 THapy HaTypalbHBIX umcen (a,b) Takyro,
uTo a) umcno ab(a +b) we nenurcs wa 7; 6) (a+b) —a’ —b':7" . Orser

000CHOBATE.
3. IlycTth nmaHbl TIONOXKUTENbHBIC 4MCHa a, b, c Takue, 4o abc=1.

1 1 1 >3

3 T3 T =5
a(b+c) b(a+c) c(a+b) 2
4. HaiiguTe Bce Lienble Yncna a, b, ¢ Takue, uto 1< a <b < ¢ U 4uc-

Jokaxwure, 9to S =

10 (a—-1)(b—1)(c—1) sBusercsa aenurenem uncia abc—1.

5. Jauo ypasrenue P(x;y)=x"—3xy’ +y’ =n. Jlokaxure, 4T0 ec-
J¥ HATYpaJbHOE YHCIIO 7 TAKOBO, YTO JAHHOC YPAaBHCHUE MMEET IIeJ0-
YHCJICHHOE PEIICHUE, TO OHO UMEET [0 MEHBIIIEH Mepe TPH IIeTI0YHCIICH-
HBIX PEIICHUS.

3ausarue 26.
3azayH MeXAYHapOAHBIX OAHMIIHAaA 1976-1996 rr.,
aareGpa - 2

1. Haﬁ,[[HTC BCC BCHICCTBCHHBIC YUCIIa a, MJIS1I KOTOPBIX CYIICCTBYIOT
BCIICCTBCHHLIC HCOTPHULATCIbHBIC 4HUCIA X, X,, ..., X5 , YHOBJICTBOPAIO-

5 5 5
2
IIUE COOTHOIIEHUAM Zk-xk =a, Zkak =a, stxk =a’.
k=1 k=1 k=1
2. Ilycts {ak}, k=1,2,...,n — IOCIEIOBaTEILHOCTh Pa3IUYHBIX Ha-
TypanbHBIX uuceln. JlokaxuTe, 4TO I JIFOOOTO HATYPaabHOTO 7 BBI-
a 1
TOJIHAETCS. HEPABEHCTBO Z—g >Ny —.
k=1 k k=1 k
3. Ilyctb m U n — HaTypaJbHBIC YUCIIA Takue, 9to n>m > 1. B ne-
CATHYHOM 3amucu Tpymna U3 Tpex mociaeqHux mudp uucaa 1978" cos-
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majgaer ¢ Ipymnnod u3 tpex mociaeqHux mudp uncna 1978". Haitmure m
U 1 TaK, YTOOBI X CyMMa ObLIa HAMMECHBIIICH.

4. B xoHe4HOH MOcie10BaTeIbHOCTU AEUCTBUTEIBHBIX YHUCET CyMMa
TMOOBIX CEMH HIYIIHUX TMOAPS YWICHOB OTpUIIaTeIhbHA, & CyMMa JIFOOBIX
OJNMHHAIATU HUIYIIHUX TMOAPSI UYICHOB MOJIOKHUTENbHA. Haiinmure Ham-
0oJIBIIIEE YHCIIO YJIEHOB TaKOH IOCIEI0BATEILHOCTH.

3auarue 27.
3azauu nmo crepeomerpuu u3 Cankr-IlerepOyprckux
PaHOHHBIX H PETHOHAABHBIX OAHMITHAZ,

1. B ocnoBanuu nupamuasl SABC nexut tpeyroiabHuk ABC Takoil,
yto AB=17, AC=10, BC =9. Bricota nupamuasl umeet anuny 30, a
€e OCHOBAaHME COBManaeT ¢ cepeauHol orpe3ka BC. Kakopa miomans
IJIOCKOTO CEUCHUS MHUPaMHUIBI, MPOXOIAIIETO Yepe3 TOUKy A, mapai-
nenapHoro npsiMoit BC M AENAIIEro BEICOTY B OTHOIIEHUH 4 : 1, cuuTas oT
BEpUINHBI S?

2. B tpeyrompHOU mupamune ABCD nHa pedbpax AC u AB BBIOpaHbI
COOTBETCTBEHHO ToukM L u K Tak, uto KL||BC. Touku M, N, P, R — cepe-
munbl pedep BC, AD, BD, CD cootBeTcTBeHHO. JIOKaKUTE, 9TO 00HEMBI
TpeyroibHbIX upamug BKPR u CLMN paBHEL.

3. B mpocrpanctBe nansl 4 Touku: 4, B, C, D. VI3BecTHO, YTO CKpe-
mBaromuecs npsmeie A8 1 CD nepneHANKYISpHBI, CKPEIIUBAIOIINUEC
npsmeie BC u AD — Toke NMepneHANKYIISApHEL. Haiinure mmmHY OoTpe3ka
AB,ecm BC =5, CD =11, DA=10.

4. Ha pebpax AD, BC, CC,, C\D,, 4 B,, AA, xy06a BbIOpaHbl TOUKH P,
O, R, §, T, U coorBerctBeHHo. Oka3ajaoch, YTO MpPHU OSTOM
£ZPQB =/ZRQC, ZRSC, =/ZTSD,, LTUA = £LPUA, ZQRC = ZSRC,,
ZSTB, = LUTA,, LUPA=/ZQPD . Haiinute nnuHy 3aMKHYTOH JloMa-

Hoit POQRSTUP, ecnu 1yinHa pebpa KyOa paBHa 1.

5. JIBe IUIOCKOCTH AT KyO Ha YeThlpe paBHOBeNUKHE yacTu. Jlo-
Ka)KUTE, YTO €T0 MOBEPXHOCTH OHU TOXKE JEJIAT Ha YETHIPE PAaBHOBEITUKUE
YacTH.

6. ABCDS — ueTblpexyroyibHas NUpaMuia ¢ BEPILIUHOH S, y KOTOpOil
Bce pebpa paBHbl 1. Uepes pedpo 4B mpoBeneHo Takoe ceucHue AEFB,
4yt0o 00beM MHOTOrpaHHuka ABCDEF paBeH moyioBuHE 00beMa MUpaMu-
nel. Halinure nnuny otpeska EF.

7. JluaroHamu mIecTHYTOJIBHOTO CEUEHHUs KyOa IepeceKaroTcsl B Of-
HOM TOuKe. JJoKaKkuTe, 4TO CeUeHHE MPOXOAMT Yepe3 HeHTp Kyoa.
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3augarue 28.
Bazayu nmo crepeomMeTpHH H3 MOCKOBCKHX paHOHHBIX
H PEerHOHAABHBIX OAHMITHAZ,

1. BrIcoTa mpaBUIBHOTO TETpadpa CIYXKHUT JUAMETPOM cepsl, mo-
BEPXHOCTh KOTOPO# paBHa S . Bbeuucnure rmiomans Toi 4actu cepsl,
KOTOpasi HaXOJUTCsI BHYTPH JAHHOTO TETpadpa.

2. Hana mupamuga MABCD , B OCHOBaHWU KOTOPOU JICKHUT Tapai-
nenorpaMm ABCD . B kakoM OTHOIIECHUHM IEIUTCS OOBEM THPAMHUIBI
TUIOCKOCTHIO, TTPOXOJIAIe Yepe3 BepIinHel A, D ¥ cepenuny pedpa MC?

3. HaiigyTcs nmu B mpocTpaHCTBE 5 TOYEK, pacCTOSTHUE MEXIy KOTO-
PBIMH TTOTTAPHO PA3TIMYHBI, TAKUX, YTO TIEPUMETPHI BCEX MPOCTPAHCTBEH-
HBIX IISITUYTOJIBHUKOB C BEPIIIMHAMU B 3TUX TOUKaX PaBHBI?

4. Tlpoexmuu Tena Ha JBE IUIOCKOCTH SBJSIFOTCS Kpyramu. [lokaxkuTe,
YTO 3TH KPYTH UMEIOT OJINHAKOBBIE PaIIIyCHI.

Bausarue 29.
3amayu ycTHOrO 3adeTa — 1

1. B Tpex BepmmHax KBajpaTra HaXOISATCS TPHU Ky3HEUHMKA, OHU WT-
paroT B uexapny. [Ipu aTom, ecnu Ky3HEUnK 4 TphITaeT 4epe3 Ky3HeunKa
B, To mocie mpeiKKa OH OKa3bIBaeTCsl Ha TOM ke MPsIMOM, Ha KOTOPOM
HaXOIWINCh A U B 0 TpbIXKKa, U HA TOM K€ PAacCTOSHUU OT B, HO MO
IPYTYIO0 CTOpOHY. MOXKET 1M Tociie HECKOIBKHUX MPBIKKOB OJIUH U3 KY3-
HEYHKOB IOITACTh B YETBEPTYIO BEPIINHY UCXOIHOTO KBajpara?

2. Ha croponax BC, CA, AB C
Tpeyronbanka ABC momanu S
B3AThl COOTBETCTBEHHO TOYKH 4,

B, € max, o Zob- D
AB  BC
_%—l Haiigure miomans
c4 3

TPEyrojbHUKA,  OrPaHUYEHHOIO
npsmeiMu A4, BB,, CC, (puc. 4).
3. TpeyronbHUK pa3pe3aH Ha

HECKOJIBKO  BBIIYKJIBIX  MHOTIO- Puc. 4
YTOJBHUKOB. JIOKaXuTe, 4To cpenu
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HUX JTHOO €CTh TPEYTOJILHUK, JTUOO €CTh MHOTOYT'OJBHUK C OJJHHAKOBBIM
YHICIIOM CTOPOH.

4. JlaH BBIMYKJIbI MHOTOTPaHHUK. B KaXk/10¥ ero BepIinHe CXOIUTCA
Tpu rpanu. Kaxxnas rpaHp okpallieHa B OJUH U3 IIBETOB: KPACHBIH, JKeJ-
THIA, CHHUW WM 3€JeHBIH, MPUYeM T'paHdu C OOIMMM peOpOM — pa3HBIX
nBeToB. JloKakWTe, YTO YHCIO KPAaCHBIX T'paHell ¢ HEYETHBIM YHCIOM
CTOPOH UMEIOT TY K€ YETHOCTb, UTO U YUCJIO CUHUX FPaHEH C HEUETHBIM
YHICIIOM CTOPOH.

5. Ha mpsmMoii pacmonoxeHa KOJOHUS W3 KOHEYHOTO YHciIa OaKTepHid.
B MomeHnTHI Bpemenu 1, 2, 3, ... HEKOTOpbIe OaKTEPUH MOTYT TOTHOATh.
[TorubGaroT Te, 1 TOIBKO T€ OAKTEPHUH, OT KOTOPBIX CJIeBa HA PACCTOSHUU

1 MeTp u cupaBa Ha PacCTOSTHUU V2 MeTpa HeT O6akrepuii. CymiecTByer
JIM BEYHAs TaKas KOJIOHUI?

6. Ha nmocke Hamucanbl uncna 1, 2, 3, 4, 5. Pa3pemaercs ogHoBpe-
MEHHO J100aBJATh 1 Wiau 2 K ABYM 4uciaM. MOKHO JIU MOJyYUTh HA0OP
u3 crenenei 10?

Bauagrue 30.
3aza4yH yCTHOIO 3ayeTra — 2

1. Jlokaxxute HEPaBEHCTBO (a +b)k <2kt (ak +bk), a>0, b>0,

keN.

2. Ha xneruatoir 6ymare man kBazmpatr 100x100 . Paspemraercs 3a-
KpaCuTb HCCKOJIBKO KIJIETOK TakK, 4TOOBI Kaxaasa 3aKpaliCHHasA KIICTKa
ObLTa eIMHCTBECHHON 3aKpAaIICHHOHN KIIETKOW JIMOO B CBOEM CTOJIOIE, JTU-
00 B cBOeH cTpoke. Kakoe HanbobIIee YUCIIO KIETOK MOXKHO 3aKPACHTh?

3. B uetsipexyronsauke ABCD cropoust BC =CD, AB# AD .

Huaronans AC =8 sBrsercs ouccekTpucoit yrma £BAD =45°. Haiinu-
Te AB+ AD .

4. B tpeyroasauke ABC Toukn X U Y — mpoeknuu BepIIMHBl 4 Ha
ouccektpuchl yrioB B u C. Haiiqure munay ctoponsl BC, ecnmu AC = b,
AB=c, XY =1.

5. Menuanbl TpeyrojibHUKa UMeroT anuny 9, 12, 15. Haiinure mio-
1a/1b TPEyTOJbHUKA.

3ausarue 31.
3ama4yH ycTHOro 3adyera — 3

1. B TypHHpE, MPOXOASIIEM IO OJMMITHICKOW CUCTeME (C BBIOBIBA-
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HUeM), ydacTBYIOT 512 TeHHucuctoB. Ilepea Hauamom TypHHpa KaKAOMY
YYaCTHHUKY MPUCBOEH HOMEp OT 1 10 512 B COOTBETCTBUM C €ro peUTHH-
roM. Mard cunTaercsi HeMHTEPECHbIM, €CIM Pa3HOCTh IIPUCBOECHHBIX HO-
MEpOB JIBYyX CIIOPTCMEHOB, y4acTBYIOIIMX B HeM, Oonbiie 30. JlokaxuTe,
YTO HE3aBHCUMO OT >KepeObEBKU U PE3YJIbTaTOB UTP, OyJET CHIrPaH XOTA
ObI OIMH HEMHTEPECHBIN MaTH.

2. JokaxuTe, 9TO YHCIO 3 HE SBIACTCS JUCKPUMHHAHTOM KBaJpaT-
HOTO ypaBHEHHs ax’ + bx + ¢ =0 HU NpHU KaKUX LETBIX a, b, C.

2 2
a +b
3. JlokaxxuTe HEpaBEHCTBO: 5 +~ab<a+b, a,b>0.

4. HaiinuTte Bce Takue MHOTOWIEHB! f(X) CTENEHU 1, YTO MPOU3BeE-
2
nenue f(x)- (x - 1) MMeEeT POBHO JIBa HEHYJIEBBIX KOd(duUIueHTa.

5. Haiinute Bce QyHKINY, yIOBICTBOPSIOMINE MPHU JTIOOBIX 3HAYCHHU-
SIX apTyMEHTOB paBeHCTBY: x- f(¥)—y- f(x)=(x—y)- f(xp).

6. U3 BepmmHbl 4 TpeyroiabHuKa ABC OMyIIEHBI MEPIICHANKYISIPhI
AX n AY Ha OuccekTpucsl BHeIHUX yrioB B u C. JlokaxkuTe, 4TO IJIMHA
oTpe3ka XY paBHa noxynepumeTpy Tpeyroasuuka ABC.

7. B xpyre paauyca 1 npoBenu ABe NepHeHIUKYJISIpHbIE XOpabl AB
u CD . Jlokaxure, uto AC*> +BD* =4 .

Bausarue 32.
3amadyH ycTHOroO 3adeTra — 4

1. Haitnure HOJ/I Bcex neBSATH3HAYHBIX YMCeN, 3allCAaHHBIX IU]pa-
mu 1,2, ..., 9 6e3 TOBTOpEHUH.

2. Pemute ypaBHEeHUE (1+x+x2 )2 =%(1+x2 +x4).

3
3. Pemmrte ypaBHEeHUe x* =3.
4. Haiinute HauMeHblIee HaTYypaJIbHOE YHUCIIO X, KOTOPOE HAaJ0 MpH-
6aBuTh K BbIpaxeHHuo (a+2)(a+5)(a+8)(a+11), uToOsl momyueHHAS

cyMMa ObLTa 0OJIbINE HYJIS PH JIIOOOM d.

5. CkonbKo pa3 B TEUCHHE CYTOK 4acoBask U MHHYTHAsl CTPEIKU CO-
CTaBJIAIOT TIPSMOH yrom?

6. Ilpu kakux 3HAYCHHSAX TMAPAMETPOB @ W b cuUcTeMa ypaBHEHHH

’ MMEET eJIMHCTBEHHOE peleHue?
y=ax+b
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7. CKONBKO claraeMbIX CyMMBI 1+ 2+ 3+... Hamo B3ATh, YTOOKI ITO-
JyYUTH TPEX3HAYHOE YHCII0, COCTOAIIEE U3 OJANHAKOBBIX IIU(p?

8. IlyTeuiecTBEHHUK BBIXOAUT Ha MPOTYJKY B TOPHI U3 TOCTHHULIBI B
3 4Jaca HA U BO3BpAallaeTcs TOU ke JOpOorod B 9 Beuepa TOro K€ JHS.
Haiitn paccrosiHue, NpoONIEHHOE IyTEHIECTBEHHUKOM, €CIM H3BECTHO,
YTO OH CITyCKaeTcs ¢ JI000H Tropbl CO CKOPOCTBIO 6 KM/4, TOJIHUMAETCS
CO CKOPOCTBIO 3 KM/, UJET 10 POBHOI TOpore CO CKOPOCTHIO 4 kMm/4?

IIpunrozkeHue.
Pe3zepBHBIE 3aa4H AAI CAMOCTOSITEABHOH paboThI

IIhanumempus

1. Ha cropone AC tpeyronbanka ABC BbiOpaHa Touka [ Takas, 9TO
DC=2A4D . Touka O — LEHTp BIHCAaHHON OKPYKHOCTH TpPEYTOJIbHHKA
DBC, E — To4ka KacaHus dTOW OKPY>KHOCTH ¢ mpsiMoit BD. Okazaiocs,
yto BD = DC . Jlokaxurte, uro npsamas AE napamiensHa npsamoit DO.

2. AH — BBICOTa OCTpOYTONBHOTO TpeyTronbHIKa ABC, K u L — 0CHO-
BaHUS NEPIEHANKYIISIPOB, OMYIIEHHBIX U3 TOUKHU / Ha cTopoHbl AB u AC.
Hoxaxure, yto Touku B, K, L u C nexat Ha OAHON OKPY>KHOCTH.

3. M — touka mepeceueHus quaroHaieu tpamenun ABCD. Ha ocHo-
Banuu BC BeiOpaHa Touka P Takas, yto LAPM = /MPD . Jloxaxure,
YTO paccTostHue OoT Touku C 10 IpsiMOi AP paBHO pPacCTOSTHUIO OT TOYKU
B 1o npsimoit DP.

4. M — Touka nepecedeHHs AMAaroHaied BIUCAHHOTO YETHIPEXYTOJIb-
HUKa, N — TOUYKa MEPECEUCHUs1 ero CpeaHuX JUHUM, O — LEHTp OMHUCaH-
HoOU okpyxkHOCcTH. [Jokaxute, uto OM > ON (cpenHeil nuHuel Ha3bIBa-
€TCsI OTPE30K, COSAMHSIONINN CepEIUHBI TPOTHUBOIIOIOKHBIX CTOPOH).

5. BD — Ouccextpuca yria B tpeyronpaHuka ABC. OnmcanHas OK-
py)XKHOCTB TpeyroapHuKa BDC nepecekaeT oTpe3ok 4B B Touke E, onu-
CaHHasl OKPYKHOCTb TpeyroibHuka ABD nepecekaer otpe3ok BC B Tou-
ke F. lokaxure, uto AE =CF .

6. B tpeyronsuuke ABC yron A pasen 60°. BHyTpu TpeyrosibHUKa
B3gTa Touka O Takas, uro LAOB=/A0C =120°. Touku D u E —
cepenuHbl cTopoH AB u AC. Jlokaxute, 4To 4eThIpexyroabHuk ADOE —
BIHICAHHBIN.

7. Ha ctoponax AB n BC tpeyronsauka ABC OTIOXKEHBI OTPE3KH AE
u CF paBHol qyuHBL. OKpY>KHOCTb, IpOXoAsmas yepe3 Touku B, C, E, u
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OKPY’KHOCTb, POXOJAIIas uepe3 TOUKH A, B, F, mepecekaroTcsi B TOUKax
B u D. lokaxwure, uro npsimast BD — 6uccekrpuca yrina ABC.

8. B Toukax A u B, nexaiux Ha pa3HbIX CTOPOHAX yIJjia, BOCCTAHOB-
JICHBI TIEPIIEHANKYIISPBI K CTOPOHAM, KOTOPBIE MTEPECEKa0T OMCCEKTPUCY
yrna B Toukax C u D. Jlokaxure, uTto cepeanna otpe3ka CD paBHOYyIa-
JieHa oT Touek 4 u B.

9. CepenuHbl CTOPOH BBIMYKJIOTO LIECTHYTOJIbHUKA 00pa3yloT Iec-
THYTOJIBHUK, CTOPOHBI KOTOPOT0 MapanjienabHbl. Jlokaxure, 9To OoJbIIue
JMaroHaJlIy UCXOAHOTO MIECTHYTOJIbHHUKA [IEPECEKatOTCsl B OAHOM TOUKE.

10. B tpanetmu ABCD Ha GokOBBIX cTopoHax AB u CD MOXHO BbI-
Opath Touku K U L Tak, 4TO O0Tpe30K KL He mapauielieH OCHOBaHUSM U
JIEJIMTCS] AMAarOHASIMM Ha TPHU paBHbIe yacTH. Halinure oTHomIeHue oc-
HOBaHUU TpamneruH.

11.Bsicotbl A4, n CC, tpeyronsnuka ABC nepecekaroTcss B TOYKE

H, a onucansble okpyxHOCTU TpeyroinbHUkoB ABC u A4 BC, nepeceka-

IOTCA B TOUKE M, OTIMYHON OT Touku B. Jlokaxkure, uto npsmas MH ne-
uT cropony AC nomnoziam.

12. B BeimyknoMm uetsipexyronbHuke ABCD /A= /D . CpenunHbie
MEepNEeHIUKYISApBl K cTopoHaM AB u CD mepecekaroTcst B Touke P, Je-
’Kamieit Ha cropone AD. JJokaxute, yto nuaronainu AC u BD paBHBIL

13. OkpyKHOCTB, TOCTpOoeHHast Ha cTopoHe AC OCTPOYTOIBHOTO Tpe-
yrosnbHuKa ABC Kak Ha JuaMeTpe, MepecekaeT CTOPOHBI TPEYrojIbHHUKA
AB n BC B Toukax K u L. KacarenpHble K 3TOH OKpY>XKHOCTH, IPOBEICH-
Hble B Toukax K u L, nepecekatorcs B Touke M. Jlokaxute, 4To npsmas
BM nepnenauxynspHa AC.

14. Touku K u N — cepenunsl cTopoH AB u CD yeThlpexyrojbHUKa
ABCD. Otpe3ku BN n KC nepecekaroresa B Touke O. Touku nepecede-
Hus npsameix AO u DO co ctoporoil BC nensrt orpe3ok BC Ha Tpu pas-
Hble yacTu. Jlokaxute, uto ABCD — napajjenorpaMm.

15. BriricaHHy10 OKpPY>KHOCTH CHPOELMPOBATIN Ha CTOPOHBI TPEYTOIb-
HUKa. JlokakuTe, YTO IIECTh KOHIOB MPOEKUUH MpHUHAIIeKaT OMHOMI
OKPY>KHOCTH.

16.B tpeyronsHuke ABC £B =60°, A4, , CC, — BbicoTsl. Ha mps-
MOM, mpoxoasamen udepe3 B neprneHaukyiasipHo A,C,, BbIOpaHa TOdKa
M # B Taxas, uto ZAMC = 60°. [lokaxute, uto LAMB =30°.

17. AF —menunana tpeyroiasauka ABC, D — cepenuna otpeska AF, E —

TOUKa mepecedeHuss mnpsimoir CD co cropoHoir AB. Oxasamoch, dTO
BD = BF = CF . Joxaxwure, uto AE = DE .

18. Toukn K u L Ha CTOpOHaX OCTPOYTOJBHOTO TpeyroibHuka ABC
takoBbl, uto KL || BC . M — TOYKa TIepeceveHus NepneHIUKYISIPOB, BOC-

CTaHOBJICHHEIX B Toukax K u L x otpe3kam AB u AC. [lokaxwure, 910 4,
M v uentp O onucaHHOM OKPYKHOCTU TpeyroibHuka ABC nexar Ha oJl-
HOH NpsSMOH.

19.B BemmykioM dyerbipexyroibauke ABCD muaronamu AC u BD
paBubl. Kpome toro, LBAC = ZADB, ZCAD + ZADC = ZABD. Haii-
mute /BAD.

20. Touka D — cepeauna ctoponsl AC Tpeyromsauka ABC. Ha ctopo-
He BC BeIOpana Takas Touka £, uto /BEA= ZCED. Haiinute oTHOIIE-
aue gl AE : DE .

21.Touka M — cepenuna ctoponsl AC Tpeyroasuuka ABC. Ha otpes-
ke AM BbIOpanmm Touky K, Ha oTpe3ke BM — Touky L, Ha oTpe3ke BK —
touky N. Oxkazanock, uto KL ||AB, MN ||BC, CL=2KM . [lokaxure,

yt0 CN — Ouccektpuca yrina ACL.

22. J[lnaronanu mnapamienorpamma ABCD nepecekarotcst B Touke O.
OKpy>KHOCTb, ONMMCaHHas BOKPYT TpeyroibHUKa ABO, mepecekaer cTo-
pony AD B Touke E. OKpy>XHOCTb, ONHUCAHHAsl BOKPYI TPEYroJbHUKA
DOE, mepecekaer oTpe3ok BE B T1ouke F. JlokaxuTte, dTO
£BCA=ZFCD.

23.Ha croponax AB u BC tpeyronbpauka ABC BeiOpansl Touku K u N
COOTBETCTBEHHO. M — cepenuHa crTopoHel AC. W3BectHo, dTO
ZBKM = ZBNM . ]Jlokaxure, 4TO NEPHEHIUKYJIAPBl K CTOpPOHAM HC-
XOJIHOTO TpeyrojbHuKa B Toukax K, N, M nepecekaroTcsi B OTHOI TOUKE.

24.B tpeyronbauke ABC u3BectHO, uT0 LBAC =60° , TOouka K —
Touka mepeceueHus: meauansl CM u Beicotel BN. Ilpuuem, CK =6 ,
KM =1. Haiinure yribsl TpeyroiabHHKA.

25.AL n BM — 6uccektpuchl Tpeyroibanka ABC. W3BecTHO, 9TO 01I-
Ha U3 TOYEK MepeceueHus: OnMucaHHbIX okpyxkHocTelt ACL u BCM nexut
Ha oTpeske AB. [lokaxwure, uto LACB = 60°.

26.Ha croponax 4B u AC B3sT6I TOUKH D 1 E COOTBETCTBEHHO TaKue,

9TO AD = BE =2, LACB=2/DEB. Jlokaxure, YTO TPEYTOJbHUK
DB EC
ABC paBHOOEIpEHHBIH.

27. [lnaronans AC BBINYKJIOro dYeTblpexyroibHuka ABCD penutcs
TOUKOH mepeceueHus auaroHaneil nmononam. M3BectHo, uto yron ADB
paBeH nByM yrinam CBD. Ha nuaronanu BD Hauuiach Takast Touka K, 4To
CK = KD + AD . okaxure, uto yron BKC paBeH nByM yriaam ABD.
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28.B HepaBHOOenpeHHOM TpeyronpHHKe ABC mpoBeaeHBl OHCCEK-
tpucel A4, u CC,, kpoMe TOoro oTMeueHsl cepeanHsl K u L cTopoH AB

u BC cootBercTBeHHO. Touka P — OCHOBaHHWE TMEPIEHIANKYJISIPA, OITy-
LIeHHOro U3 BepmuHbl 4 Ha npaMyro CC|, a Touka () — OCHOBAaHUE IEp-
MIEHIUKYJISIpa, OMyLIeHHOro 3 BepunHbl C Ha npsamyo A4, . Jlokaxure,
gyto npsimbie KP u L niepecekaroTcs Ha ctopone AC.

29.Bo BnmcanHOM dYeTbIpexyronbHuke ABCD, O — Touka mepeceue-
Hus quaronaneit. Touka O' cumMmerpudHa O OTHOCUTEIHHO AD 1 JSKHT

Ha ONHCAaHHOW OKpYyXHOCTH. [{okaxute, uyto O'O — OUCCEeKTpuca yria
BO'C.

Aneebpa u ceoticmea gyukyuil

1. M3BecTHO, YTO CyMMa HECKOJIbKMX JaHHBIX MOJIO)KUTEIbHBIX YH-
cell paBHa CyMMe UX KBanpaToB. Uto Oomble — cymMMa KyOOB MM CyMMa
YETBEPTHIX CTENEHeH ITHX yncen?

2. Jlano 15-3Ha4yHOE YMCIO, 3alMCAHHOE HYJISAMU U €IMHUIAMH, KO-
Topoe aenutcs Ha 81, Ho He menutcs Ha 10. JlokaxkuTe, 4TO U3 HETO
HEJb3s BBIYEPKHYTHh OAMH M3 HYJIEH Tak, YTOOBI MOJTY4YeHHOE YUCIIO T0-
MIpeKHEMY JeNniIoch Ha 81.

3. HarypanbHble uncna a, b, x ¥ y TaKOBBI, UTO ax + by AeNUTCS Ha

a’+b*. JlokaxkuTe, 4TO YuCiIa x>+ y2 u a’ +b’ umeror o0 meu-
T€Ib, OONbIINA 1.

1+bc 1+ca
4. BemlecTBeHHBIE YHCA d, b U ¢ TAKOBBI, YTO YHCJIA R ,
-c c—a
1+ab
b nensle. JlokaXuTe, YTO 3TU IENbIe YHCIa MOMapHO B3aWMHO
a—
IIPOCTEL.

5. JokaxuTe, 4TO AJs JIOOBIX LENBIX @ U b pa3HON YETHOCTH Haii-
JIeTCsl TaKkoe Iernoe ¢, uto ¢ +ab, c+a, c+b — TOUHbIE KBAIPATHI.

6. Otpe3ok L MOJHOCTBIO MOKPBIT IPYTUMHU OTpe3KaMHu. Jlokaxure,
YTO MOKHO BBIKMHYTHh HECKOJIBKO M3 HUX TaK, 4TOObI He MeHee 2/3 mu-
HBI OTPE3Ka OCTaJIOCh IIOKPBITO POBHO 1 pas.

7. Haiinure MakCUMyM IIPU BEILECTBEHHBIX X, ), Z CIEAYIOLIEH BEIu-
YHUHBI Sin X cos ) +sin ycos2z +sinzcos4x.

b >1.

8. a,b>0, a+b<2 Jlokaxure, uT0 ——— +— >
b+ab a+ab
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9. Ilensle wumcma m, n, k TakoBbl, uto k’—m’—n’=
=2(m—n)(k—m+n) . Jokaxure, 4YTO YUCIO 2mn SBISETCA TOYHBIM
KBaJ[paToOM.

10. Cymma uwmcen x, y, z paBHa Hymo. Jlokaxute, 9To x°y° + y°z° +
+2°x* +3>6x)z .

11.CymecTBylOT JHM Takue HaTypaibHBle a, b W ¢, H9TO
(a+b)(b+c)c+a)=3407?

12.CymecTByloT 1M Takhe HaTypalbHble @, b ® ¢, dTO
(a+b)(b+c)c+a)=42427

13. B 4eTbIpex3HAYHOM YHMCIIC KOKIYIO MUY YBETUYWIN Ha 1 wim
Ha 5, B pe3yNbTaTe 4ero OHO YBENUYMIOCH B 4 pa3a. KakuM MOTio ObITh
UCXOQHOE YUCIO?

14. Kopenp TpexuieHa ax’ +bx +b yMHOKHUIM Ha KOPeHb TpeXdseHa
ax’ +ax +b v monyunnu B npousseaeHuyu 1. HaiiuTe 3T KOpHHU.
15.Yncna x u y yAOBIETBOPAIOT ypaBHEHHAM: x° —3x” +5x—17 =0,

¥y’ =3y* +5y+11=0. HaiinuTe 3HaYeHNE BRIPAKEHUT X + V.
ab

a+
16. [JaHo, 4TO @ U b —1eabie uncia. JJoKaKuTe, 4To b >1.
a —

17. Halinute HamMeHBIIIEE MOJIOKUTEIHLHOE YUCIIO X, YIAOBIECTBOPSIO-

wee HepaBeHCTBY: [x]-{x}>3. Kak o6bluHO, [x] oGo3Hauaer wnemyro
4acTh umena x, {x}=x—[x] — xpoGHas yacts x.

18.3Hayenns KBaJpaTHOTO TpexuleHa ax’ +2bx+c OTPULATENHHEI

npu Bcex x. JIOKaXkuTe, 4TO 3HAUEHHS TpexuneHa a’x’ +2b°x+c’ npu
BCEX X MOJIOKUTEIBHEL.

OmeemnuL u Kpamrue pewueHusl

3anstue 1.
1. Pewenue. JIeTKO BUIETH, UTO [x] #0; [ y] # (0. PaccMoTpum 1Ba

CITydJas:
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_ 1000
a) x21=> [x] Ms1  3HaeMm: [y]Sy u x<x+1l=>
1996
==
1996 1000 499
=1< =1, y=1000, x=——-.0
]+l [+] X< Gog —L¥I=L Y =500 "
1000
]2
= 1996 Mbl  shaem: y<[y]+] u [x]<x; a)ecmn

[]

1000 1000 1996 1996
y|F-l=——"<——= |x[<x= Y|P > 3=
[y]=—2:>x=[x]=—998; yz—% 45188 6) ecu [y]=—1:>
x=[x]=—1996:>y=—mz—@.

1996 499
OrtBer: (Q;IOOOJ [ —998; —S—OOJ ( 1996;— 250)
250 499 499
2. Pewenue. 1=a2+b2+c2=a2+%b2+%b2+c2. Msbl  3HaeMm:

X+

y>xy, ect x>0u y>0= a +2b2>2 Ea \/_ab

w|<‘

c2+%b2 >\2bc = 1>2ab+~2bc =2b(a+¢) = b(a+c) <

3. Pewenue. Ilycts 1995=m, +m, +m,+m,, tne m, < m, <m, <
<m, — HaTypaJbHbIE YHCIIA.

3aMeTuM, uTo m, >%>498. Ecnmm HOK (m,,m,,m;,m,) # m, =
= HOK >2m,, (HOK:m,) = HOK >2-499 =998. Ectu HOK =

m :
=m, = 10 m <— (m,im, = ecmu m, =m, =m, =m, = 1995 =
2
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. m,
=4m, =1995:4 - npotusopeune ) = m, < BX m,<m,, m;<m, =

My my,+m, +m, 21995 = m, 2570 . CnegoBareasno, HOK > 570.

Mosxno Buaeth: 1995=285+570+570+570 = HOK = 570.
Otser: HOK =570. o

4. Pewenue. IlpoBeneM eme nBa paspe-
3a, IEHTPATbHO-CUMMETPUYHO YK€ Clie- 1 2 3
nanHbIM. Kycku 1, 2, 6 u 9 nocranuce Ma-
4

JIBINTY, & CHMMETpUYHbIE UM 7, 8, 4 u 3 —
6
8 y

Kapncony, koTropoMmy oToOILIa U cEpelUHKA
5 (puc. 5).
5. Pewenue. Ilponomxum otpe3ku DA,

CB no mepeceuenuss B Touke E. Torma

2 Puc. 5
EA_EB L Ep —EA. ED = EB e
ED EC ED?
v
EB )
=E:>ED =FEB-EC. D10 03HaA4aerT, A B

yto mpsiMasi ED (u Takxe AD ) siBusiercs
KacaTeJbHON K OKPY>KHOCTH, OIHMCAHHOU
okoso ABCD (puc. 6). D

6. Pewenue. llycts poct lletm— a

>

poct Banu — a,. , rme i,i; — HOMEpa KO-

i ?

JIOHH, & j, j, — HOMepa IIEePEeHT, IA€ CTOST Puc. 6

Iletss u Banst coorBeTcTBeHHO. Torja U3 yciaoBuUs 3ajadyul CIEIYeT, YTO
a;za, 24, .

7. Pewenue. 1) n=3a = uucno 3 Oepercs a pa3; 2) n=3a+1 =
ecu n>28 = n=3a+2-5-3-3 ; 3) n=3a+2 = ecm n=28=>
n=3(a-1)+5.

8. Pewenue. Ilyctb a€Q = IneN =a=0, (a,,...a,). B 3anucu
a €cTh IOCIENI0BaTEeIbHOCTD U3 21 NEBATOK, U 3HAYUT, a, =9, i=1,..n.
[IpotuBopeuue.

9. Pewenue. Cymma 1udp 3TOT0 YHCIa IEIUTCS Ha 3, 3HAYUT, U YNC-
JI0 B TPU pa3a MEHbIIee JenuTcs Toxe Ha 3. [loaToMy HCXOIHOE YnCIIo
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JISNUTCS Ha 9, 3HAUMT, U cCyMMa IU(pP HUCXOTHOTO YUCIA JACTUTCS Ha 9.
IToaToMy BTOpOE YKCIIO TOXKE AETUTCA HA 9, T. €. UCXOAHOE AETUTCs Ha 27.

10. Pewenue. Pa3pe3arh MIOCKOCTh Ha KOOPJWHATHBIC KBAJPATHUKU
1x1 ¥ CHOKUTH UX CTOIIKOM.
3aHsaTHe 2.

1. Pewenue. Ilycte AD — Mme-
IuaHa, M — Touka TmepeceueHus
Meauad, (O — LEHTpP BIHCAHHOH
OKpyXHOCTH. Ham jmocrato4yHo
JIOKa3aTh, YTO PACCTOSTHUE OT TOY-
k1 M po npsimoit BC paBHO panny- (
Cy BIIMICAHHOW OKPY>KHOCTH (pHC. 7) Puc. 7

3MD = AD = ADMN ~ ADAK; S, = p-r; e p — HOIyNEpUMETP
Tpeyroibanka ABC, a r — paguyc BIHWCAHHOW OKPYKHOCTH,

SABczéAK-BngMN-BC: pr=%BC-MN:>MN=r, TaK Kak

3
TI0 YCIIOBHIO 33/1a4H p = EBC .
2. Pewenue. Tlycts LL' — cpennss nuuus tpanenun KBB'K'. Tlo-
1
KaXkeM, 4To S,y ZE(SKND + 8,0y ) - Tak kak DN = NM =MC = LL'=

:%(KK'+ BB')= S, :%MN-LL' =

=1MN-1(KK'+BB'):
2 2

= %(5 wvp + Spey ) - AHATIOTHUHO JI0Ka-

+SLBM)‘

3BIBAETCH, 9T0 S, = E(S o

Takxum o0pazom,

1
SKLMN = SKLN + SLMN = E(SAKD + SLBM + SKND + SBCM) =

1 1 1
= E(SAKND + SLBCM ) = E(SABCD - SKLMN) = SKLM = ESABCD (puc. 8).

3. Pewenue. IlycTh o0 — yroa Mexmay cropoHamu a u b. Torma mist
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1 . 1
IUIOINAAN BBITIONHSIETCS COOTHOIIEHHE S = Eab smno < Eab <1. s

a=1, b=2, a= g —=2<c=+5<3 TPEYrOJIbHUK C TAKUMHU CTOPOHA-

MU YAOBJIETBOPsIET TPeOOBaHUAM 3aJlaud M ero Iiomans pasHa 1. Ilo-
3TOMY HanOOJbIIas TUIOIMAAh paBHa 1.

4. Pewenue. CTpOUM TpPEYTOJIBHUK
ABC, touka C — mpousBojibHas. Touka
O — TOoYKa TIEpeceUCHUs IUaroHaICH
tpaneruun ADEB . Torma npsimas CO
mepeceder OTpe3ok AB B cepenune
(puc. 9).

5. Pewenue. B  paBHOCTOPOHHHX
tpeyronpHukax AOD u BOC wmenuma-
Hel CF u DK sBASIOTCA BBICOTaMU.
B mpsimoyronsHOM TPEYTOJTbHUKE
CFD wmegnana FM paBHa NHOJOBUHE

THIIOTeHY3bl, TO ecTb FM :%CD .

Amnanornyno, KM :%CD . Cpennss

nuHus TpeyroabHuka AOB, 0Tpe3ok
FK :%AB =%CD = AKFM — pas-
HocTopoHHMIA (puc. 10).

6. /loxazamenvcmeo. IlycTb BO BIU-
CaHHOM ueThlpexyronbHuke ABCD:
LCAD > ZBAC . OTnoXuM OT CTOPO-
uel  AD  yron  ZDAK = /BAC 4

(puc. 11). ZBCA=2ZBDA=> AABC ~ Puc. 10
~smkp A2 _AD (1): KD:M; £ABD = LACD;
BC AC AC

BK _ 4B

/BAK = ZCAD = AABK ~ AACD = =
CD AC
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(2): BK:%: DH+2)=

BC-AD CD-AB
+ =
AC AC
BD-AC=BC-AD+ AB-CD.
7. Pewenue. BK — BbICOTa IPSIMOYTOJIBHO-

KD+ BK =BD =

ro TPEYrOJIbHUKA SBO, IO3TOMY
SB* = SO - SK. Tlo cBOHCTBY KacaTebHOM 1 Puc 11
SK SM

cekymeit ~ SB*=SM -SN = ——="——=> ASKM ~ ASNO = /SNO =
SN SO

=/SKM = AZMKO+ LONM = ZMKO+ ZSKM =180°.  Cnenosa-
TENbHO, OKOJIO ueThlpexyroibHuka MKON MOXHO OmHCaTh OKPYX-
HOCTb (puc. 12).

8. Pewienue. 3aMEHMM HCKO-
MYyI0 CyMMYy KBaJIpaTOB BbIpaxe-
HUSIMH 4epe3 CKaJIIpHbIE KBajpa-
TBI BEKTOPOB, TOT'1a

MA* + MB* + MC* =
- (MO+04) +(MO +0B) +

+(%+%)2 =3MO* + 04 + Puc. 12
+OB* + 0C> +2M_0(&+ﬁ+o_c) = 3MO* + 04>+ OB*> + OC* = 6R*

mockonbky OA+ OB =0D =—-0C = OA+ OB +0C =0 (puc. 13).
9. Pewenue. Hano HaliTH pagnyc OKpY>KHO-
CTH, ONHUCAaHHOH OKoJI0 TpeyroiabHuka ABC, 00-
Pa30BaHHOTO TOYKAMU MOMAPHOTO KacaHUs JlaH-
HBIX OKpykHOcTeil. LIeHTp »TOil OKpyKHOCTH
SIBJIAETCS TIEpEeCeUeHNEM CPEINHHBIX MEepIeHIU-
KyJsipoB K xopaam AB, BC u AC, kortopsle, B
CBOIO OYE€pPEe[b, SBISIOTCS OCHOBAHHMSIMH PaBHO-
OellpeHHBIX TPEYrOJIbHUKOB C BEpIIMHAMH B
LIEHTpax oKpyxHocTell. [IoCKOIbKY BBICOTHI SIB-
TSIOTCSL OMCCEKTPUCAMHU, TO IIEHTP HCKOMOW OK-
PYXKHOCTH SBIISIETCSI TIepecedeHneM OMCCEKTPHUC
yroB O',0",0"" . 3HauuT, ICKOMAas OKPYKHOCTh
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Oymer Bmmcana B TpeyroasHuk AQO'O"0O" .
OOmue KacaTenbHBIE K OKPYXKHOCTSIM, IpPOBE-
neHHble uepe3 Touku 4, B u C mepecekyTcs B
omHoit Touke O , OTPE3KH KacaTenbHBIX OA,
OB, OC paBHbl. Tak Kak KacaTelbHbIE TIEp TMEH-
IUKYJSIpHBl JIMHUM LEHTPOB, TO Touka O —
LIEHTP OKPYKHOCTH, BIHCaHHOM B AO'O"0O" , a
OH — IIPSIMOYTOJIbHBIH TPEYTOJIbHIK.

Puc. 14

CrenoBaTensHO, S:%-3-4:6=%-(3+4+5)-r:r=1 (puc. 14).

3ansTue 3.
1. Pewenue. Hert. Ilycte a u b=2a — nony4yeHHsle uncna, S(a) u

S(b) — cymmbl ux uudp. Torma a+b=3a : 3 = S=S(a)+S(b) : 3,
YTO HEBEpHO, TaKk Kak S =44=2+3+...+9.

2. Pewenue. Ilyctp a+1=3" u a’+1=(a+1)x
x(a’—a+1)=a+1=3", a’—a+1=3", meN, ne N= cuenosa-
TEILHO, a HE JIEITUTCS Ha 3. Jaiee,
3a=(a+1)Y —(a’—a+1)=3"-3"=a=3""-3"" 4r0 BO3MOXHO
TONBKO, ecid n—1=0=a’ —a+1=3=a=2.

3. Pewenue. Tlpocroe uucino (a" —1):(a—1) u (a—l) — TIpocToe,
TTO3TOMY (a —1) =1 . Torma =2 . Jlaee Tmpu HEUYCTHOM
n=>Q2"+)3=n=2k=a"-1=2"+DQ2 - )22 -1=1=
=>k=1=>n=2.

4. Omeem: HeNb3s MPEJCTABUTH B YKa3aHHOM BUjIie yKcia | u yucna,
Ha 2 OONBIINE CTEIEHN IBOWKH.

3
5. Pewenue. ITycts p—qzn:>p+q=n3:>q=n2n=

_(n=Dn(n+1)

5 = cpeaH TpeX IOCIeI0BaTeFHBIX YHCEN OJJHO 00s3a-
: n’+n
TENbHO JENUTCS Ha TpH, MNO3TOMYy ¢:3 = n=2 = p= > =

=5=>p=5 qg=3.
6. Pewenue. O0s3arensHo. JlomycTHM, 9TO HANIIOCH XOPOIIIEE YHC-
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10 n=c,...c;8, TAe Cy,...,c, — LUGpsL, OpuueM c, #9 =>n+1=c,...c.9,

’
n+3=c..c, 1. UYucna (n+1), (n+3) HeueTHBl, a CyMMbl UX LHUDP
paBHBI COOTBETCTBEHHO ¢, +¢C,+..+¢,+9 U ¢ +c,+...+¢, +2 . Omn

CYMMEBEI OTJIIMYAKOTCA Ha 7, IIO3TOMY OJIHO M3 HUX YE€THO. Ho getHO€ umic-

710 He MOKET OBITh IeTHTeeM HedeTHoro. IIpotuBopeune.

7. Pewenue. Cymectsyer. Hanpumep, 5-2°°° wmn 2-5*% . IToka-
KEM, 4TO HepBoe YUCJIO ITOAXOOUT. I[H’I 3TOI'0 BBIIIUIIIEM BCE €TI0 ACIIN-
Tenm, KpaTHele 5: 5,5-2,5-2%,..,5-2"® | Ux mpomsseneHne Oymer ne-
muthes Ha 5 B 2009 crenienn u He Oynet aenutbes Ha 5 B 20010 cTeneHm.
CrenoBaTenbHO, MPOW3BEACHNE Beex aenureneil umema 5-2°"" Gynmer
kpatHO 10 B 2009 cTemenu u He kpaTtHO 5-10°""
okaHunBaeTcsi poBHO Ha 2009 HoOIb.

8. Pewenue. Moxno. IlycTh Ha JOCKe HamucaHbl 4YHUCIA

CTCIICHH, IIOOTOMY OHO

a,b,c,d,2009. Ha mecrte uncen a, b HanumeMm yucio x =c+d —2009 .

B HoBOM Habope x,x,c,d,2009 3ameHuMm umcna ¢, d Ha YUCIO

2009+ x—x=2009. Bwmecto wumcima x B ciuenxyomeM Habope
x, x,2009,2009,2009 namumem uwmcio 2009 +2009 —2009 =2009 .

B pesynbpTaTe monyunnm TpedyeMblii Habop.
9. Pewenue. BerareM U3 mepBoro tpexwieHa BTopoil. Ilomyunm, daro

OHH 00a HUMET oOmmi KOpeHbh C TpeXuneHoM ax’ +bx+c—
~((c=b)xX* +(c—a)x+a+b)=(a+b—c)(x’+x-1) = a+b—c=0,
b0 WX OOmMH KOPEHb COBMANaeT C OJHUM M3 KOpPHEH TpexdiieHa
C=x"+x-1. B nepoM cimyuyae umeeM a+b+2c =3ci3. Bo Bropom
cllydae MOJIydYaeM, 4TO €CI X, — OOLIMH KOpEHb TPeXwIeHOB A u

C=ax; +bxy+c+c(x; +x,—-1)=0=((a+c)x,+(b+c))x, =

b+c=0

10. Jokazamenvcmeo. VI3 ycnoBusi ciemyer, 4To 4ucia 102000/ pu

a+c=0 .
:0<:>{ =>a=b=-c=a+b+2c=0:3.

(101999-61) /b HMEIOT OJMHAKOBBIE NPOOHBIE YACTH. 3HAYHMT, YHCIO

102000 B 101999 .a B 102000 ‘b_101999 ‘ap

p b bp
10" ap:ip =10*"h:p = b p, MOCKONBKY (102000,p) =1, 9Tu uucna

nenoe. Torma 107°p—

44 YyebHoe nocobue

B3aMMHO MPOCTEHL.
11. Pewenue. Pazobbem umcna ot n’> mo (n+1)° Ha 1Be TpyMIIBL:

2 2 2 2 2 2
Anz{n o +1,...,n +n} U an{n +n+ln +n+2,..,n +2n}. Hnst
qucen Tpynmbl A, OmmkaiuM KBaapaToM SBISETCS n*, s ducen

rpynnsl B, GiwkaiiuiuM kBagpatom seisercs (n+1)° — kpagpar apy-

roil  YETHOCTH. Ho w3  paseHctBa  S(B,)-S(4,)=
=((n2+n+1)—(n2 +1))+((n2 +n+2)—(n2 +2))+...
+((n2 +2n)—(n2 +n))—n2 =n-n—n>=0 = Crenyer, 4T0 CyMMBI 4H-

cen B rpynnax 4, u B, paBHbl. OCTan0Ch 3aMETHTh, YTO BCE MHOXKECTBO
gucen oT 1 mo 999 999 paszbuBaeTcsi Ha HemNepeceKaroluecs Mapbl
AnuB, A ubB,,.., Ay 1By,.

12. Pewenue. Het, He cymecTByeT. JlokaxkeM METOAOM OT IPOTHBHO-
ro. MoxeM cumTaTh, 4TO @ — 4eTtHoe. Torma b, ¢ — Toxe 4erHbie. OT-

b+1
ctona— (b+1) u (c+1) oba HeuerHsie. Toraa no Teopeme Buera 1
a+
c+1
[ HeveTHbIe uncina. Ho cymma u mpou3BeieHre ABYX IENbIX YH-
a—+

ceJI He MOTYT OBITh OZIHOBPEMEHHO HedeTHbIMU. [IpoTuBOpeune.
3anstue 4.

1. Pewenue. OmycTuM U3 TOYKU A BBICOTY Ha B
cropony BC (puc. 15). [Tockoneky AM = MC,
AN | MH = NH = HC . VI3 ipsiMOYyTOITHHBIX

TpeyronbHukoB AANH v APBH wHaxomum
AN 2 AN 2

worpr =LH _LMH 1 vBh
BH 2BH 2

Hanee AANC ~ ABMC = ZNAC = Py o -
= /MBH = tg /NAH =tg /PBH = Tlo- A= M d
CKOJIbKY 3TH YTJIbI OCTPBIC, TO U3 PABEHCTBA Puc. 15

TAHT€HCOB cleqyeT paBeHcTBO yrioB. Torma <ZPBH +/AHB =
= /ZNAH + ZAHB =90".
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2. Pewenue. VimeeM nBa pa3nuyHbIX crioco0a joka3arenbcTBa. a) [lo-
nodue (puc. 16). AAED ~AABC = LFEB=/C, £LGDC=/B= FE =
=BE -cosZ/FEB =BE -cos ZC = BC-cos ZB-cos ZC . AHaJIOTUYHO HO-

kas3biBaercs, uto DG = BC-cos £B-cos ZC . 6) OxpyxHOCTh (puc. 17).
B

0 -
Puc. 16 Puc. 17

ITockonbky Touku £ u D nexatr Ha OKpY>KHOCTH, LIEHTP KOTOpPOH, TOY-
ka O, pemut otpesok BC Ha [Be paBHBIE YacTH, TO €CJH
OH | ED = EH = HD . llockomsky BO=0C wu BF ||OH|CG =
=>FH=HG=FE=DG.

3. Pewenue. Bo3amoxHbl ciydau a) u 0). PaccmoTtpum ciydait a). Co-
equHIM Toukd A 1 M (puc. 18, 19). OcHOBHAS TPYIHOCTHh — OOHAPYIKUTH

D al

. —V3
Puc. 18 Puc. 19

U Joka3ath momobue TpeyrodbHukoB AAOD ~AAOM wn ABOC ~

~ABOM . [na »storo pacemorpuM ZDAC=a; ZDBC=f=

ZAOB =o+[p kak BHemHHi yron tpeyronbauka OBC. ZAMB =

=2n—-£LMAO - ZAOB - ZMBO =21 —-20.— 2. Touka O paBHOynae-

Ha oT npssMbIX AD u AM , BCu BM, AD n BC . I[loaTomMy OHa paBHO-

yaaneHa oT npsaMeix AM u BM, to ects npsmas MO saBnsercs: duccek-

Tpucon yrma AMB: ZAMO = %AAMB =n—o—p=ZA0D. Aunanornu-

HO, Z/BMO = ZBOC'.
TakuM 00pa3oM, MOA0OUE YKa3aHHBIX TPEYTOJBLHHKOB JOKa3aHo. U3

AM 40 BM _BO AM_(AOT_kZ

BO

moo0us cienyer 10 4D BO B = i

4. PeweHue. Tpeyronpuukn %
AA'B'O ~ AABO; ABOC ~
~AC'OB' nono0HBI TIO 2 TpU3HA-
Ky, W3-3a Hagu4ms OOIIeH mapsl
CXOJICTBEHHBIX cTOpoH OB, OB'
KOO UIMEHTBI  TIOMOOHS  PaBHBL Puic. 20
CnemosarensHo, AABC ~AA'B'C'.

AmnanorngHo mokaseiBaercs, uto ABCD ~ AB'C'D' (puc. 20).
3anstue 5.

3agaua 1. Pewenue.

1. Yactusrii mpumep (puc. 21).

2. YactHblii crmyuait Ooyiee oOmei 5171 6 c d | ab
KOHCTPYKIIUH, Korma a,b,c,d — B3a-

-
.

]

b cd

Lad
Ln
=1

MMHO TpocTble uncna. Bee mpomssene- | -1 10 1| bd] ac] ]
HUS ToTIa paBHBI abced (puc. 22). Puc. 21 Puc. 22
3. Eme Oonee cuMmMerpuyHas KOHCTPYKIIHS, TIC ad| be| o

a,b,c,d,e, f — pa3nuuHble B3aMMHO IMPOCTHIC YHMCIIA
(puc. 23). bf | cd | ae
3amaua 2. Pewenue. bynem rpy3uTh MEUIKH Ha aB-
TOMOOWITB, TIOKa WX 00Ini Bec He npeBbicuT 4 T. Torma
CHUMEM TIOCTICTHUA MEIIOK W OTIIOKHM €TI0 B CTOPOHY. Puc. 23
B cnenyroleil morpy3ke OTJIOKEHHBIN MEIIOK HE y4acT-
ByeT. Tak moctynum 8 pa3. OOmuii Bec MepeBe3eHHOTO Ipy3a M OTJIO-
’KEHHBIX MEIIKOB Ooiblie, ueM §-4 =32 .3HauuT, 0cTasoch MeHbIIe 4 T,
KOTOpBIE MOKHO IEPEBECTU 3a JEBATYIO Moe3AKy. OTIOKEHHBIE MEIIKU
IepeBe3eM 3a JIB€ OCTaBIIUECS MOE3/KH, 10 4 Melka (MX Bec He OoJbIie
4 T, TaK KaK BeC OJIHOr'0 MEIIKa MeHbIIE 1 T) 3a OJIUH pas.
3amaua 3. Pewenue. He MoxeT. 3akpacuM B KaKJIOM KBaJIpaTHKE
4x4, 2x2, 1x1 mo ogHO# KieTKe. 3aMETUM, YTO OOIlee YHUCIO He3a-

ce | af | bd
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KpaIllEHHBIX KJIETOK (B KaXJI0M KBaJpaTUKe, a, 3HAUUT, U Ha BCEH JTOCKE)
kpaTHO 3. [1o3TOMY KOIHMYECTBO 3aKpallleHHBIX KJIETOK TpH JICICHUN Ha
3 maeT TOT K€ OCTaTOK, 4TO U 2009° , To ecTtb 1. CregoBarensHo, CyM-
MapHOE YHCIIO KBaApaTHKoB 4 x4, 2x2, 1x1 He MOXeT paBHITHCS
2009.

3amaua 4. Pewenue. Bo-iepBBIX, 3aMeTuM, |64 163 162 | 61 |60|59|58 |57
YTO B KaXJOW CTPOUYKE W B KAKIOM CTOIOIIE
CTOUT POBHO M0 OJHOM Jajane. [ToaTomy, eciu
BBIYECTh U3 BCEX YUCEN BTOPOM CTPOKH IO 8,
U3 BCEX YMCEN TpeTheil cTpoku — 1o 16, ... ,
U3 BCEX YHCENI BOCBMOH CTPOKU — MO 56, TO
CyMMa HOMEPOB KJIETOK, Ha KOTOPBIX CTOSAT 116 125 134 143 1:; 161 l?U g
JAJbH, YMEHBIIUTCS Ha
8(1+2+34+4+5+6+7) = 224 (puc. 24). Puc. 24

ITonsTHO, YyTO CyMMa OylneT MUHHMMAIbHOW, KOTAA JaJbH CTOAT Ha
HOJSIX ¢ MUHUMalbHBIMH 4uciaMu. Ho Ha momsax ¢ 1 He Moxer ObITh
OoJple ABYX Jajbeil, TaK KaKk OHU CTOAT TOJIBKO B JIBYX CTOJIOIAax, Ha
nonsix ¢ 2, 3, 4 — ananornyHo. [losTromy MuHMManmbpHas cymMma OyneT
paBHa 2(1+2+3+4)+224 =244. 3ameTumM, 9TO TOYHO TaK K€ pelIaet-

cs 3a7ada, KOrJa Haao Y3HATh MaKCUMaIbHYI0 cyMMy: 2(5+6+7+8) +

+224 =276.

3amawa 5. Peuwenue. Pazobpem Tabmuiry 10x10 mHa 25 kBagpatos
2 x2 . 3aMeTuM, 9TO B KOXXJIOM KBaJIpaTe PaCIOI0KEHO HEe Ooyiee 0qHOTOo
YETHOTO YHcia B He 0oJiee OMHOTO YHcia, aensmierocst Ha Tpu. CremnoBa-
TENIbHO, 10 KpaiiHel Mepe, 0 JBa YKciia B KaKIOM KBajpare paBHbI 1, 5
win 7. Takum 00pa3oM, B TaOIHIIE PACTIONOKEHO KaK MUHUMYM S50 -
cen 1, 5 wmm 7. [losTomy B Tabnuie Haljercs, Mo KpaitHed mepe, 17
OIMHAKOBBIX YHCEIL.

3amaua 6. Pewenue. [locMOTpUM, KaKk MEHSETCS CyMMa QP duciIa
Npy PUMEHEHHUHU orlepanyu. Ecin 4ncino okaHuYMBaioch Ha & JICBSTOK,
rae k>1, To npu npubOaBIeHNN SAWHMIBI 3TH BCE k NEBITOK 3aMeHS-
I0TCS Ha HYJIH, a CTOSIIas epel HuMu mudpa yBenuduaercs Ha 1. 3Ha-
YUT, K CyMMe (P npudaBisercs (1 —9k). Ecmu k=0, To ects uncio

HE OKaHYMBaeTca Ha 9, TO mocienHss mUQpa yBenuuuBaercs Ha 1, a
cymma 1udp Toxe yBeiauuuBaeTcs Ha 1: 1—9k =1. Takum obpazoMm, kK
cymMMme mudp Kaxziple pa3 mnpubasnsiercs | u Bbuutaercs 9k, raoe k —
KOJINYECTBO JIEBATOK, KOTOPHIE MpEeBpaIaoTcs B Hy u. B Havane cymma
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mudpp pasHa 15, a B xomme— 1. Tak xak 1=15+400-414=
=15+400—-9*46, momy4aeM, 4TO B MPOIECCE BBIYUCICHUI 46 NEBATOK
NpEeBPaTWIIUCh B HYJIU. B KOHIIE B YHCJE OCTAJIOCh S5 HyJjeH, MO3TOMY
KOJIMYECTBO HCYE3HYBLIMX (TpeBpaTuBIIMXCS B 1) Hyned paBHO
46 —-5=41. MomenTsl, koraa mudpa 0 mpeBpamaercs B 1 — 370 B TOU-
HOCTH T€ MOMEHTHI, KOTJa YHCJI0O B KOMITbIOTEpe OkaHumBaercs Ha 0.
3HAYUT, HE CUHUTAs CaMOT0 IOCJIETHEr0 MOMEHTa, YHCIa, OKaHYHBAlo-
mruecs Ha 0, MOABISLINCH B KoMIbioTepe 41 pa3. C y4eToM IMOCiIeIHero
YHUCJIa UICKOMOE KOJIMYECTBO paBHO 42 pasa.

3amaua 7. Pewenue. Cmoxet. OH TOJKEH pa30uBaTh m3duparesneit Ha
TPYMIIBI TaK, 9TOOBI B KQXKIOM Type B TPYyIINax, I/ie MOOeAUT OMITO3UIIHS,
He OBUIO €r0 CTOPOHHHKOB, a B TPYIIAaX, I/I€ MOOSAUT OH, €r0 CTOPOHHU-
KM COCTaBIISUTH MHUHUMAaJIbHOE OOJBIIMHCTBO. B naHHOM ciydae, umes
3" <200 000 cTOPOHHUKOB, OH MOKET YCTPOUTH 10 — CTeneHHbIe BHIOO-

pBI: B caMOi MaJIeHBKUX Tpymmax — 16 4eloBek, B CIEeIyIOMHUX: BO BTO-
poii — 4 BeIOOpIINKA, B TpeTbed — 4, ..., B JECATON — 5 BBHIOOPIIMKOB.
Mupadnopec TOKEH paclpeeluTh CBOUX CTOPOHHHKOB Tak: B 3° Ma-
JICHBKUX TPYHIM MO0 9 CBOMX CTOPOHHHUKOB, B JPYTHe — HU OJHOTO U TaK
Jajee B COOTBETCTBHM C MPUHLUMIIOM, C(OPMYINPOBAHHOM B Hadaie pe-
LICHUS.

3amaua 8. Pewenue. Jlerko TNPOBEpHUTHh, YTO TPOWKA YHCET

x=6a’+1, y=—6a’+1, z=—6a" sBISETCA PEIICHHEM HAIIETO ypPaB-
3 3 3
HEHUS OpU BCEeX LEIBIX  a: (1 +6a3) +(1—6a3) +(—6a2) =

=143-6a’+3-6°a°+6’°a’ +1-3-6a’ +3-6’a* - 6’a’ —6°a’ = 2.
3anmaua 9. Pewenue. [IpoOyeM paccTaBUTh B CEPEAMHAX CTOPOH YUCIIA
u3 apudmMeTHuecKoi mporpeccuu ¢ marom 1. /lanee cTpouM mocieaoBa-
TENBHOCTh YHCEN CIACAYIONIMM 00pa3oM, TOYKH COOTBETCTBYIOT BEpILH-
HaMm 13-yrompHUKa, B KOTOPHIC BITUCHIBAIOTCS YUCIIA JAHHOMN MOCIIEI0BA-

TENBHOCTH:
26 19 25 18 24 17 23 16 22 15 21 14 20 26

L] 2 L] 3 L] 4 L] L] 13 L] 1 e -
) — — ——
47 47 47 47 47
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3andarue 6.

1. Pewenue. lyru KD u DM pas-
Hbl. [lokaxem, uto xopast KN u DE
paBubl: ZDEA=90" = DE | MN = cre-
qyomue  gyru  paBusl DM = NE;
KD =NE; KDN =DNE = KN =DE =
= DE = MC + NC, NOCKOJIbKY Tpamerus
DNME — paBrnoGenpenHas (puc. 25).

2. Pewenue. A'C' — cpenHss JTHHHI K
TpeyroibHuka, M — ee cepeaunHa. Boc-
CTaHOBUM NEPIEHAUKYIISP U3 TOUKU M 10
nepeceueHuss ¢ ocHoBaHnueM AC Tpe-
yrojiibHUKa. MB' — BbICOTa M MeJlMaHa,
3HauuT, TpeyroibHuk A'B'C' — paBHO-
oenpennbiii. Touka 0 cuMMeTpudHa B'

OTHOCUTECIbHO A', Touka P — cuMMeT-
puuna B' otHocurensHo C'. Jlerko mo-
Kasarb, 9TO TPEyroibHuK PQOB' paBHO- Puc. 26

OenpeHHsIi (puc. 26).

3. Pewenue. Touka Q' — mepecedye-
HUE OHMCCEKTpUCH yria A ¢ OmMcaHHON
OKPY>KHOCTBIO. Torga ZABA' =
=/AB'A'=Z4Q0'C = LA'B'C+
+/4'Q'C=n= B'A'Q'C - BOUCaHHBII
YeThIpexyroiabHuK. [10CKOIBKy ueThIpex-
yroibHUK B'A'QC — BHHCAaHHBIA TOXE,

Puc. 27

To Toukn QO u Q' comanator. Toraa
'=Q = QB =0QC=(QB', I0CKOIbKY TOUYKH B, B' cHMMETpUYHBI OTHO-
cutenbHO OrccekTpuchl yria A. Toraa tpeyronsauk B'QC — paBHOOe-

PEHHBIN, KacaTenbHas K OMUCAHHON OKpPY)KHOCTH, IPOBEJCHHAS B €ro
BEpIIIMHE, TapaJieIbHa OCHOBaHUIO (puc. 27).

4. Pewenue. [lycte P — cepeauna oOriei xopabl BM NaHHBIX OK-
pY>KHOCTEH, a Touka K — cuMMeTpu4Ha Touke C OTHOCUTENBHO TOUKH P.
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Torna, oueBuAHO, K MPUHANTIEHKHUT A M
OKPYXHOCTH C IICHTPOM B TOYKE
O', nmpuuem KMDA — mnapanie- P
norpamm. TpeyronbHuk AMK Bnu- «0
CaH B OKpPY)KHOCTh paamyca R ¢ B 7C
neHTpoMm B O'. Tak Kak Tpeyrob-

uukd AMK w AMD paBHbI, TO

PaBHBI ¥ pajinychl ONMMCAHHBIX BO- A D

KpYyT HUX OKpYy>KHOCTeH (puc. 28). Puc. 28

3anstue 7.

1. Pewenue. Ilocne Kaxmol omepanud CyMMa YHCEN TOJDKHA OBITh
HEYETHOM, TaK KaKk YEeTHOCTh He MEHSIETCS B IpoIlecce MpeIoKEHHOTO
neiictust. [Tocne 10 omepanuii ocTaBieecs YUCIO TOIHKHO OBITH HEYEeT-
HBIM, TO €CTh 1.

2. Pewenue. IHBapraHnTOM OyAET CyMMa PacCTOSIHHI OT TIEPBOMU €Il-

Ku 10 umked. B Hauane ona paBHa (0+1+2+3+4+5)-10=15-10=

.( o

=150 M. [lycth umxu MOTyT coOparbcs Ha ogHOW enke. Torma cymma

paccTosHU# paBHa 6x, TOe X — paccTOsSHHE J0 AaHHOW enmku: 6x =15.

[Tomyuaem npotuBopeune. Ecnu enok 7, To Takasi cUTyanus BO3MOKHA.
3. Pewenue. Her, Henp3s. VMHBapmanToM OymeT YETHOCTh CYMMBEI

HalMCAHHBIX YKCEI: Zon =%-2009 — HeueTHoe uucio. 1Ipu 3a-

JAHHOHM OTepallii YEeTHOCTh CyMMBI COXPaHSETCS, a CyMMa KOHEUYHas
JOoJDKHA cTaTh 0, TO €CTh YHCIOM YETHBIM.

4. Pewenue. 3aHyMepyeM CEKTOpa Mo Kpyry umciamu ot 1 mo 6. 1
JUIS JII00OW PACCTAaHOBKU (PUILNEK PACCMOTPHM CICAYIONIYIO BEIUYHHY
S — CyMMy HOMEPOB CEKTOPOB, B KOTOPBIX CTOSIT JIaHHBIC HAM (DUIIKH (C
y4eToM KpatHocTh). S, =1+2+...+6=21. O4eBuaHO, 4TO NPHU CIABHIE

(UK B COCETHUI CEKTOpP COOTBETCTBYIOIIEE €if claraeMoe B CymMme S
MEHSIET YETHOCTh, 3HAYUT, €CIIU CABUTAIOTCS OJJHOBPEMEHHO JBE (HIIKH,
TO YETHOCTh BEIMYHMHBI S HE MEHsETCs, OHAa MHBapuaHTHa. Eciu Bce
¢uiky OyayT CTOSTH B OTHOM CEKTOpe, Toraa S =6a — YHCIIO YEeTHOE.
[ToyyaeM, 4TO YETHOCTH HAYaJIbHOW M KOHEYHOW CYMM HE COBIAJAIOT, -
npoTtuBopeune. Hemb3st coOpaTh Bce QUILIKH B OTHOM CEKTOPE.

5. Pewenue. [Ins mo6oro Habopa U3 1 4HCENT HAa JOCKE PACCMOTPUM
CIICIYIOIIYIO BeIMYMHY X: CYMMY BCEX YHCell, YMECHBILICHHYIO Ha 71 . J{o-
MyCTUM, YTO ¢ HAOOPOM MPOU3BEICHO OIMCAHHOE B YCIOBHHU TPeoOpa3o-
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BaHue. Kak MokeT MeHAThCS BBeZieHHas BennunHa X? Ecnu cymma Beex
yucena Habopa, KpoMe a ¥ b, paBHa S, TO 10 peoOpPa30BaHUs BEIHUHNHA
X paBusmace X =S+a+b—-n , a nmocne npeobOpaz’oBaHUA —
X=S+(a+b-1)-(n-1)=S+a+b—n. HUrak, X— unBapuanr. Hc-
xomHo, X =(14+2+...+20)—20=190. 3nauut, mocie 19 omepanuii 3Ta

BEJIMUMHA JOJKHA OCTaThcsl Takoi xe. Ho ¢ apyroil cTopoHsbl, 1O CBO-
emy onpeaeneHuo, X = p—-1=190= p =191.

6. Pewenue. B xauecTBe MHBapHaHTa pacCMOTPUM CIEAYIONIIYIO Be-
JUYMHY: IPOU3BEACHUE BCEX YHUCEN Ha JIOCKE, NMPEABAPUTEIBHO YBEIU-
yeHHbIX Ha 1. Torga sTa BelMUYMHA 10 U MOCTE ONepanuii paBHa COOTBET-

CTBEHHO: X, = H(a +1)(b+1) m X = H(ab +a+b+1) . IlockombKy
(a+1)(b+1)=ab+a+b+1, To naHHas BeIMYMHA SBJIICTCS UHBapUaH-
toM. Torma X, =X =2-3-...-21=21l=p+1= p=21I-1.

7. Pewenue. IHBapUaHT — KOJIMYECTBO KYCKOB MHUHYC KOJHUYECTBO
CIeNaHHbIX pa3noMoB. OTBeT: 23.

8. Pewenue. Ilpm nepekpammBaHuy CTPOKH WM CTOJIOIA KOJIHYECT-
BO KJIETOK OJTHOTO I[BETa U3MEHSETCS Ha 4eTHoe 4ucio. [lepBoHayanbHO
ObL10 63 OeNbIX KIEeTKH, TorAa 64 OeNbIX KISTKH MOSBUTHCS HE MOTYT.
3ansarue 8.

1. Pewenue. PaccMOTpUM TOJNBKO yIIIOBBIE KiIeTKU. [Ipu mto6om me-

PCKpalIuBaHu CTPOKHU WJIN CTOJ'I6]_Ia MCHJCTCA IUBCT Y YETHOI'O UX YHUCIIA.

HedeTHOCTD 4epHBIX YTIIOBBIX KJIIETOK — MHBAPHAHT.

2. Pewenue. Her. Hamo paccMOTpeTh B KaueCTBE MHBApUAHTA OCTa-
TOK OT JieJieH!s Ha 11 pa3HOCTH MEX/Ty KOJIMUYECTBOM PyOJeH  JI0JUIApOB.

3. Pewenue. Het. PaccMoTpuM cucTteMy KOOpAMHAT C HA4YajliOM B
TOUKe, T/e pacronoxkeHa ¢umka. Onpexenum cymmy (i + j) — CyMMy
KOOpAMHAT (UIIKH T10 X, . JTa BEIUYNHA MOXKET JIHOO YBEITHUYHUBATHCS
Ha 1, TnO0 ymeHbImaThes Ha 2. EcH paccMOTpeTh M3MEHEHUE DTOW Be-
JIMYMHBI IO MOAYJMIO 3, TO OHO PaBHO Bcerda 1. 3a MHBapHAaHT BO3bMEM
I,=i+j—n, n — KOIUYECTBO CHeNaHHBIX X010B. ITycTs / — ocTaTox

ot neneHus [, Ha 3, stoT MHBapuaHT paseH 0. KommuecTBo caenaHHbIX
x0710B paBHO (c> —1), T/ ¢ — JUINHA CTOPOHBI KBaapaTa. JJOKHO GBIT:
1—(c*—=1)=0(mod3) < 2 — ¢ =0(mod3). OTaenbHO MOXEM MOKa3aTh,

2
4YTO ¢° —2 He JenuTcs Ha 3 HYA MpH KaKOM HaTypajJbHOM 3HAYEHUH C.
4. Pewenue. OTBeT: HET, HE MOXeT. [lycTh a, b U ¢ — KOIIHYECTBA Ce-
pBIX, OYpBIX M MaJMHOBBIX XaMEJICOHOB. Torja BO3MOXHBI MpeBpaliie-
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HHAS  BHA: (a-1,b-1,c+2) wm (a-1,b+2,c-1) wnm
(a+2, b—1, c—1). BugHo, 4T0 pa3sHOCTH MEXy YUCIIaMU HAObOpa MO0

HE MCHSIFOTCS, 00 Nenarcs Ha 3. 3HAYMT, OCTATKH MU JACICHUH Ha 3 He
MEHSIOTCS, OHUM  WHBapuaHTHBl. Ho B Hawame  mporecca
a—b=13-15=-2, a B ciydae, eciM BCE XaMEJICOHbI MAaJMHOBHIC,
a—b=0-0=0. [Iporusopeune.

k=3 k4 k6

Puc. 29 Puc. 30 Puc. 31

5. Omeem: HeT. JloKa3aTeNbCTBO MPOXOIUT IO SAUHON CXEMe: OTMe-
TUM HEKOTOpPOE YMCJIO BEPIIUH, 00Jaal0NUX TeEM CBOMCTBOM, UTO JIIO-
0ol HAOOp W3 k BEPIIMH MOAPSI COACPIKUT YETHOE YHUCIO OTMEUCHHBIX
BepuH (puc. 29-31).

B kadecTtBe MHBapHaHTa PacCMOTPUM IIPOW3BENIEHHE BCEX YHCEN B
OTMEUEHHBIX BepinHaxX. BHawane oHO paBHO (—1), 3aTeMm, KOTa YUCIO
CMECTHJIOCH B COCEHIOIO CJIeBa HEOTMEUEHHYIO BEepIIHHY, paBHo 1. UH-
BAapHUaHTHOCTb BBCHCHHOﬁ BCJIMYUHBL CJICAYET M3 OIIMCAHHOI'O BBIIIC
CBOMCTBa MHOKECTBA OTMEUCHHBIX BEPILIUH.

6. Pewenue. Ilycts a,,a,,a,,...,a, — IpOU3BOJIbHAS IEPECTAHOBKA U3

n

gucen 1,2,3,...,n . ByoeM roBopurs, 4To 4HClIa g; H a, o0pa3yrT B
5TOM MEPEeCTaHOBKE MHBEPCHIO, ecu Wit i< j a,>a;, T.e. Oonbliee

YHCIIO MpeAlecTByeT MeHbleMy. [loMeHsB MecTaMu JiBa COCETHUX YHC-
Jla B IEPECTaHOBKE, Mbl YBEJIMUUM WJIM YMEHBIIUM YHCIIO UHBEpcUi Ha 1.
IIponenas >xe HeYETHOE YMCIIO TAKUX ONEpalUid, Mbl U3MEHUM YE€THOCTb
YHcila HHBEPCHH, a 3HAUNUT, H3MEHUM U TIEpECTaHOBKY.

7. Pewenue. Kaxxaplii pa3 4uciao KyCOYKOB yBeIMUYMBaeTcs Ha 9, To

ecth 2009=1+9% =k = @ ¢ N. Ot1Ber: HE MOL.

8. Omsem. Het, He MOTYT. B KauecTBe MHBapuaHTa PacCMOTPHUM pa3-
HOCTH MEX]Ty HauOOJIBIIUM ¥ HAUMEHBIIIUM U3 YHCEI.
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3angrue 9.

1. Pewenue. IlocMOTpUM, YTO MPOUCXOAUT C CYMMOM BCEX 4YUCEN B
TabnuIe py 3amaHHon oneparnu. OHa yBEIHYNBACTCSA, €CIIH CyMMa 9h-
CeJl Ha U3MEHICMOMN JTMHUH OTPUIIATEIIbHA, YMEHBIIACTCS, €CIH 3Ta CyM-
Ma TIOJIOKHTEIbHA, U OCTaeTCs HEeM3MEHHOH, ecnu cymma paBHa 0. 3Ha-
YUT, €CITU B TaONHIIE €CTh JUHUS C OTPUIATEIFHOW CYMMOW HYHCEN, TO
MIPH TIOMOIIY 3TOH OTNEepalvy Mbl YBEITUYUM CyMMY BCEX YHCEN B TaOIH-
re. Ho Moxer 1 cymma Bcex dncet TaOIuIbl yBETNIUBATHCS TTPH TAaKUX
omepanuax OeckoHeuHoe yucio pa3? KoHeuHo HET, Bemb dTUMHU OIlepa-
IUSAMU MOXXHO TIOJIyYUTh JIUIIb KOHEYHOE YHCIIO PA3IMYHBIX TaOIUIL.
JleiicTBUTENBHO, YHCIIO, CTOSIIEEe B JNaHHOW KJIETKe, JIMOO COBMAIaeT C
HUCXOJTHBIM YHCIIOM, JINOO OTIMYAeTCs OT Hero 3HakoM. [loaTomy komm-
4ecTBO Tabmuil 3aBeioMo < 2" | ¥, 3HAUNT, CyMMa BCEX YHCEI TAOIUIIBI
MOJKET MPUHUMATH JINIIh KOHEYHOE YHUCIIO pa3IMyHBbIX 3HaueHWi. Pac-
CMOTpPHM TeTeph UCXOAHYI0 Tabiuiry. Beibepem B Heil muHUIO ¢ oTpHIia-
TENBHON CyMMOU 4ucen (eciii Takux HeT, TO 3ajaya perieHa). [Ipume-
HUM Hally OMepanuio K 3TOW JWHWUU. B monmyueHHOW TaOuuIEe omnsTh
HalieM JTMHUIO C OTPUIIATEIFHON CyMMOM 4yuces, MPUMEHUM Hally ofle-
paIuio, MOJIy4YUM CJICIYIONIYIO Ta0JIUIly U TaK Jajee.

2.  Pewenue. IlpoBemem n o0T-

PE3KOB C KOHIIAMH B JJAHHBIX TOYKaX.

Ecnu Hukakue 1Ba M3 HUX HE Tepece-

KaroTCs, TO 3aj1ada pemreHa. B mporus-

HOM CIIy4yae pacCMOTPHM Iapy Iepe-

cekaromuxcsi otpe3koB AB u CD . B B
KauecTBEe UCKOMOU OTIepamyy yMEeCTHO C

PacCMOTPETh 3aMeHy TMePECEKArOIINXCS Puc. 32

D

otpe3koB AB u CD Ha Henepecekaromuecsi otpesku AC u BD. Ocra-
JIOCh HAWTH MOJYWHBApUAHT — BEJIMYMHY, KOTOpas MpU 3TOH Onepanuu
BeleT ce0s MOHOTOHHO. Tak kak cyMma JUMH auaronained AB m CD
BBITIYKJIOTO YeThIpexyroyibhuka ABCD Oomble, 4eM CyMMa JUTAH TIPO-
TUBOMOJOXHBIX CTOpoH AC u BD , B KauecTBe MOJYyWHBAPUAHTA MOXKHO
B3ATh CyMMY JUIMH BC€X W OTPE3KOB. SICHO, YTO CyMMa MOXET MpPHUHU-
MaTh JIMIIIb KOHEYHOE YMCIIO 3HAUCHHH. Paccyxias aHAIOTUYHO Tpeabl-
Jylied 3amave, B KOHIIE KOHIIOB, MOJyyaeM Habop U3 7 OTPE3KOB C MHU-
HUMAaJBbHOW CcyMMO# amuH. HeTpyTHO MOHATH, YTO B HEM HUKAKHE JBa
OTpe3Ka He mepecekaroTcs (puc. 32).

3. Pewenue. Pa300beM mapiaMeHT Ha MajaThl IPOU3BOIBHBIM 00pa-
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3oM. Ecnu y kaxkaoro mapiaMeHTapus Ipu 3TOM B OJHOM ¢ HUM IajaTe
He OoJiee OHOTO Bpara, TO TpeOOBaHUE 3alauyd BBHIIOJIHEHO. B mpoTus-
HOM CIIy4ae pacCMOTPHUM NapiaMeHTapus A, y KOTOPOIro B OAHOM C HUM
rajare He MEHee JIByX BparoB. B kauecTBe MOJyHMHBAapHaHTa PaccMOT-
PUM 4YHCIIO Hap BparoB, HaXOAALIMXCsS B omHOW manare. [lonsTHO, 4TO
nepemenias 4 B Ipyryro najaaTy, Mbl YMEHbIIAEM 3TO 4ucio. 11 MbI 3Ha-
€M, YTO UHBapUaHT NPUHUMAET JIUIIb KOHEYHOE YUCIIO 3HAUEHU.

4. Pewenue. Paccagum prillaped 3a KPYIVIBIM CTOJOM IIPOU3BOJIb-
HbIM oOpa3oMm. Ecnu mpu 3TOM HOIydMTCs, YTO HUKAaKHUE [Ba Bpara He
CHUJAT psiIOM, TO 3aJaya penieHa. B mpoTUBHOM cilydae paccMOTPUM pbI-
uaps A, CuAsIero ciesa oT cBoero Bpara B. Kak u B npenpinyueii 3aga-
ye B KauecTBe IMOIyHHBapHaHTa pacCMOTPUM YHCJIO TIap BparoB-coceei.
HyxHO mpuayMaTh onepannio, yMEHBIIAIONIYIO 3TO YUCIO. JTO U €CTh
camas cJIOKHas yacTh pemeHus. Cpenu npyseil peinaps A 00s3aTebHO
Haiercs Takoi peinaps C, 9TO ero mpaBblil cocen D — npyr peiuapsa B
(nHade y peimapss B BparoB Oonee N —1). Temeps «pa3BepHEM» BeCh
ydacTok ctona oT B 10 C B oOparHyio ctopoHy. [Ipu »ToM peinaps B
cTaHeT cocenoM peiuaps D, peinaps C— cocenom poiapsa A. Octanb-
HBIE Iapbl cocelnedl He u3MeHstoTcs. ClienoBaTenbHO, MOJyHMHBAapUAHT
yMeHbImuTCs (puc. 33-35).

r2f C
A

B D
Puc. 33 Puc. 34 Puc. 35
5. Pewenue. O603Ha4uM 4yepe3 S, CyMMYy 4YHCEN, 3allMCaHHBIX Ha

OKpPY>KHOCTH Tocje m -ro mara. [lokaxem, 4To B pe3yibTare KakJoro
miara cymMma yTrpauBaercsl. B camoM nene, eciiu 4uciio a BXOAUT B HEKO-
TOPYIO cyMMy S, , TO B cyMMy S, ., OyAyT BXOIUTH Hapsly C a TaKkxKe

m? m+1

(a+b) u (a+c), Tne b u ¢c— cocemuue ¢ a yucina. TakuMm oOpa3om,
S .,=35 =3"-8,8=6=>S8 , =23"=>5=2.3".

m+l m+l

6. Pewenue. Het. ITocMOTpUM, KaKk MEHSETCA MPU 3TOW Olepanuu
OCTaToK OT AeneHus yucna Ha 7. [lycts b — mocnennss mudpa umcna.
Torna ono umeer Bun 10a +b, a B pe3ynprare NpUMEHEHHsI OTEPaAIN

nonyuaercss a +5b . Iockonsky 5(10a +b)—(a+5b)=49a:7, To ocra-
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TOK YMHOXaeTcs Ha 5, TO €CTh €CJIM UCXOAHOE YHUCIIO AETHIOCh Ha 7, TO
BCE YHcClia, MOSBISIOIIMECS Ha TOCKe, TOXe OyayT nenutbes Ha 7. Cre-
nosatensHo, 2008’ HuKOTrMa He GyeT MoIydeHo.

3andarue 10.

1. Pewenue. 3aaeM, uto OB, pamnyc OIMMCAHHON OKOJO TPEYTOJb-
Huka ABC okpyxHOCTH, OyAeT B 2 pa3a MeHblie HA', paguyca onucas-
HOW oKkosio TpeyronbHuka A'B'C' OKpPYyXKHOCTH. AG:GK =2:1;
=42 = AH:0K=2:1 = AAHG ~AGOK = ZHGA = ZKGO;
ZAHG = ZGOK = AAHG ~AGOK = ZHGA=/ZKGO; ZAHG =
= /GOK = paBHble yribl 00s3bIBalOT TOUKy (G JeXaTh Ha OTpe3Ke
HO (puc. 36).

2. Pewenue. Ilycth

56 YyebHoe nocobue

|=EF ||AC=A4EB u
ABFC - paBHOOEIpEH-
HbIC, ¥ B HUX CPEIUHHBIC ’
MEPIICHANKYISIPEl  Tpe-
yronbHuka ABC SBISIOT-
Csi OJHOBPEMEHHO OucC-

CeKTPUCAMH,  IO3TOMY /
Touka O — TICHTP BIH- AN /
CaHHOM B TPEYTOJLHUK \ BF’/I
EFK oxpyxunoctu. Ilo- o
ckonbky EO, FO — 6uc- Puc. 36

ceKTpuchl, 3HauuT, KO — Toxe Oouccekrpuca yria 4AKC. Ocranock oka-
3arh, 4to BK — Omuccekrpuca yrna AKC. [l 3TOro paccMOTpuUM Tpe-
yronbHUK ACK ¥ 3aMeTHM, YTO TOYKa B — IIEHTP BHEBIHCAHHON B 3TOT
TPEyroJbHUK OKpYykHOCTH. Tak kak AB u BC — 6uccexTpucsl yrinos EAC
u ACF cootserctBeHHO, TO BK — Guccektpuca yria AKC. 3HauuT, T0Y-
ku B, O, K nexxar Ha oiHo# ripsiMoid (puc. 37).

3. Pewenue. Yrael /KCF = ZEAK paBHBI, IOCKOJBKY COCTOST 00a W3
NpsSIMBIX YIII0B ¥ paBHbIX yriaoB OAK u KCO . Eciu 6s1 BK Oblia Ouc-
cektpucoil, To B AEFK: EB:BF =EK :KF =EA: FC, Tak Kak OT-
pe3KH KacaTelbHBIX paBHBL. Eciu 061 BK Obla M OMCCEKTPUCON U BBICO-
Tol, T0 AEAK ~ AKFC . Toraa noiineM ¢ konua: Ha AC OTJIO0KUM TOUKY
K Tak, YTOOBI AK : KC=FA: FC = AEAK ~ AKFC =
EK :KF = EB:BF = BK — o6uccekrpuca yrma AEFK (puc.38). U
uMeeM U3  1omobus  TpeyroiabHUKOB AEAK ~AKFC , dro

Z/EKA=/FKC = /AKB= /BKC =90" = BK — Bbicota. Uto u Tpe-
00BaJIOCh 10Ka3aTh.

Puc. 37 Puc. 38

3anstue 11.

1. Pewenue. IlpeanonoxuM, 4To 3TO BO3MOXKHO. PaccMoTpuM ToTr1a
COOTBETCTBYIONIMIA Tpad. B aTom rpade 15 BepiivH, CTEHIEHb KaXI0TO
13 KoTopbix paBHa 5. IlojcumraeM KoJaMuecTBO pedep B 3TOM Tpade:
15-5
- [IpoTuBopeune ¢ TeM, 4TO 3TO YUCIIO JOKHO OBITH IENBIM.

2. Pewenue. Ecau 051 3TO OBUIO BO3MOKHO, TO MOXKHO OBUIO OBI Ha-
pucoBatb rpad ¢ 30 BepmmHaMHU, 9 U3 KOTOPBIX MUMENU OBl CTENEHb 3,
11 — crenens 4, 10 — crenens 3. Torna y takoro rpada Obuto 061 19 He-
YEeTHBIX BEPIIUH, YTO HEBO3MOXKHO.

n-3 o 0
3. Omeem: Het, Tak kKak —— # 100.
2 i °

4. Pewenue. IIpeanonoxum, 4To eCTh ° o
2 mpou3BONBHBIX TOpoja A U B, KoTopsle o ° 0...-/7—0 B
He coenuHeHsl Apyr ¢ apyrom. Ilo ycio- o /
BUIO BBIXOJWT Takas KapTwHKa. [lomyuda- \ 0 o
ercs, 4rto B cTpaHe 2-8=16 ropomos. ° °
IIpotuBopeune (puc. 39). Puc. 39

5. Pewenue. PaccMOTpUM KOMIIOHEHTY CBA3HOCTH rpada KOBPOJIHMHUH,
CoJiepIKalyto cTONMUIYy. HaM HyXHO [0Ka3aTh, 4YTO OHA COJEPXKHUT TaK-
ke U jgansHui. [Ipenmnonoxkum mpotuBHOe. Torga B 3TOM KOMIIOHEHTE
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CBSI3HOCTH M3 OAHOM BepIIMHBI BBIXOAUT 21 pedpo, a M3 BCeX OCTab-
HBIX — 10 20 pedep. Takum 00pazom, B 3TOM rpade TONBKO OIHA HEYeT-
Has BepiuHa. [IpotuBopeune.

5. Pewenue. VI3 ycnoBus 3aiaud cienyer, 4To rpad IOpor B 3TOU
3ajaue — AepeBo. Y 3TOro JepeBa eCTh BHUCSAYas BEPLIMHA, YAAIUM €€
BMecTe ¢ peOpoM, KOoTopoe W3 Hee BBEIXOAUT. OcTaBIuiics rpad Takke
siBIIsieTcst iepeBoM. [103ToMy y Hero Takke ecTh BHCS4as BEpLIMHA, KO-
TOPYIO MBI yJIAJIUM BMeCTe ¢ peOpoM, KOTopoe U3 Hee BeIxoauT. IIpone-
naB 31y omeparuio 100 pa3, MBI TOyIUM Tpad, COCTOANTUN W3 OTHOU
BEPLIMHBI, B KOTOPOM, KOHEUHO, HET pedep. [ToCKOIBKY MBI KaKIbIH pa3
yAaNsId POBHO OJHO pedpo, TO M3HAYaidbHO y Tpada O0puto 100 pebdep.
Urak, B crpane 100 nopor.

6. Pewenue. B Tpade-ceTke Ha0 yIaINTh KaK MOXXHO OOJbLIe pe-
Oep Tak, 4TOOBI OH OCTaJCs CBSA3HBIM. bynem yOupats pedpa 1o Tex mop,
MOKa 3TO BO3MOXKHO. 3aMETHM, YTO €CJIU B Tpade ecTh LUK, TO BO3MOXK-
HO yzaajieHue Jar0oro pedpa atoro nukiaa. CBA3HBIN rpad), HE UMEIOLIUHA
LIUKJIOB, SIBJIsIETCS AepeBOM. 11oaToOMy TONBKO mocie moiyuyeHus AepeBa
MBI HE CMOXeM OoJblne yopaTh HH omHOTO pebdpa. [lomcunTaeM uymcio
pebep B Hamem rpade B 3TOT KOHEUHBIH MOMeHT. KonuuecTBo BepIinH
ocranock npexxHum: 51-601=30651 . Uucno pebep B nmepeBe Ha 1
MEHBIIIC YHMCIIa BEPIIUH, CIeI0BaTeILHO, B HalieM jepeBe Oyaer 30650

pebep. Crauana sxe ux 6puto0 601-50+600-51 = 60650 . Takum 0Opazom,

MokHO ynamutb 30000 pebep, TO ecTh y BOJEHOOIBLHONW CETKH MOXKHO
niepepe3ath 30000 BepeBouek, HO He OoJiee, ITOOBI OHA HE pacnanacn

7. Pewenue. Hanmmem 1md-
pBl Ha JIMCTKE, COCAMHUM CTpell- 9 “'---.,l
KaMH Te, KOTOpPbIE MOTYT CIIEeJI0-
BaTh Npyr 3a apyrom (puc. 40).

Teneps sICHO, YTO EPBOM UAET 7,
7_____‘_’8————94

3ateM 8 u 4. Ilockonbky 8 yxe

HCITOJIE30BAHO, TO CTPENIKH, HUIY- \
nme B Hee, Hajo yopats. [locne 4 )
unetr 9, Tak Kak K 9-xe Apyroro

mytda Het. [anbine uaer 1 u T. 1.
OrtBert: 784913526.

Puc. 40
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3anstue 12.
1. Pewenue. Ctpoum rpad, Bepiu-
HBI KOTOPOTO — JIFOAHU, a pedpa — 3Ha- °\ /o
(+]

KOMCTBa Mexay HuMH (puc. 41). Me-
TOA OT HUPOTHBHOrO. [Ipemmonoxum,
9TO KaKAas BepmnHa X COEIWHEHa ¢
KOKIoM m3 16 ocTaBmIMXCS BEPIIMH - —0
mbo pebpoM, JHMOO Yepe3 Kakylo-
HUOYZb TpEThIO BepIIMHy. Tak Kak
BEpIINHA COCANHEHA peOpaMu POBHO ¢
YeTHIPbMsI BEpIIMHAMH, KaXIas U3
KOTOPBIX COEMHEHA pedpamMu POBHO C
TpeMsi BEpLUIMHAMHU, TO GoIIbIIE B rpade Puc. 41

HUKAKHX BEpILIMH HET U BCE YIIOMSIHYTHIC

17 BepumH pasziauyssl. [Ipu 3TOM Bce ocranbHble pedpa rpada, ux Koyu-

YECTBO PAaBHO (17 -4) / 2—-16=18, MOTyT COEAMHATH TOJBKO KpanHHE

BepmHbL. Kaxknoe u3 atux 18 pebep 3amaeT MK, COCTOAMMN U3 5 pe-
Ocp U TpoXOomAIui dyepe3 BepmuHy X. B crry mpou3BoibHOCTH BRIOOpa
BepinHb X rpada yepes Kakayro U3 16 OCTaBIIMXCS €ro BEpIIMH TaKKe
MIPOXOJUT PoBHO 1o 18 Takmx muKIoB. Kaxapli MUK npoxoauT yepes 5

€ro BepLIMH, [I03TOMy O0lIee YHCIO LHKIOB paBHO (18-17) / 5, 4TO He-

BO3MOYHO, TaK Kak IMOJlydYeHHas! Ipo0b HE SABISIETCS LEIBIM YHCIOM.

2. Pewenue. Ilpennonoxum, 9To TYPHUCT BBILIE] HA HEKOTOPYIO IUIO-
aab, OTJIMYHYI0 OT BOK3aJbHOM, Ha KOTOPOH OH yXe A0 3TOro k pas
ObiBan. Torzna obliee YUCIIO €ro MPUXOAOB HA 3Ty IUIOLIAAb U YXOAOB C

HEe paBHO (2k+1) , TO ecTb HeueTHO. [loaToMy MO HEKOTOpOM yiulle,

BBIXOJIAIIEH Ha 3Ty IUIOIIAJb, OH IIeNl He4eTHOe uncio pa3. Ecnu on Oy-
JeT ¢ KaXI0H IUIoMaay YXOIUTh MO YJMIE, [0 KOTOPOM OH IIed A0 3TO-
ro HEYEeTHOE YHCIIO pa3, TO O0IIee YHCIO TaKUX YJIHIl OyIeT BCe BpeMs
YMCHBIIATHCA, ITOKa HE CTAHCT PABHBIM HYIJIIO. B 3TOT MOMEHT OH OKa-
JKETCSl BHOBb Ha MPUBOK3aTHHON IIJIOIIAH.

3. Pewenue. PaccmoTpum Tpad, BEPIIUHEI KOTOPOTO —
ctaHuuu MeTpo. ['pad crsa3HbIi. Eciu B HEM ecTh ITUKIIBI
(a nHAYe OH — JEepeBO), OyleM yAasATh IO OJHOMY pedpy
W3 KaXIOro LHMKIA, IPU 3TOM CBSA3HOCTh HE HAPYLIUTCS:
Vnansiem, moka ITUKIIbI HE UCUE3HYT. B pesynbrare ocra- Puic. 42

HETCs JepeBO. A B JiepeBe €CTh BUCAYME BEPIIMHBI. Y IaJieHUE BUCIUYEH
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BEpIIMHBl HE BJIMSIET Ha IPOE3[ M0 BCEM OCTANbHBIM cTaHIusAM. Toraa,
BEPHYBILIUCH K HAa4aJbHOMY rpady, BOCCTaHOBUB peOpa (yIdaauB BUCS-
YyI0 BEpIIMHY BHaudaJe), HOJIYIHUM, YTO KO BCEM CTAHLUAM MOXHO IIPO-

~
3

exaTb (puc. 42). 2 3
4. Pewenue. Hapucy-
€M JUI1 JaHHOIO MATH- 1

yroibHUKa Tpad, cocros-

LOIMiA M3 COOTBETCTBYIOIIMX : 4 3
xopxa (puc. 43,a). Buamm,

YTO eclii (DUIIKH XOJIST A 4 J

TOJIBKO 10 AWaroHaasiM Ha a p
CBOOOJHBIC TTO3HIIUH, TO Puc. 43

JBIKEMCSI TOTAA B CTPOTroM Topsiake (puc. 43,6), 1Be QHUIITKH TOMEHSTh-
Csl MECTaMH HE MOTYT.

5. Pewenue. Hapucyem cxemy — rpad BO3MOXHBIX IOJIETOB: Temeph
BHJTHO, YTO JIOJIETETH 0T 3emutn 10 Mapca Henb3s (puc. 44).

Neptun

Zemlya Mercur Uran

Sun

Pluton Venera ars Yupiter

Puc. 44

6. Pewienue. 3anymepyeM KIETKH YHCIaMH, HAIIpUMep, CBEpXy BHU3
U ¢ JIeBOro cToj0MKa HampaBo. Kamoi KieTke COMOCTaBUM TOYKY Ha
TUTOCKOCTH, M €CITH M3 OJHOW KIJIETKH MOKHO TMOIACTh B APYTYIO XOJOM
KOH$, TO COEIUHUM COOTBETCTBYIOIINE TOYKHM JUHUAMH. [lomydaem mBe
JarpaMMbl — rpada: ucxoHas U Tpedyemasi paccTaHOBKa KoHew. [Tops-
JIOK CIIeZIOBaHUSI KOHEH 10 OKPYKHOCTH HE MOXET H3MEHUTHCS, TIOITOMY
TepecTaBUThL KOHeH TpeOyeMbIM 00pa3oM HEBO3MOXKHO (puc. 45, 46).

1| 4|7
2158
306109

O o O ®

e o o ©

Puc. 46

3angrue 13.

1. Pewenue. IlepneHAUKyIApsl K CTOPOHAM yTJIa, BOCCTAHOBIICHHEIE
B Toukax B u C, mepecekaroTcs B Touke M ', muaMeTparbHO MPOTHUBOIIO-
JIO’)KHOU Touke M oTHOcuTenbHO ToUuku O. M3 paBeHCTBA YIIIOB NaJeHUS
Y OTpa)KeHUs CIEAyeT, 4TO Touka M ' — ToduKa repecedeHns OMCCEeKTpHC
Tpeyronbauka ABC. C apyroi cropo-
HBI, TOYKa M JIeKHUT Ha TepecedeHU
ouccektpuc yrnos BCC' u CBB',
MOATOMY TOukKa M, Kak u Touka M',
JISKUT Ha Ouccekrpuce yria BAC.
OTtcrofia cienyeT, 4To BeCh AUAMETP
MM' nexut Ha OWCCEKTpHCE YrIIa
BAC (puc. 47).

2. Pewsenue. Yron AO'O"
BHEIIHMH ans TpeyroiapHuka AO0O0',
IIO3TOMY
LAO'0" = ZLAO0O'+ LOAO' =

=%4AOB +%40AB =90° —

M

—%AOBA = %LABC BHEITHUM K

Puc. 48

TpeyroibHUKy OAB. Yron MAO" —
BHemHMH 111 OAO" , mnostomy LAO"O'=~LMAO"-ZA00"=

=14MAC—14AOC =14ACO .
2 2 2
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Taxum 00pazom, U3 paBeHCTBa
0'A=0"A= LA0'0"=ZL40"0"'=
= LABC =ZACO = AB=AC >
= AABC — paBHOOenpeHHBIH (pHC. 48).
3. Pewenue. TlocTpouM Takue TOYKH
K un L, nexamue BHyTpu yria AOC, 9to
tpeyronbHuku AKO u BMO, u Tpeyroib-
Huku CLO; BNO COOTBETCTBEHHO paB-
Hel. Torma KO =O0M; LO =ON;
ZKOL = ZA0C —(£MOB + ZBOD) =

=/ZMON = AMNO = AKOL = KL = MN = nepuMeTp TpeyrojbHH-

ka BMN pasen BM + MN + NB= = AK+ KL+ LC > AC (puc. 49).
4. Pewenue. Ilyctb X-— cepenuHa BK. Torma ZKMX =

=%4KMB=4KAB =/KDC ecru MX 1 KD = MK 1 CD ecau

Puc. 49

ON 1L CD; ON || KM . Ananormano, OM || KN . Ecm touxu O, K, M, N
HE JieKaT Ha OJHOW MpsSMOM, TO MOoJTydyaeM C

napamienorpamm OMNK = OM =KN .
B mpoTuBHOM ciIydae paccCMOTPHUM OpTO-
TOHANBHBIE TIPOSKIUHA OTpPe3koB OM,
KN na AC. Ilockomeky touku O, M, N
TIPOCKTUPYIOTCS COOTBETCTBEHHO B Cepe-
nuubl oTpe3koB AC, AK, KC, To mpoekuuu
000MX TapaIeNbHBIX OTPE3KOB PaBHBI
KC/ 2 . CnenoBarensHO, PaBHBI U JITMHBI

caMux oTpe3koB (puc. 50).
3ansatue 14. Puc. 50

1. Pewenue: (p(x)zizf((p(x))zxz, x¢—1:>(p'l(X)=L,
x+1 x—1
x#1,ecm z=— = f(z)z(ij ef(x)z(ij, x#1.
x+1 1 1-x
2. Pewenue: (p(x):l/x, (p((p(x)):l/(l/x)zx:(p’l(x)=(p(X).

BameHsss ~ x—>1/x W3 HCXOOHOrO  ypaBHEHHS  MOJyYaeMm

F(1/x)=2f(x)=2" = . B cOBOKYNHOCTH C HCXOIHBIM ypaBHEHHEM

62 YyebHoe nocobue

fx)-2f(1/x)=2"
F(/x)-2f(x)=2"

HMeEM CHUCTEMY ypaBHEHUH {

= f(x)= —%(2* + 2iHJ .

3. Peuenue. cp(x)=i; cp(cp(x»:xT‘l; (p(e(x))) = x . 3ave-

HiAA B 3aJlaHHOM YpaBHCHUH x—)l/(l—x) U BO BHOBb IIOJIYYCHHOM

YPaBHEHHH CHOBA Jelasi Ty JKe caMylo 3ameHy x — 1/(1-x), nomyuaem

cucTeMy

f(x)+f(i) _x,

U3 TpPEeX YpaBHCHHWA OTHOCUTEIBHO TpeX 3HaueHud ¢QyHKui f(x),

1-x

f(x)z%(ler—%— ! j

1-x

1 x—1
f , f , pelias KOTOPYH HaXOIUM HCKOMYIO (hyHKITHIO:
X

4. Pewenue. IlponorapudpMupyemM UCXOTHOE YpPaBHEHUE U BHIPA3UM
HCKOMYO (dhyHKIHIO: (f(n) - l)lgn =f(n-Dlgn-1)= f(n)=

1+1g(n_1)-f(
lgn

n—1). [lomaras B mocineaHeM paBEHCTBE 3HAUCHUS 1

MIOCIIeTOBATEIbHO paBHBIMH 2, 3, 4, ..., momyunMm: f(2)=1, f(3)=

= +E=@, f(4):1+£-wzw. IIpumensis meron
g3 Ig3 lg4 g3 g4

lg(n!)

gn

5. Pewenue. Tonmaras x=1= f(y)=y"- f(1), f(1)=const=c=

MaTeMaTHIeCKON MHAYKIINHA HETPYIHO TOKa3aTh, 4to f(n) =
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= f(x)=c-x".

6. Pewenue. IloacraBnass x =0 u 3aMeHsA ) Ha (— y) MOJIy4aeM
CUCTEMy M3 JBYX YpaBHEHHH, KOTOPYI0 MOXHO  PELIUTh:
{f(y)—Zf(—y)+f(0)—2f(y)=y—2 N

SEN=2f D+ 1 (0)=2f(=y)=-y-2

ccm x=y=0 = f(0)=1 = f(y)=y+§(f(0)+2):>f<y>:y+1.

7. Pewenue: xzez:f(ez'y)zy-f(ez) mis z=1 :>f(ey)=
=y-fe)=c-y=> x=¢"=>y=Ihnx= f(x)=clnx.
8. Pewenue. 3aMEHUM X Ha (x+ y) ,ayHaO:

+f(y)—c. Ecmn o(x)=f(x)—c=>o(x+y)=0(x)+¢(y) . D10 ecTh
ypaBHeHue Komm, oHO umeer pemenne Buga ¢(x) =ax = f(x)=ax+c.

9. Pewenue: m=0, n=0= f(0+ f(0))=f(f(0)+ f(0)=
= f(f0)=f(f0)+/(0)= f(0)=0; n=0= f(m+ f(0)) =
f(m)=m wunm
=f(f(m)+ f(0)= f(m)=f(f(m)= {
f(m)=0.

10. Pewienue. TloacTaBisisi BMECTO X BEIHYUHY (l—x) B HCXOJHOE

YPaBHEHUE M paccMaTpuBasl TEHEPbh CUCTEMY U3 ABYX YpaBHEHMI, Mo-
JKeM HalTH BUJ GyHKITUH:

{2 )+ fA=-x)=x1
2f(1-x)+ f(x)=(1-x)

angrue 15.

:>f(x)=%(x2+2x—1).

1. Pewenue. Ctporas MOHOTOHHOCTh (YHKITUU 30+ x+3x =
=32 x+dx=2= ecm x<l = x+€/;<2; ecmu x>1=>x+

HRx>2=>x=1.
T .
2. Pewenue. Eciu 0<x<5:0<smx<x. ITockonbKy KOCHHYC

SBICTCS yObIBaromieil (yHKIMEH Ha JaHHOM IPOMEXYTKE, TO
cosx < cos(sinx). [TockonbKy cuHYC SIBISIETCS BO3pacTaromieil (pyHKIH-

. T ) .
eif TaM ke, TO JUIA t=cosxe[O,l]c{O,E}:>51nt<t:>sm(cosx)<

< cosx < cos(sinx).

3. Pewenue: f(x+2.k):mz(l+l+f(x))

I=fGerl) U 1-7())
(/@) o ]
'(1 l—f(x)j_ G R TrreT R

4. Pewenue. Ilycte T— WHCKOMBIA Tiepuon, Torma tg(sinx)=

2
= 1k . [IoCKOJIBKY 3TO PaBEHCTBO BEPHO JJIS JIFOOOTO X, BO3bMeM X =0 :
sinTznk:[kzO:sinTzO:T=m'c, n=1wm n=2. [IpoBepkoit

=tgsin(x+7T) = (¥) sin(x+7)=kn+sinx = 2sin§cos(x+Tj =

yOexmaeMcsl, 4TO MOJXOIUT TOJBKO MOCIICAHEe 3HAYCHHE, WU U3 COOT-
wvomenus (*) mpu k =0 cieayer, uto sinx =sin(x+7) =T =2x.
3anstue 16.

1. Pewenue. J]oCTaTOYHO IOKAa3aTh, YTO KaXKIBIH CTOIOCI MOXKHO
cJienaTh HyJieBbIM. JIeCTBUTENBbHO, BEIUMTAHUE | U3 BCEX YUCE OJHOTO
CTOJIOIa HE BIMSET Ha JPYTHE CTOJOIIBI, a yIBOCHHE YHUCET OJHON CTPO-
KM HE BITUSICT Ha HYJICBBIC CTOJIOIBI U OCTABISET HATYPAIbHBIMU YHCIIA B
OCTaITBHBIX CTONOMax. IIycTh €CTh HEKOTOPHI CTOJIOCI] U3 HATYpPaTbHBIX
gucen. byneM BerauTaTh 110 1 M3 BCEX €T0 YUCE, TOKA HE TOSBSITCS SIH-
Hutel. [Ipu 3TOM cymma ymcen cTondua ymeHbinutcs. Ecimu He Bce uuc-
JIa CTOJIONA paBHBI 1, TO YIBOUM T€ CTPOKH, B IEPECEUCHUH KOTOPHIX C
HAIIIUM CTOJIOIIOM CTOSAT 1, a 3aT€M BBIUTEM U3 BCEX YMCEN ¢T0j0ma o 1.
Ota omepaiusi, OYEBUIHO, PAaBHOCHIbHA BBIYMTAHHIO 1 M3 BCeX dYHCEN
croibra, 6omemux 1. IlpomenaB ee HECKOIBKO pa3, MOIYYHUM CTONOCII,
cocrosimuil u3 ogHux 1. BeruuTas w3 yuces 3Toro cronodia 1, moaydum
cTosnber U3 ogHMX HyJel. Janee MOKHO ormepaluio TOBTOPUTH IS BCEX
OCTaJTbHBIX CTOJIOITOB.

2. Pewenue. BeibepeM npou3BonbHO (37 —2) y4acTHUKA aHKETHI U
pa3zobbeM ux Ha (3n—2) rpynmnsl MO OJHOMY YeJoBeKYy B Kaxmoil. Oc-
TaBIIUXCS OyZeM TOCIEA0BATEIHEHO TOMEMIATh KKIOTO B TPYIILY, BCE
JIOIM KOTOPOU MMEIOT ¢ HUM pa3lM4yHble BKYChl. Takas rpymnma Bcerga
CYIIIECTBYET, TaK KaK y KaKIOTO YelIOBeKa OOIINI JTFOOUMBI KOMITO3H-
Top ¢ (n—1) yenoBEeKOM, XyHOXHUK— C (n—1) YEeIOBEeKOM M mHCa-
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Tenb — ¢ (n—1) YeITOBEKOM, TO €CTh 00ITHE XOTh B YeM-TO BKYCHI HE 00-
nee, 9yeM ¢ 3(n—1) =3n -3 monemu, a rpynn (37 —2) . CnegoBarensHo,
BCErZa CyIIECTBYET I'PyMIa, B KOTOPOM HET JIIOACH, BKYChl KOTOPBIX IIe-
peceKaroTcs CO BKyCaMu 3TOTO YeJIOBEKa, U KyJa €ro MO>KHO TIOMECTHTH,
HEe HapyImas TpeOOBaHMH yCIOBHS 3a1adyd. TakuM 00pa3oM, MBI MOKEM
pPa3MECTHTh BCEX YYaCTHHKOB 1O (37 —2) TpymmaM B COOTBETCTBUHU C
TpeOOBaHHUSAMH 33]]aYH.

3. Pewenue: a) eciii BCe MpsIMbIE TapaJUIENbHEI IPYT APYTY, TO OHH
JIEJIAT TUIOCKOCTh Ha (1 + 1) obmacteit. [lpu 3ToM Bece obacTi HE MOTYT
OBITh OKpaIlleHbl, TEM CaMbIM YHCIIO OKpaIlleHHBIX 00JacTell He mpeBoC-
n +n n+1 2+1

=n- >n- =n

3 3
0) mycTh Temneph He Bce IMpsSMble MapajuieNbHbl ApYyT apyry. ['pannma ka-
KIOW OOJNIACTH COCTOMT W3 HECKOJIBKHUX OTPE3KOB U JIydel, MpuHajIe-
JKAIUX Pa3HBIM MPSMBIM. JTH OTPE3KH U ITydd Ha30BEM CTOPOHAMH 00-
nactu. Kaxnpas obnmacTh MMeeT He MeHee IBYX CTOpoH. Yepes mi,

XOIUT 7. YTBEpPXKJICHHE BEPHO, TaK Kak

b

0003HaYMM YHMCIIO OKpAIIEHHBIX 00JacTel, MMEIOIINX JIBE CTOPOHBI, Ue-
pe3 m, 0003HAUYUM YHUCIO OKpAIIEHHBIX 001acTed, MMEIOIHUX TPU CTO-
pOHBI, U Tak ganee. Hakonen, yepe3 m, 0003HAYMM YHCIIO OKPAIIEHHBIX
oOnacTell, UMEIOUIMX MaKCHMalbHOE 4YHCIO cTOpoH. [lokaxkem, dTO
m, <n . I'pannna mo6oil 061JacTH ¢ 1ByMsi CTOPOHAMHU COCTOMT U3 IBYX
JTy4el, mpuieM KaKIbId JTyd MOXKET JIeKaTh Ha TpaHHUlle TOJbKO OJHOMU
13 OKpallleHHBIX obnactell. Uncno Bcex Takux o0nacTei He MPEeBOCXOIUT
2n, He Oosiee ABYX Ha Kaxkaol mpsmoil. CreoBaTenbHO, 001Iee YnciIo
CTOPOH OKpAaIIeHHBIX 00JacTel ¢ ABYMS CTOPOHAMH HE TPEBOCXOAUT 27
w m, <n . Kaxnaas u3 n npsMsix pa3OuBaeTcs OcTalbHBIMU He Oouiee,
YeM Ha 7 YacTei, oTpe3koB wmiu jayueit. Iloaromy olrmiee dnciao Bcex
yacTeii He mpeBocxoaut n° . Kaxkmas u3 yacteil sBnseTcss CTOpoHOH He
Oosiee omHOM M3 OKpamieHHBIX obOnacteii. CiieoBaTenbHO, 00Iee YUCIO

CTOPOH Takux obnacteil He MPEBOCXOAUT n° => 2m, +3m, +...+km, <n’.

Yucno okpamieHHbIX 001acTedl paBHO m, +my +...+m, . cnons3ys no-

Ka3aHHBIC BBIIIC HEPABCHCTBA, HAXOAUM, YTO

m, 2m,+3m.+..+km, n n* n+n’
m2+m3+...+mkﬁ?2+ 2 33 kSg-l‘?:T

4. Pewenue. YTBepKICHUE 3a/1aUU CIETyET U3 JIBYX 3aMEHYaHUH.
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1. Eciu BHyTpeHHHMH y3en KBaJpaTa NMEpexXOJUT B TPaHUYHBIN y3el
MPSIMOYTOIILHUKA, TO €T0 YEThIpe cocea (10 TOPU30HTAIN U BEPTHKAIIH )
TaKXKe TEePEXONAT B TPAHUYHBIC Y3JIbI MPSMOYTOJNBHUKA, IPUYEM Ha TOH
K€ CTOpPOHE (MCXOTHBIN y3€l He MOT MepelTH B yromi). ITo cpasy clemy-
€T M3 TOTO, YTO B3ATHIH y3€ll U €ro COCEeOU — ATO LEHTP U BEPIIUHBI

KBajpaTa co CTOpOHOI V2 1 momazsio 2.
2.Ecim a#b, 10 y KBagpaTa BHYTPEHHHX Y3JIOB OOJbLIe, YeM Y
IpAMOYToJIbHUKA. JleficTBUTeNbHO, Y KBajgpaTa ux (n—2)°, y mpsmo-

YTOJIbHUKA (a-2)(b-2)= (-2 -(a-2)(b-2)=2(a+b-2n),

a+b>2n , Tak Kak TpH MOCTOSHHOM IIPOM3BENCHMH ab=n’ cymma
MUHUMAIIbHA, KOTJa COMHOXHTEIN paBHbL. WTak, eciu a # b, To cylie-
CTBYET BHYTPEHHHU y3el KBaJpara, KOTOPOMY COOTBETCTBYET TpaHHY-
HBIH y3€J] MpSAMOYTOIBHUKA, a TOTAa, MPUMEHSIS MHOTO pa3 cirydai 1),
MOJIyYUM, YTO BCE Yy3/bl KBaJpaTa MEPEHUId B Y3Jbl OJHOM CTOPOHBI
MPSIMOYTOJIHUKA, YTO HEBO3MOXKHO. [ToaTtomy, a =b.

5. Pewenue. Jlerko MpoOBEpUTH, YTO MHOXKECTBO {1,2,3,5,10,20,25,

50,100} U3 9 BIEMEHTOB YIOBIETBOPSET yCiOBHIO 3aaauu. [lokaxkem,

YTO MEHBIIUM YHCIOM 3JIEMEHTOB OOOWTHCH HENb3d. Pacnonoxum sie-
MEHTBI IIPOM3BOJIBHOTO MHOXKECTBA, yJOBJICTBOPSIOIIETO YCIOBHAM 3a-
Jaud, B MOHOTOHHOM IHopsnke: 1=q, <a, <...<a, =100. Ilo ycnosuro

npu Jo0oM k >1 cnpaBeIMBO PAaBEHCTBO a, =da,+da,; p,q<k=

= a, <2a, ,. Ho nns Bcex 3HaueHuil k paBeHCTBa a, = 2a, , HE MOTYyT

OBITH BBITOIHEHBI, Tak Kak 100 He sBiIseTCS CTENEHbIO NBOMKHU. Takum
oOpa3oM, XOTss OBl i OMHOTO k <n BBHINIOJHEHB HEPABEHCTBA

a,<a,  +a,,<3a,,. Teneps 3amumem 100=a, <2a, <2°-a, ,<..
<2"*.q,<3.2"".q, ,<3.2"" g <. <3270 = 27>

k-3
1
> % (2°=64)=>n-3>6=>n>9 . CyuecTByeT MHOIO JAPYTHX

MIPUMEPOB HY>KHBIX MHOXECTB. TakOBBIMHU SBIAIOTCS, HalpuMep, MHO-
KECTBa {1,2,4,6,10,20,30,50,100}; {1,2,4,8,16,32,64,100}.
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Saugrue 17.

1. Pewsenue. MOXHO paccMOTpPETh HABE
KOHLIEHTPUYECKHE OKpYXHOCTH S,,S; ¢

LEHTPOM B Touke P u paguycamu 2 U 3 cooT-
BeTcTBEHHO. Touka 4 Oyner nexars Ha S, , U 4

ee TIOJIOKCHHE MOXKHO, 0e3 OrpaHHYCHUs
obmHocTH, 3adukcupopars. Touka B Oyaer
JeXaTh Ha OKPYXXHOCTH S,, e MOJIOKEHHE

MOXKHO CJeJlaTh IepEeMEHHBIM, T. €. 3acTa-
BUTb TOYKYy B «00ekaTb» OKpYKHOCTb S, . Puc. 51

MosHO 0Ka3aTh, HapuUMep, MPH MOMOLIH C
BEKTOPOB, YTO NpU 0OeraHuu TOYKOH B OK-
pyxHoctu S, Touka C OyaeT mepemeriaTbes

M0 OKPYXHOCTH pPaJuycoM 2 C LIEHTPOM B
(ukcupoBaHHOW Touke O, yIaleHHOW OT
Touku P Ha paccrosaue 3. 13 atoro ¢akra
Oymer cmenoBarh orenka PC <5 (pwuc. 51,
52).

2. Pewenue. IlokaxkeM, 4TO 3TO 4YHCIIO
paBHO 5. Ha 5 tetpasapoB ky0 pa30ouTh jer-
KO. MoHO, Hampumep, OTcedb OT KyOa
ABCDA'B'C'D' ueTbipe yIJIOBBIX TETpad- Puic. 52
pa A'AB'D', C'CB'D', BB'AC, DD'AC.

TpynHee mokaszatk, yTo KyO Henb3sl pa3OMTh Ha MEHBILEE YUCIO TeTpa-
aapoB. Ilycth ky0 pa3OuT Ha TeTpa’apel. Torma uMmeeTcs Mo KpaiHeH
Mepe JIBa U3 HHUX, OCHOBAHHS KOTOPHIX JIOJDKHBI JIeKaTh HA OCHOBAaHHUH
ABCD xy0a, Tak Kak TpaHb Ky0a — KBagpaT M HE MOXKET OBITh IEITUKOM
TPaHBI0 OJHOTO TeTpadapa. AHAJIOTHYHO UMEIOTCS, 10 KpalHel Mmepe,
JIBa TETpa’ipa, OCHOBAHUs KOTOPHIX JIeKaT Ha BEPXHEH rpaHu Kyba. DTu
TeTpa3pbl OTIMYHBI OT MEPBBIX JABYX, TaK KaK TETPadAp HE MOXKET
UMETh ABYX MapayulenbHBIX rpaHeil. CymMmma 00BEMOB 3THX TETPadApOB

2
HE IIPEBOCXOJIUT 5613, CJI€O0BATCIIbHO, OHM HC MOI'YT 3aIllOJHATH BECH

Ky0. Takum 06pa3om, HAUMEHBIIIEE YUCIO TETPA3APOB PABHO 5.

3. Pewenue. IlycTb X — AJIMHA UCKOMOI'O OTpE3Ka, @ — AJIMHA OCHOBA-
HUS TpeyroJbHUKA. B cuily TOro, 4TO OTpe3KH KacaTelbHBIX paBHBI, Ie-
PUMETP MaJEHBKOTO TPEYrOJIbHHKA, OTCEKaeMOI'o KacaTelbHOH, paBeH
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2(p—a), n B culy IOJI0OOHS TPEYTOJIEHUKOB ITOTydaeM
x_p-a_ _alp-a)
a P p

YMHA @ MOXET MPHUHUMATh BCE 3Ha-
yeHust Mexay 0 ¥ p, MAKCHMYM 3TOTO
KBaJ[PaTHOTO TPEXWICHA JOCTUTACTCS

npu a = p/2 , BenuuMHa OTpe3Ka IpH

Benu-

sToM paBHa p/4 (puc. 53).

4. Pewenue. JlomyctuMm, 9To TIpsi-
MOYTOJIHUK, HM300pakKeHHBI  Ha
puc. 54, yYIOBJIETBOPSIET YCIOBUIO
3agaun, T.¢. S =1, S, 21, §;22, 1 2
S,=21. B cuny Toro, 4ro S-S, =
=85,-5,22=8+8,22{§,-5, 2
>2J2= S +8,+8,+8,21+2+

+2\/5=3+2\/§ . [osTOomMy manuHBI
HE3aIaHHBIX CTOPOH MPSMOYTOJIEHHU- 3 4

Puc. 53

Ka He MEHbIIIe, YeM 3+4242. C Tpy-
TOH CTOPOHBI, NPSAMOYTOJBHHUK CO

cTopoHamu 1 u 3+242 YAOBJIETBO-
psIeT YCIIOBHIO 3aJa4H, TaK Kak o0Jia-
JaeT HEeOOXOMUMBIM Il 3TOrO pas-
OueHHEM Ha PAMOYTOJIBHUKH. J171st

3TOr0 NPSIMOYTOJIBHUK, IUIONIaJb KOTOPOTO paBHa S,, Hago B3STH CO

Puc. 54

CTOpPOHaMH a =2 — 2 , b= V2 +1. Torma pa3Mepbl OCTANIbHBIX CTOPOH
IpAMOYIOJIbHHKA OAHO3HAauHO ompenenatorca. Mmeem S, =S5, = V2;

S, =1; §; =2. CnenoBarenbHo, UCKOMas JUIMHA paBHA 3+ 2x/§ .

3ansarue 18.
AB
sino
rae R — pamdyc Kpyra, OIMCAaHHOTO OKOJIO TpeyroyibHuka AMB (puc. 55).
[Mockonbky 0Tpe3ok AB 3amaH, TO TpeOOBaHUE TOTO, YTOOBI Yroa OBLI
HauOOJBIINM, CBOAMUTCS K TPeOOBAaHUIO TOTO, YTOOBI paanyc ObLT Ham-
MeHbIIIM. L[eHTp onrucaHHON OKPY)KHOCTH, TouKa O JIEKUT Ha IEPIICH-

1. Pewenue. 1o TeopeMe cuHycoB B TpeyroiasHuke AMB =2R

b
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JUKYJIIpe K CepeinHE OTpe3Ka
AB, 3TOT NEpHEeHIUKYJSp Ma-
pajienieH 3alaHHBIM TPSMBIM.
Pannyc paBen orpesky OM, oH
Oyzer HauMeHbIIUM, eciu OM
TIEPIICHIVKYJSIPEH TPeThel Mps-
MoH, npuaeM OM =0OB =04 .
Torna noxydaem

h .
R=H—E:>s1noc= Prc. 55
_AB__h
2R 2H-h’

2. Pewenue. Ilycte KLMN — ykazaHHbIH npsi-
MOYTONBHUK (pHc. 56). [Tonoxum OA = OB = R;
ZAOK =9 = KL =MN =Rsing; OL = N, K
= Rcoso = OM = MN ctga = Rsing ctga = -
ML =NK =OL—-OM = R(cosp—sing-ctga) = [~
0 M Ly

Sy =R sin@-(cosp—sing-ctga)=R*- 4.
311ech HCCIIEIOBAHMIO TIOUIKHT BHIPAXKEHHE A. Puc. 56

IpeoGpasyem ero: A=sino- cosQ-sina—sing-cosa _

sina,
_sin@-sin(o.—@)  cos(a.—2¢)—cosa

: . . Belpaxxenue npuHuMaer Hau-
sino 2sina

. T
OompImiee 3HAUYCHHE, Koraa cos(o—2¢) Hanbompimuit. [Tockompky —— <

T .
<—p<o-2p<a< Py = cos(o. —2¢) MakCUMaJbHBIA, KOrja oL—2¢Q =

o
=0=>0p=—.
2
3. Pewenue. Ilycte M — npousBosibHas TOYKa OKpY>kHOCTH. [lo Teo-
a R . a .
peMe cuHycoB I TpeyroynbHiuka OMB: —— = ——= sina =—sinf,
sino.  sinf R

sinf <1. ITostomy sina <1, paBeHCTBO AocTHUTaeTcs, Korna sinfl =1<

« T . a
B=p = 3 =smo = R ITpu 3TOM nOJIy4yaeM JBe TOUKU M Takue, 4To
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X0pa, UX COSAUHSIONIAs, EPIEHINKYIIIPHA
OB (puc. 57). VE
4. Pewenue. IMeetcs 2 pelieHus. Y% )
1 pemenue. MeTon miomianei:
h R
Si08 +Spoc ¥ Sa0c =Supes AB=—"7;
sin@ 5
a
o= ac-— " 0
cosQ sin@-cosQ
rh rh rh
—+ +— =
sing Ccos¢p SI@-cose M
h’ h
= = I's——————————=
sin@-cos I+sin@+cos¢ Puc. 57
_ h
1+ \/Esin((p +m/4)

[Mocneansiss npoOb NPUHMMAET HAWMEHBIIEC 3HAYCHHE, KOTJa
sin(@+n/4)=1=¢@=mn/4.

2 pemenue. YerblpexyronbHuk BKOF — KBajapar, THO3TOMY
BO = ;«/5 . JlJomanast BOE cocrout u3 AByx 3BeHbeB: BO u OFE, ee nnu-
Ha paBHa r\/z+r=r(\/§+1):BGSBO; GD=0E = BD<BO+

h
J2+1

Korja Beicota BD coBmagaer ¢ Guccextpucoii BO, mpu sToM ¢ = 1t/4
(puc. 58).

+OE= h<r(\2+) o r>

. MuHMMaJbHBIM 3HAauYCHHE OYIET,

Puc. 58
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3andarue 19.

1. Pewenue. Ilpeanonoxum, 4To MOCIEOHUE TPEXWICHB! HE UMEIOT
kopHel. Torja MX JMCKDMMHHAHTBI OTPULATENBHBL (p—2)° —4=
=p°—4p<0 u ¢°—4g<0 . CIOXHB 3T HEPABEHCTBA, MOTYYaeM:
p>+q*—4p—4g<0. C apyroit CTOPOHBI, TUCKPUMHHAHTHI TIEPBBIX 3a-
JAHHBIX MHOTOWICHOB JOJDKHBI OBITh HEOTPULIATENbHBI, TO €CTh
P —49>0&q° —4p>0=p*+q°—4p—4¢>0. [lonyyaeM mpoTUBO-
peune.

2. Pewenue. Tpoiika uncen (3; 4; 5) ABasgeTCA pEeLLIECHUEM CUCTEMBI

x—y+1=0,
y—z+1=0,
z=2x+1=0.
Ecmu Ob1 mMHOTOWNEHBI P, (J, R CyIIEeCTBOBalIM, TO MpPH IOACTAaHOBKE

YKa3aHHBIX 3HAYCHHUI MEPEeMEHHBIX B JAHHOE TOXICCTBO MbI ObI MOJY-
YHJIM HEBepHOe paBeHcTBO: 0 =1.
3. Pewenue. Tak kak ypaBHeHHE f(X)=X HE MMEET KOPHEU, 3TO

03HauaeT, 4yTo rpaduk GyHKIMH y = f(x), mapaboa, JeKUT TUOO0 BHIIIE,
00 HIDKe mpsMoit y = x . [lokaskeM, 94TO B 3TOM ciydae rpaduk QpyHK-
muu y = f(f(x)) Takke AeKUT a1OO0 BEIIIE, THO0 HIDKE MPSMOU y = X .
[lycte f(x)> x npu nro6om x. [loncTaBnss B 3T0 HEPaBEHCTBO BMECTO X

BemuuHy f(x) , momydaeM f(f(x)> f(x)>x= f(f(x))>x . DOro
o3HauaeT, 4to rpaduk GyHKuH y = f(f(x)) JTEKUAT BHIINIE TPIMOI

¥ =X . AHaJIOTHYHO MOXHO TIOKa3aTh BTOPOE HEPABEHCTRO.

4. Pewenue. IloacTaBuB B JaHHOE PaBEHCTBO x:1/2 , TOJIy4YUM

1 20 1 1 10 1
—|—a+b| =|—+—p+q| 20=>—a+b=0. PaenctBo Temneps
2 4 2 2

MOYHO MEPENUcaTh B BHUJE: (x2 + px + q)w =(2x— 1)20 —(2bx - b)20 =
= (Zx - 1)20 (1 - bzo) . IlpupaBHHBasi B MONyYHBIIEMCSI PaBEHCTBE KO3(]-

dummenTs npu x>, Haiizem 1= (1 - bzo) 2% = p=4R2" ~1. Teneps

PaBCHCTBO IMPUHUMACT BUM!

72 YyebHoe nocobue

20 2
5 10 1 ) 1 2 1
(x +px+q) =lx——| =>x"+px+qg= X2 | =% —x+Z:>

o

=p=-1 ¢g=0= [“Ziz\’ozzo—l; b=F2"-1; p=-1 ¢=0.
5. Pewenue. UHIyKIMEH IO 7 JOKaKEM, UTO IS JTIOOOTO 7 CyMMa

1
S =a,+a,+..+a, OIpegcraBuMa B BUJIE Eb" (b, +1), b, €Z. ba3a un-

1 1
JTYKIHH: afzaf:Slch:O:E-O-l M S1=a1=1=5-1-2. Un-

JyKTUBHBII IEPEXOL:

S2, = (a1 +..+ta,+a,, )2 = (Sn +a,, )2 =S+ (2Sn “a,., +a§+1) u
S = af +...+a2 +a;+1 = (a1 +..+a, )2 +ai+1 = Sf + ajﬂ =25, -a,, +
+aj+1 :ajﬂ =

a,,=0=S,,=§,= w»

28, +a,, = ajﬂ =0b,b,+)+a,, _a:ﬂ =0=

an+l = bn +1 = Sn+1 = %(bn + 1)(bn +2)7

wi a,,=-b =S, = %(bn -Db,.

SIcHO Temeph, YTO BCe WICHBI OCIEA0BATEILHOCTH — TIETIbIE YUCTIA.
6. Pewenue. W3 ompenenenuss APOOHONW YACTH CIEIyET, UYTO

0<x’<1=0<x<1.Kpome TOro, paBeHCTBO {a + b} =a BbIMONHACTCS
TOMBKO Korma b— 1enoe uucio. [lodToMy W3 paBeHCTBA
{x3 +3x7 +3x+1}=x3 = (3x2 +3x)eZ < y(x) = (3x2 +3x)= n.

®ynkmms  y(x) =3x> +3Xx Bo3pacTaeT Ha OTpe3Ke [0;1], y(0)=0;

-3+49+12n

y(1)=b:>OSn<6:>3x2+3x—n=0:>x=T, n=0, 1,
2a 3a 4a S,XZO, n=0.
7. Pewenue. Ilycts x, — oOmwuii kopenb. Torma f(x,)=0 u

f(f(x,))=0. IoacraBuB mepBoe PaBEHCTBO BO BTOpOE, IOIyd4aeM
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f(x)=0,
f(x)=-a.
Torma ycmoBue BBIONHSETCSA, ecau Jymbo a=0 , aubo a#0 wu
f(x)=—a He mmeet kopHe#. [lomydaem, 9yTo B mepBoM ciaydae a =0,

f(0)=0=b=0= f(x)=x*+ax= f(f(x)=0< [

BO BTOpoM — O0<a<4.OtBetr: h=0; 0<a<4.
3andarue 20.
1. Pewenue. YMHOXHMM 00€ 4acTH ypaBHeHus Ha 2 = (x+1)—(x—1),

MOJTyYaeM (x+1)64—(x—1)64 =0<:>|x+1|:|x—1|:>x=0.
2. Pewenue. 3amermm, uro f(x)= (x + 6)2 -6= f(f(x)=

=(x+6)'-6  f(f(/ON=(x+6)"-6=>  f(/(/(S(f(x))=
=(x+6)?-6=0=x=-6+%6.

3. Pewenue. BEemn x =32 1= (x+1)’=2= x*+3x’+3x-1=0.
I/ICHOJ'IIBYSI nocjeAHEe PaBCHCTBO, CBCPHCM BBIPAKCHUC JIA CI)}’HKI_II/II/I
f(x) — (x1999 + 3x1998 + 3X1997 _ x1996)+ x1997 + 3x1996 + 4x1995 + 2x1994 + ..

1995 1995

+1=x19%(x3+3x2+3x—1)+x 3 A 1=

1995 1994

=x‘994(x3+3x2+3x—1)+x 3™ r 1= 437 +3x—1+2=2.

4. Pewenue. IIoCKONBKY HYJEBBIM peIICHHE OBITH HE MOXET, MYCTh
x Oy/IeT OJIHUM M3 KOpHEH ypaBHeHus1, Toraa apyroii 6ymer 1/x . ITomy-

YaeM CHCTEMY YpPaBHEHHM, KOTOpask MOXKET OBbITh pelieHa CIeAYIOIMINM
oOpa3zoM:

5x° —16x* —33x* —40x* +8=0

1 1 1 1 =
5-——16-——33——40-—+8=0
xé x4 x3 x2

5x° —16x* —33x" —40x* +8=0
=
8x° —40x* —33x’ —16x* +5=0
Brratem u3 nmepBoro ypasHeHus Bropoe 3x° —24x* +24x> —3=0 u mo-

1
JeNMMM Ha X°, HOMyduM: t=x——=>t(t’ =5)=0=1=0; t,, =+/5=>
. :

3445

Brruncnsis 3Ha4eHus X U Aenas IpoBEPKY, IMOIyYaeM OTBET: X = 5

74 YyebHoe nocobue

5. Pewenue:

b (T X 1 (T b
COS——=sin| = ——— |=>—=Plsin| =———— | |=
2007 (2 2007] ( (2 2007))

2
—sin 2007(E—Lj - sin(zoog_ln—x) -
2 2007 2

=sin(—§—x} =—COSX=>X= i%n+2nk, keZ.

6. Pewenue. B neBoii gactu ypaBHeHus 2011 ciaraemsix, cpemHee

W3 HUX PaBHO (x + 1005)5 . Ilocne 3ameH®l mepemeHHO# f=x+1005
ypaBHEHHE  MPUMET  BHUI: (t - 1005)5 +...+ (t - 1)5 +£+ (t + 1)5 +
...+(t+1005)5 =0. CymMMa paBHOYJANIEHHBIX OT CPEIHEr0 CJIAragMoro
t’ cnaraeMbIX paBHa L= (t —k)5 + (t + k)5 , k=1,2,...,1005 . ScHo,

yro f,(£)>0 t>0 n f,(1)<0 mna t<0 u f,(¢)=0 ecmu t=0. 3Ha-
YUT €MHCTBEHHBIA KOpeHb ypaBHeHus =0 = x =—-1005.
3anarue 21.

1. Jlokazamenvcmeo. JBaxnpl TpPUMEHWM HepaBeHCTBO  (2):
a*+b*+c* >a’h’ +b*c* +a’c’ > a’bc+ab’c+abc’ = abc(a+b+c).

2. Jloxkazamenbcmeo. VIcnonb3ysi HECKOJIBKO pa3 HEPaBEHCTBO

%W >3/ xyz , momydaem:
Ja' +b* + ¢ -(czb+l)c+czc+\/c12b2 +b*c? +a202)
>
abc
\/3~i/a2b2c2 -(3-{/a2b2c2 ++/3-/a*bic? )
> - =3(1++/3).
abc

3. Jlokasamenbcmeo.  JIOKakeM  PaBHOCWIBHOE  HEPABEHCTBO:

[1+2L] > 1+(1—2Lj . U3 toxaects (Omnom HproToHa) (1ix)" =
n n

1
=ltnx+a,x’ tax’+..,a, >0, ecnu x:E CIemyeT, 4TOo (1+x)n—
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—(l—x)n —2nx =2a,x" +2a.x" +..>2 0 < (1+Lj 21+(1—2Lj .
n n

4. Jloxazamenvcmeo. TlockonmbKy BeIpaxkeHme S=a’+b’ +c’ +
+3abc —ab(a+b)—bc(b+c)—ac(a+c) cUMMETpUYHO OTHOCHTEIHHO

BCEX TMEPEMEHHBIX, 0e3 OrpaHWYeHHs OOIIHOCTH MOXHO CYHTATh, YTO
a2b>c>0. Tax xax (a'+b'—ab(a+b))=(a+b)a-b) & c’+
+3abc—be(b+c)—ac(a+c)=c(a—c)(b—c)—c(a—b)* , To HCcXOmHOE
BeIpakeHne paBHO S =(a+b)a—-b) +c(a—c)b—c)—c(a—b) =
=(a-bY’(a+b-c)+c(a—c)(b-c)>0.

5. Hokazamenvcmeo. IlpuBonuM BeIpakeHHE K 00IIeMy 3HaMeHaTe-
MO0 M 1peoOpazoBhIBaEM: 4(a2b +b’a+b’c+c’h+cla+ azc) >

> 3(2abc +a’b+ba+bc+c’b+ca+ azc) & bla-c)Y +alb-c) +
+c(b—a)* 20.
6. [oxazamenvbcmao:

P(x*+y*)—PQ2xy) = (x2 +y° )2 —4(x"+y*)—4x"y’ +8xy =

:(xz—yz)z—4()c—y)2 :(x—y)z((x+y)2—4)20 i (x+y)=2.

1+xy

1+x
7. Hokazamenvcmeo. 1lycthb a =1 b= )2} . Torma mcxon-

+x*’ 1+y

HO€ HEPaBEHCTBO PAaBHOCWIBHO CIEIYIOLIEMY: Ja ++b<2. Ero cripa-
BEUIMBOCTh CJENyeT U3 TOoro, 49rto a+b<2 . JlelicTBUTENEHO,

Ja+b< <2 Ja+b<2.

8. Pewenue. He cymectByeT. OT IPOTUBHOTO, ITyCTh TaKkas (yHKIUS

cymectByeT. [lonoxkuB x =y = g = |f(n) + 2| <2= f(n)<0. B 1O *%¢

BpeMsl, €CIIH B3STh ngn, y=§:>|f(n)—2|<2:>f(n)>0. [Momny-

gaeM IIPOTHBOpPEUNE.
augrue 22.
1. Pewenue. 3aMeHa TIEpEMEHHBIX TO3BOJISIET 3aMETHTH CIIEAYIOIIEe:

x=%+a; y=%+b; Z=%+c:>a+b+c=0:> x2+y2+22=3-%+

2 1
+Z(a+b+c)+a’ +b +c7 2 —.
3 3
2. Pewenue. 3aMeHa TIEPEeMEHHBIX X =a+b; y=b+c; z=a+c=

1 1
S=—| 2+ X 2 20V 23 2—(6—3):2.
2\y x z x z y 2 2
3. Hoxazamenvcmeo: 2 cnocoba: a) Eciiu mooxuTs 3aMeHy
b +ab,+..+ab
x=-40T% a” *= (ab +ab, +...+a,b, )2 <
a +a;+..+a

<(af +a}+..+a)) (b +b; +..+b)) & (xa,+b,) +..+(xa, +b,) 20.

0) Beenem BekTOpHl g = {al,...an} u = {bl,...b } =>VteR=

b
:(E—tZ,E—zE)z‘E—tErzo:(Z—tE,E ) ( )2t(ab)+
(a.5) = (a.a)(5.2)-
4. Jloxazamenbcmeo: \/7+TZ a+\/_ a,b>0
o aa+bb> >(Ja+b)avh o (Va +B)(va—b) 20

5. Hoxazamenvcmeo. 3ameHa IEpeMeHHBIX: X = b+ c—a;

£ (b.b)20 D =(a.b) ~(a,a)(b.b)<0=

310 U ecTh Tpedyemoe HepaBeHCTBO

+ + +
y=c+a—b; z=a+b—c:>a=x22; bzxzz; c=x2y

S:l X R Z 21(2+2+2)=3.
2y x x z z y) 2

. o .
6. Joxaszamenvcmeo: 3 x,y,z : 0<x,y,z< 5 = a =sin’x,

) . n
b=sin’y, c=sin’z; Tak KaK v/cos’ o = coso > 0, ecru 0<(X<5 =

Ja(1=b)(1=¢) +b(1—a)(1-c) +Jc(1—a)(1-b) < 1+abc <
Sinx-cos y-C0Sz+8iny-cosx-cosz+sinz-cosx-cosy <1+

+sinx-sin y-sinz JlokaxkeM moclieiHee HepaBeHCTBO. Tak Kak

sin(x+ y+z)<1=sin((x+ y)+z)=sinzcos(x + y)+coszsin(x + y) =.
=sinz(cosxcos y —sinxsin y) + cos z(sin xcos y +sin ycosx) < 1.
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[lepenocst ciaraeMoe CO 3HAKOM MHHYC BIIPaBO, MOJy4aeM TpeOye-
MO€ HEPaBEHCTBO.

7. Jloxazamenbcmeo. 3amMeTHM, 9TO0
4x’ =3x+1=(x+1)(2x—1)>>0, Vx>-1. BomumemMm Takue BHIpaxe-

HUA I KaXKA0ro 3Ha4CHUs HepeMeHHOﬁ " CJIOKHUM HUX, UCIOJIb3YyA yC-

n n
JIOBHE, YTO CyMMa KyOOB paBHa HYJIIO: —3Zx,. +n=>20= le. < % .
i=1 i=1

8. Hokazamenvcmeo. Ilo HepaBEeHCTBY O CpefHEM apu(PMETHIECKOM
U CpeHEM Te€OMETPUIECKOM
Yoo ae), freae_ 1o o), At o)y,

2\a b a b 2\ b ¢ 2\a ¢

C10XMB 3TH TPU HEPABEHCTBA, I10JIy4aeM TpeOyeMblil pe3ybTart.
3andarue 23.

1. Hokaszamenvcmeo. Ilockonsky 2011=6-335+1, TpeOyemoe yT-
BepXK/AeHHE OyIeT IOKa3aHO, €ClM MBI JOKaXEM YTBEP)KICHUE 3aJauu
IUIA KBazpatoB pazmepoM (6n +1) x(6n +1) unnykuueit mo n € N . CHa-
yana JOKa)kKeM, UYTO YTBEP)KICHHE CIpaBeIJINBO MpH # =1 A1 KBaapaTa
7x7 . [1elicTBUTENbHO, U3 COOOpaKEHHH CUMMETPUH CIEqyeT, YTO J0C-
TATOYHO PAaCCMOTPETh TOJNBKO CITydaH, KOT/la BeIpe3aHHas KJeTKa JEKUT
B OJJTHOM M3 KBaJpaToB 2 X2, 3aKpalleHHbIX Ha puc. 59—61, rae nokasza-
HO, KaK pa3pe3aTb OCTaBIIYIOCS YacTh.

Puc. 59 Puc. 60 Puc. 61

Ilycth yTBepkIeHHME HOKA3aHO Ui HEKOTOPOro 3HaueHus k€ N .
JoxaxeM ero Juis KBaapaTra pasMepoM (6k+7) x(6k+7). Jns aToro B
OIHOM W3 YIJIOB JaHHOTO KBaJapaTa IIOMECTHM KBajapaT pa3MepoM
(6k+1)x(6k+1), moKpbIBarOIMII BEIPE3aHHYK0 KICTKY M YHOBJICTBO-

PAIOUINH IPEANOI0KEHUIO HHAYKIINH, OCTABUIYIOCS )K€ YacTh pa3peskeM
Ha IPSAMOYTOJIBHHUKH pa3MepoM 2 x 3, a 3aTeM H Ha YTOJIKH.

2. Pewenue. Tlycth uncna k" +1 u k" +1, m<n, yIOBICTBOPSIOT
YCIIOBHIO 3a1a4i. Torga OHM HMEIOT OJJMHAKOBOE YHCIIO IUdp, CIea0Ba-

TeNbHO, k #10 W cnpaBeIMBO HEPABEHCTRBO: IO(k”’ +1) >k"+1. Cay-

yaii 2m<n HEBO3MOXEH, TaK Kak Torma n=>2m+1=k"+12>
> S S K k" =k (K" +1) . Tlostomy k" <10= k" +1=

=k" +1, 4T0 IPOTUBOPEUUT HEepaBeHCTBY m < n . [loatoMy 2m>n =
Smzn-m=k"+1> (k" =1)(k" +1)=> k" -1<10 u k™ <9

tak Kak k"™ #10. Tak Kak 4uCjI0 (k” +1)—(k’” +1)§9; T. €. KpaTHo 9,

HOCKOJIbKY CYMMbI HM(pP 3TUX 4YHCEN pPaBHBI, TO k":3 , MOCKOIBKY
k"™ —-1<9.Bcayyae k>6=n-m=1wu k" +1 — uncino, umeroiiee

CTOJBKO K€ IH(p, CKOJIBKO M YHCIIO (k—l)(k”’ +1) , MCHbIIIEE YHCIIa

k" +1, naunnaetcst ¢ uudpsr 1, a, 3HA4UMT, ncno k" +1 3toit undpoi
KOHYAeTCsl, YTO HEBO3MOXKHO, Tak Kak k <10. OcTaercst eAWHCTBEHHAS
BO3MOXKHOCTb: k =3<m=3, n=4.

3. Hoxazamenvcmeo. Ilpu n =3 yTBepkIeHUE cHpaBennuBo. [lei-
CTBUTEJIBHO, BCETO MMEETCs YEThIpe HATypajbHbIX YMCIIA, HE MPEBOCXO-
aammx 3!1=6=3=2+1; 4=3+1; 5=3+2; 6=3+2+1 u Bce oHH
IpencTaBuMbl TpeOyeMbIM oOpas3oM. [Ipenmosnoskum, 4To yTBEp>KAECHHUE
CIipaBe/UTHBO It 11 = k . JIoKaXkeM, 9TO B TAKOM CIydae OHO CIIpaBeji-
muBo M i n=k+1. IlycTh maHO NMpPOM3BOJBHOE HATYypPaIbHOE YHCIIO

m< (k+1)! . PazgenuB m wmHa (k+1) c ocTarkoM, MOJy4YUM
m=(k+1)-d+r, 0<r<k u d<k. llo mpeAmnonoxKeHUI0 UHIYKIIUU
CYILECTBYIOT pa3iIMyHble AeMuTenu d,,d,,...,d 5P <k umcna k! Takue,
aro  d=d +..+d,>m=(k+1)d, +(k+1)d, +..+(k+1)d, +r —

HCKOMOE TpeAcTaBleHne uuciaa m . JIeWCTBUTENbHO, B CyMMe
p+1<k+1 cnaraemMpIX, BCE OHW Pa3IMYHBl M SBISIFOTCS ACTUTEISIMHU

ancna (k+1)!. IocnenHee craraeMoe MEHbIIE OCTANBHBIX M SBISETCS
nenutenem uucna (k+1)!, Tak kak r <k +1.

4. Jloka3aTb, YTO OCTABIIYIOCA YaCTh MOKHO pa3pe3aTh Ha YTOJIKH U3
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Tpex kieTok. JlokazarenbcTBo. BepHo mis moboro kBampara pazMepoM
2" x2" . IIpoBepka Mo HHAYKIIUH.

5. Jokaszamenvcmeso. 2" =2"". 2" > mn |
3anstue 24.

1. Pewenue. Ilpusenem noka- ('
3aTeIbCTBO IS CiIydas OCTpO-
YTOJBHOTO TPEYTOJbHUKA (OCTaTb-
HbIE CJIy4yall — CaMOCTOSTEIBHO),
puc. 62. BHayane mnokaxem, 4TO
orpesku AA', BB', CC' paBHHI,

1 yrojl MeXAy JTI0ObIMH U3 HHUX
pasen 60°. IIpu HOBOpOTE BOKPYT
Toukn A Ha yron B 60° oTpe3ok
AC' nepexonut B AB, a 0Tpe3oK
AC— B AB'. IlosTOMy OTpe30K
CC' nmepexomguT B  OTPE3OK
B'B . 3nauur, CC'= BB' u yron Puc. 62

Mexay oTuMH mpsmbiva pased  60°. Amamormuno, CC'=AA' n
AA'=BB' , u yrusl Mexay Bcemn otpeskamu pasuel 60°. Ilycts
G,,G,, G, — LeHTpBl PaBHOCTOPOHHMX TpeyronbHukoB A'BC, B'AC,

C'AB cootBetcTBeHHO. [Ipu 1IeHTpanbHOM MMOI0OWHU € IIEHTPOM B cepe-
nuHe cTopoHbl AC u ko3 dunuentom 1/3 Touka B mepexoquT B TOUKY

G, aTouka B' = G, . Ilostomy npsimeie BB' u GG, nubo napaiieins-
BB' 1
HBl, 100 coBnagarTr U GG, =3 Amnanornuno, GG, =§AA' u

GG, =%CC':>GG » GGy, GG, paBHBI Mexay co0oif U 00pa3yroT

yrasl B 120°. Tlostomy TpeyrombHuk G ,G,G. — paBHOCTODOHHHUH, a

Touka G — €ro IEeHTp.
2. Pewsenue. IlycTh OKpYKHOCTH W' KacaeTcs OKPYXHOCTH W B TOY-
ke A (puc. 63). Torga romoterust H, ¢ UEHTPOM B Touke A U K03 hHLH-

’
entoM k=-% mepesomur w—>w" . Cuenosarensuo, H (D)=K,
r

H(B)=N= KN | DB= KN =k-DB . Torna romoreruss H, ¢ 1eH-
TpoM C u Ko3pdunmeHToM k'=—k mepeBoauT TpeyroasHuk ABCD

B TpeyromsHuk ACKN U, cleaoBaTeibHO,

H , HEPCBOAUT OKPYXHOCTb, OIHCAHHYIO

BOKPYI' IIEPBOrO TPEYTrOJbHHKA B OKpYXK-
HOCTb, OIMCAHHYIO OKOJIO BTOPOrO Tpe-
yronpHuka. To ects H,(w)=w'. A 310 03-

HA4YaeT, YTO OKPYKHOCTH KacaroTcs, TaK Kak
LIEHTP TOMOTETHU JIGKHUT Ha OIHOW W3 HHX.
OO0OpaTHOE TOKA3BIBACTCS AHAJIOTHIHO.

3. Pewenue. Ilycts H — TOMOTETHUS C IICH-
TpoM B Touke K (puc. 64) u koappunreHToMm Puc. 63

k:—j—i:} H(A)=C=H(AD)=1 =1 | AD= H(AD)=CB =

H(S') oxpyxHOCTb, BOHCaHHAS

B yron BCD w npoxozsrias yepes
touky K, H(K)=K . Takum 00-
pasoMm, H(S)=S"=S§" un §"
kacatorcsi B Touke K. Ilpsamas,
npoxonsas 4yepe3 Touky K mep- Puc. 64
MEHAUKYJISIPHO JTUHUM LIEHTPOB

ATUX OKPYXKHOCTEH, siBiseTcs ux olmiel kacarenpHOH. IlycTs mpyroit
touke K' Ha auaroHamm AC COOTBETCTBYET Npyras Iapa OKPY>KHOCTCH
S,"m §". Oxpyxnoctu S' u §,' Buucanel B yron BAD , cienosareis-

HO, TOMOTETHYHBI C IIEHTPOM B TOUYKE A4, a 3HAYMUT, UX KacaTeJbHBIC B
toukax K n K' mapamuiensHbl. OTCIOfa CIEIyeT, YTO HapasuIenbHbl U Iep-
MEHIMKYJISIPHBIE UM JIMHUM LIEHTPOB nap okpyxkHocred S',S" u S,',S,".

4. Pewenue. PaccMoTpuM citydaid, Kornaa
Touk O W B' jexaT Mo pa3HbIE CTOPOHBI
ot npsaMoit BK, a Touku P u B' — mo pas-
HBIE CTOPOHEI OT BM (puc. 65). OcranbHble
Cllyyal  pPacCMaTpUBAIOTCS  aHAJIOTUYHO.
[Ipsmbie QK u PM mnepecekaioTcs B TOY-
ke N, Tak kak To4ku Q,P SBJISAIOTCS 00-
pazamu Touek K 1 M npu roMOTETHH C 1IE€H-
TpoM N , KacaTelbHas MEPEXOAUT B
napauieNibHYI0 €l KacaTeIbHYI0 C TOUKON
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KacaHus B cepeauHe myru. 3Hauut, LNQB + ZNPB = 1, TOCKOJIbKY dYe-
TBIpEXyronbHUK BPN(Q — BhucaHHbli 1o mocTpoeHuro. [lanee,
ZKB'B+/ZKQB=n n ZMB'B+/MPB =7 , NOCKOIbKY YETBIPEX-
yronbHukn KB'BQ u BPMB' — Bnucansbele mo yciosuio. CremoBa-

TENbHO, U3 3TUX TPEX PaBEHCTB HoiyyaeMm, uto LKB'B+/BB'M =7,
3HAYUT, Touka B' nexut Ha npsamoit KM! llanee, /BOB'= Z/BKB' =
=/KNM = /B'MB = /B'PB,

TaKk Kak IepBble JIBa yrja Omupa-
FOTCSI Ha OJHY OYTy B OJHOM M TOU
JKE OKPYXKHOCTH, BO BTOPOM CIIy-
yae BK — xacarenbHas, KM — xop-
Jla, B TpeTbeM cilyyae BM — kaca-
TenbHas, B TMOCIEAHEM Clydae
YTIIBI ONIMPAIOTCS HAa OJIHY OYyTY. A
nockonbky ZOBP + ZQNP =1, To IOdy4aeM, YTO B YEThIPEXYTOJIbHU-

Puc. 66

ke BPB'(Q nBa MpOTHBOMIOJOXHBIX yIjla paBHBI, a CyMMa JBYX CMEX-
HBIX YIJI0B paBHa Tt . CnenoBarensHo, BPB'() — napamnenorpamm (puc. 66).
5. Pewenue. Ilycts pa-

'

JUYChl OKpY)XHOCTEH W',

n

w", OIMCaHHBIX OKOJO Tpe-
yronsHUkoB ADB u ADC
paBHBI COOTBETCTBEHHO R, W

R, . Ecnau 311 paguycsl pas-
JUYHBI, TOTHA TpsMas [ 1e- Puc. 67

pecedeT JHMHHUIO IIEHTPOB

0'0" B Touke O. Ilycts OD mnepecekaeT OKpyKHOCTH B Toukax B', C',
n OA nepecexaer w' B Touke A4'. IIpu romorernu H c nienTpoM O U KO-

sppunreHTom k =% touku C',D, A nepexonsat B Touku D,B',A4' co-
2

orBeTrcTBeHHO. CnenoBarensHo, LDAC'= £ZB'A'D (puc. 67). C opyroit

ctoponsl, /B'A'D =/B'AD = /B'AD =/ZC"'AD . A 310 0O3Hauaer,

yto Touku B', C' coBmagaroT ¢ Toukamu B u C, Tak Kak B NPOTHUBHOM

cirydae onuH u3 yrioB BAD, CAD Owin Obl MeHbILE, a Ipyroi Oonblie

o, rae o= ~£B'AD = /ZC'AD . PaccMOTpUM rOMOTETUIO /1| C LIEHTPOM

O, nepeBomiuyro  w" — w, OKPYKHOCTb, IPOXOASIIYIO Y€pe3 TOUKY
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E — cepenmuny otpeska MN . U3 Toro, uto [ mpoxomuT uepe3 TOUKy O u

n

w" Kkacaetcs /, cienyert, 4to W Kacaercs [ B Touke E. Kpome Toro, u3
TOMOTETUYHOCTU TpeyroabHukoB ONC, OMD , romortetusa H, cnenyer,

yro NC ||MD . Kpome toro, H,(C)=C', EC'|NC= EC' — cpennss
muHus Tpaneuuun CNMD , To ects romoretust H, nepesogur Touky C B

cepenuny DC . AHamoruyHo, oHa MepeBOAUT D B cepelluHy OTpe3Ka
BD . 3nauut, w npoxoauT yepe3 cepeAuHsl oTpeskoB BD, DC. Eciu

&e R, =R,, TO BMECTO TOMOTETHH CJIEAYeT PACCMOTPETh IEPEHOC Ha
1 n 1
BEKTOP 50 0'.

3ansTue 25.
1. Joxazamenvcmeo. llpeoOpasyeM 3HAKONEPEMEHHYIO CyMMY:
1 1 1 1 1

fom——+——=
2 3 4 1318 1319

1 1 1 1 1 1 1 1
=l+—+—+—F..———+—— -2 —+—F..+—— |=
2 3 4 1318 1319 2 4 1318

I 1 1 1 1 I 1 1
=l+—+—+—F. - ——F——— |+ —+..+— |=
2 3 4 1318 1319 (1 2 659)

=L+L+...+L+L. BuauM, 4TO 4MCIIO claraeMbIX B MOJY-
660 661 1318 1319

YeHHOH CyMMC YC€THO, a CyMMa ,Z[p066f/i, PAaBHOOTCTOAIUX OT KOHLOB,

paBHa: + ! = 1979 , k=1, 2, ..., 330. Ilo-
659+k 1320-k (659+k)(1320-k)
CJIe CIIOKEHHUS BCeX ApolOeil mmeem: pP_ 19794 Ae N . 3a-

g 660-661-..-1319°

MEeTUM, 4To yucio 1979 — mpocroe! A kaxmoe U3 COMHOXXHUTENECH B 3Ha-
MeHatene MeHbme, yeM 1979. ITostomy mocne cokpamenus na HOJI?
npobu yrcno 1979 ocranercs B YnCIUTEIE.

2. Pewenue. Ucnonp3ys dhopmyny 6mHOoMa HploTOHA, MOKakeM To-

KICCTBO: (a + b)7 —a’ —b" =T7ab(a+ b)(a2 +ab+b’ )2 . Octaercs mo-

mobpaTh umcma a, b Tak, YTOOBI BBIPAKCHHE HMEIO MECTO:
(a® +ab+b*):7’ =343 . Hanpumep, a =18, b=1.

2 qaubonbimii 06IIM IeNTUTEND
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3. Hoxaszamenvcmeo. YNOOHO TepedTH K HOBBIM MEPEMEHHBIM:

1 1
X=—, y= % z=—=xyz=1, x,y,z>0. Tpebyemoe BBIpaKCHHE
a c

x’ ¥ z 3
MPUHUMAET BUI S = + + > —. DTO HEpaBEHCTBO MOXHO
y+z z+x x+y 2

JOKa3aTh Pa3sHBIMH CIIOCOOAMH, OYTH BCE OHU HCIIONB3YIOT HEPAaBEHCT-
BO O CpelHeM apu(MeTHYeCKOM U cpeiHeM reomerpuueckom. Camoe
KOPOTKO€ M3 HUX — C UCIOJb30BaHMEM HepaBeHcTBa Komm ams ckansp-
HOTO MIPOU3BEICHHUS. [Tpumennm ero K BEKTOpam

X y z
y+z Nz+x Jx+y 1 (\/Y+Z’*/Z+x>\/x+Y)3

(x+y+z)2 SS-Z(x+y+z)<:> Sz

X+y+z
rrrE Hcnons3ys teneps He-

PaBEHCTBO O CPEIHEM apU(PMETUYCCKOM W CPEIHEM T'€OMETPUYECCKOM

1 3 3 3 3
noaydaeM S > —(x+y+z) —23xyz- —=—=>85>—.
y 3( Y )2 > 2 2 2
abc—1
4. Pewenue. 1o ycnoputo, M = ————— sBisercs 1eIbIM YHC-
(b-D(c-1)
moMm, pgenmsmuMmcs Ha (a—1) . Omenum M cBepXy W CHH3Y.
> abc—ac_ _ ac >a=>M=>a+1 . C jpyroii CTOPOHHI,
(b-D(c-1) c-1
M<—abc =(a+ a j(—c js(a+1)-—c :a+1+a+1s
(b-D(c-1) b-1)\c—-1 c—1 c—1
<a+2=>M<a+2=>M=a+1 . Tak kak M =1+ — 1eJoe

a—1 a—1
YUCIIO, TO @ MOXeT ObITb paBHO TONBKO 2 wmm 3. Ecmu

5
a:2:>M:a+1:3:>c:3+ﬁ:> U3 COOOpaKEHUN NETUMOCTH

ciemyer, urto b=4, ¢=8. AmnamormuHo, ecomu a=3=>c=4+

+bl—14:>b: 5, c=15. Otser: (2,4,8);(3,5,15).

5. Jokazamenvcmeo: P(x;y)=(y—- x)3 -3(y- x)x2 —-x’= —y3 +
+3y(x =)’ +(x-y)’ = P(x;y) = P(y - x;—x) = P(=y;x—y) . Tlooto-
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My, €CITU mapa HeNbIX gucen (x;)) SBIAETCS PENICHUEM JAHHOTO ypaB-
HEHUA, TO €My VIOBIETBOPSIOT TakKXKe eIle ABE Mapel: () —X;—X) H
(—y;x—y). Bce 5Tu Tpu mapbl pa3nHuHbBI, TaK KaK B MPOTHBHOM CITydac
x =y =0, aro HEBO3MOXHO T1pH 71 # 0.

3anstue 26.

1. Pewenue. YMHOKUM IepBOE ypaBHEHHE Ha a’ , BTOPOE — Ha
(—2a) , Tpethe— Ha | wu cnoxuMm mouwieHHo. [lomyuum:

i(ka%ck —2ak’x, +k’x, ) =0 zslkxk (a -k )2 =0 . Tak kak Bce
k=1

k=1
x, 20, To OTVINUHBIM OT HYJIsI MOXeET ObITb He Oonee omHoro x, . Ilpu

2 2 o
x,#0=>a—-k"=0<a=k" . 3amaHHasg cucremMa COOTHOLICHHH Ipe-

2
kx, =k,
. 3, — 14 —
BpalaeTcss B TPU SKBUBAICHTHBIC YpaBHEHUS: <k'x, =k" = x, =k,
5 6
x, =k

Hrak, uMeeTcs 1IecTh BO3MOKHBIX 3HaueHuH st a. OTBeET:
a=0;x,=0,i=1,..5,
a=Lx =1Lx=0,i=2,.,5,
a=4;x,=0,x,=2,x,=0,i =3,4,5,
a=9x,=3,x,=0,i=1,2,4,5,
a=16;x,=4,x,=0,i=12,3,5,
a=25x,=5x=0,i=12,3,4.
2. Jlokazamenvcmeo. JIerko NpOBEPHUTH, YTO U3 HEPABEHCTB X, > X,;

Y, >y, caeayer = Xx,y, +Xx,y, >Xx,y, +x,y, . Orciona, npu k, <k, u

Ay A, G, 4
= > >—~+4+—-  llepecraBum Bce a,, k=1,2,..,.n B
k2 k2 k2 kZ k
1 2 1 2

TOPSIZIKE MX BO3PACTAHMS: ¢ < <...<4; . Torna B cuity npeaplayIe-

a, >ay

n n n

a ak 1 .

'O HEPABEHCTBA NMEEM: Z—’; 2) 52 Z—_ , IOCKOJIBKY @, 1.
k=1 i=1 1 i=1 1

3. Pewenue. ns YCJIOBHUS CIenyer, 4TO

1978" —1978" =1978" (1978""" —1) =1000a, ae N . OTciona BUIHO,

yTo m =3, Tak kak 1978 memutca Ha 8. Ocraercs HaiiTh (n—m), pu
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koTopoM A=1978"":5>. Jlerko mpoBeputh, uTo A NEIUTCA HA 5 JHIIb
npu n—m =4k . IlockoJIbKy HAac MHTEPECYET OCTaTOK MpHU JCJICHUN YHC-

na A Ha 125, MoxHO 3ameHuts 1978 Ha 103, a 103* Ha 6. Janee nmeem

k(k—1)

6 —1= 1+ S)k —1=5k+ 52+ , TIE€ OIyLIEHHBIE CllaraeMble

nensatcs Ha 125, Tlosromy 2k +5k(k—1)=k(5k—3):125=ki25=

n—-m=100k =>n+m=100k +2m = .
Otser:n =103; m=3.

4. Pewenue. IT0 TUTINIHAS OJMMITMANHASA 3amava, He TpeOyromas
JUISL CBOETO PEIICHMsS] HUKAKUX JOMOJIHUTEIBHBIX 3HaHUU. Ee perienue
COCTOWT U3 JIBYX YaCTeil: HAXOXKACHHUS MOCIEN0BATENLHOCTH U3 16 umcern,
VIOBIIETBOPSIONICH yCIIOBUIO 3aJadyd, M JOKa3aTeIhCTBA TOTO, UTO
0O0JIBIIIEr0 KOJUYECTBA YUCEI IMMOCIICIOBATEIIBHOCTh TAKOTO POJia UMETh
He MoxeT. [locinenoBarenbHOCTD, pa3yMeeTcsl, He eqUHCTBeHHA. MOXKHO
MOCTPOUTH, HAIIpUMED, Takylo: 5, 5, —13, 5,5, 5, 13,5, 5, -13,5,5, 5,
—13, 5, 5. Ilycts B mocnenoBaTtensHOCTH He MeHee 17 uneHoB. Torna,
3a(UKCUPOBAB JIOOBIE YeThIpe WAYIIMX IOAPSA UYiIeHA, MOIy4dM, YTO
KpOME HHUX HMMEETCSA €Il¢ He MCEHbIIe 13 4IeHOB, CIEIOBATENBHO, IO
KpaiiHel Mepe, C OJNHOU CTOPOHBI 3TOM YETBEPKU UMEETCS HE MeHee 7
YJIEHOB. 3HAYHUT, CYIIECTBYET MOCIEA0BATENbHOCT U3 11 maymux moa-
pAIl WICHOB, COIEpPKAIIUX BHIOPAaHHYIO YETBEPKY HA OJHOM M3 CBOUX
kOHI[0B. HO cyMMa B3SITBIX OJMHHA/AIATU BHIOPAHHBIX WICHOB IOJIOKH-
TeJbHA, 2 CyMMa CEMU YJICHOB, JIOTIOJHUTEIBHBIX K BRIOPAHHON YeTBEpKE,
OTpHUIIaTeIbHA, TO3TOMY CyMMa BBIOPAHHBIX UETHIPEX WICHOB IOJIOXKH-
TenbHa. [IOCKONMBKY 3TO — MPOM3BOJIBHAS UYETBEpPKA, 3aKII0YacM, UYTO
CyMMa JTFOOBIX YETHIPEX IIOCIIEJIOBATEIBHBIX UJICHOB IMOJIOKUTEIHHA.
B3sB 3aTeM MpON3BOIBHYIO TPOUKY HIYIIUX MOAPS] WICHOB, MBI MOXKEM
paccMOTpeTh CeMepKy HUAYLIUX MOAPAN YICHOB, KOTOpas HAYMHACTCS
WIH OKaHYMBAeTCsl BEIOpaHHOU Tpoiikoi. Tak kak cymMMa A00aBIEHHBIX
YETBIPEX UICHOB IMOJOKUTEIbHA, 2 CyMMa BCEX CEMH HWICHOB OTPHILA-
TEeJbHA, TO CyMMa BBIOPAHHBIX TPEX WICHOB OTpUIlaTeiabHa. PaccMoTpum
Tenepb MPOU3BOJIBHBIA WIEH MOCIEeIOBATETbHOCTH H BO3BMEM YETBEPKY
UIYIIUX TOPSIT WICHOB, B KOTOPOH OH CTOSUT ObI HA OJHOM M3 €€ KOH-
oB. Torga ux cymMMa IMoJIOKUTENIbHA, CYMMa J00aBJICHHBIX TPEX YWICHOB
OTpHUIIaTeIbHA, CIEAOBATEIFHO, pPAacCMaTPUBAEMBIM UJIEH TIOCIEIOBaA-
TEeIIbHOCTH TOJIOKHUTENIeH. TO €CTh BCe UJIEHBI IMOCIEAOBATEILHOCTH —
MOJIOKUTENBHEI. A 3TO MPOTUBOPEUUT TOMY, UTO CYMMa OJMHHALIATU €€
YJICHOB OTpHIaTeNIbHA. VTak, B JAHHOHU ITOCIIEIOBATEIIFHOCTH COACPKHUT-
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cs1 16 4neHoB.
3anstue 27.
1. Ilo dopmyne I'epona naxomum, 4ro S,,,- =36. Ilycts AB'C' —

ceuenne, AH n AH' — BoIcOTHI TpeyroasaukoB ABC u AB'C'. Torma
1
AHH' — mnpsAMOYTONbHBIM TpeyroapHUK, npuueM HH :§SM =6,

AH =28, ,,./BC=8. Ortciona mo Tteopeme Iludaropa momydaem
AH'=10 . PaccmarpuBas TpeyroabHuk SBC, HaxoguMm, dTO
B'C':iBC:E. 3Ha4urT, S, 5 :l‘AH'-B'C':36.
5 5 2
2. PaccmoTpum mpou3BONbHBINA TeTpasdap XYZT, mpsamyro XY obo-

1
3HA4YUM TaKxe yepes L. Tax KaK Vv = SS =

:éXY -XZ -sin/YXZ -h To npu NBWKEHUH BEPUIMHBI Y MO MpSAMOH /

00beM TeTpadzpa OyAeT MEHSAThCS MporopiuoHansHO aauHe XY. Ilycthb

KB:AB=LC: AC = o. llepensunem Bepmmny L Tterpadapa CLMP B

TOUKY A, a 3aTeM BepIHy M — B Touky B, u HakoHel], P — B D. Habto-

mas 32  UW3MEHeHWeM o00beMa, TIOCIeNOBaTelIbHO  yCTAaHOBHM:

o o o

Verur =V ycrp = 5 Viesr = Z Viscp- AHAIOTHYHO, Ve = Z Visen-
3. IMoctpoum otpe3ok DB', paBHBIN MO JIWHE W MapaJICIbHBINA OT-

pesky AB. Torma tpeyrombHHK CDB' TpsSMOYTOJBHBIM, MOTOMY YTO

DB'| 4B, AB L CD. ITo TeopeMe [udaropa:
CB"” =CD* + DB =121+ AB> . Tpeyromsauk CBB' TOXe TIpsAMO-
YTOJIbHBIH, TaK KaK BB'|| AD, AD 1 BC. 3HauuT,

CB"” =BC*+BB"” =25+100=125. Urak, 121+ AB*> =125, AB=2.
4. 3ameTHM, YTO BCS JJOMaHas JICKHUT Ha TIOBEPXHOCTH KyOa. J[aHHbIE
B yCJ‘IOBI/II/I paBeHCTBa O3Ha4YaroT, 4TO yFOJl Me)K,E[y KaXXIbIM 3BCHOM JIO-
MaHOW M COOTBETCTBYIOIIUM PeOpoM KyOa paBeH YTIIIy MEXIY CIeHyIo-
ITUM 3BCHOM JIOMAaHOW M 3THIM ke pebpom KybOa. OTcroma ciemyerT, uTo,
MOCTPOMB MOJIXOMSAIYIO Pa3BEPTKy KyOa, MBI CMOXKEM IOOHTHCS TOTO,
YTO JIoMaHas OyeT u300pakeHa Ha HEl OTpe3KOM MpsMoit uHuu. Jler-

KO YOCIUTHCS, UTO JUIMHA TIOJIYYSHHOTO OTpe3Ka paBHa /20 .

5. Becsikas II0CKOCTh, MPOXOASIIas Yepe3 UeHTp KyOa, 1enuT o0beM
Ky0a mormnojaM. JTo clieayeT u3 coOOOpaXeHUH EHTPAIbHOW CUMMETPHUH.
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OO0paTHO, BCsiKas IJIOCKOCTb, ACNsIias o0beM KyOa MmoroiaM, MPOXOUT
yepe3 IeHTp KyOa. JleHcTBUTENbHO, eciau Obl 3TO OBUIO HE TaK, TO MEI
MOTJIA OBI BBITIOJIHATH TaKOW MapaJlIeIbHBIN TTEPEHOC JaHHOU IITIOCKOCTH,
4TOOBI OHA CTaja MPOXOIUTh uepe3 HeHTp Kyba. Ho mpu Takom jaBmke-
HUM TUIOCKOCTH OO0BEM OJHOM M3 yacTell Kyba OyIeT yBeIHMYHUBaTHCS,
00BEM JPYTOH — YMEHBIATHCS, YTO HEBO3MOXHO, TaK Kak IMOCJe Tepe-
HOCa 00BEMBI OSITh JTOJDKHBI OBITH paBHBIMU. MTak, 00e JaHHBIE ILIOC-
KOCTH TPOXOAT 4epe3 HeHTp Kyba. Kaxkmas w3 oOpa3oBaBIIMXCS deT-
BepTeil KyOa mpeacTaBiseT co0oi O0BEAMHEHHE HECKOJNBKUX TTHUPAMII,
OCHOBaHMS KOTOPBIX — 3TO YaCTH IpaHel Ky0a, a BepIIMHBI HAXOIATCS B
neHTpe Kyba. BeicoTa m1000# Takoil mupaMusl paBHA TTOJOBUHE JTHHBI
pebpa kyba. CremoBaTellbHO, IUIOIIAAL MMOBEPXHOCTH Ky0a B KaKIOH
YETBEPTH PaBHA 00BEMY ITOW YaCTH KyOa, JICJICHHOMY Ha OJIHY IIECTYIO
IUTMHBL pedpa KyOa. [lo3ToMy TUTOCKOCTH AENSAT MOBEPXHOCTh KyOa Ha
paBHBIC YaCcTH.

6. Ilycte V' — o0wem mmpamunbl. I[lnockocte ABEF nenut o0bem
JAHHOW MUpPaMUJIBI HA JIBE PaBHBIC YaCTH, IIOCKOJIBKY, M0 YCIOBUIO, 00b-
eM onHOW u3 uacreii — ABCDEF pasen V/2 . 3uauur, o0beM MHOrO-

rpannuka AEFBS pasen V/2 . Ilycts EF = x . 3amerum, uro EF || DC.
3uaunt, tpeyronshuku EFC u DSC nono6usl, nipuuem x = EF/DC — ux

ko3¢ ¢urmert monodus. [Iposenem ceuenue DBS. OHO pa3duBaeT MHO-
rorpanHuKk AEFBS Ha nBe dactu — ABES w BEFS. BerauciuMm oOBeMBI
atux vacreil. Yacte ABES npencraBnser co0oil MUpaMUIy ¢ OCHOBAHHU-
eM AES u BepmuHoii B. CpaBHUM ee 00beM C MOJOBUHKOW MUPAMHIIBI
ADSB, koTopas TakXe MIpeacTaBiseT co00i MUpaMHuay ¢ OCHOBaHHEM
ADS w BepuuHoit B. IlockonbKy cpaBHHBaeMble MUPaMHIBI UMEIOT OC-
HOBaHUS, JIeKallde B OJHOW TUIOCKOCTH, W OOIIyI0 BEpIIMHY, TO

VABES — SAES

V S

ADSB
pamuasl BEFS ¢ ocHoBaHueM EFS v BeplIMHON B CpaBHUM €€ C IOJIOo-
BUHKOW rcxoaHoi nupamuasl CDSB ¢ ocHoBanueM CDS u BepuInHOM B.
14

S 2 2
—BEES — —EFS — x*, 3HaumuT, Viers = V2/2. Urak,

~1+/5
—

2
= x. 3Hauurt, V. = Vx’/2. Jlns BoluHCIeHHs 06BeMa MH-
ADS

VCDSB SDCS
4 2
VI2=V s =Viges +Vaprs = E(x +x ) Otkyna x =

7. 3amaya UMeeT 10CaIHYyI0 KOHDUTYPAIIMOHHYIO TOJAPOOHOCTH: TIPO-
THUBOIIOJIOXKHBIC CTOPOHBI IIECTUYTOJILHOTO CEUYCHUs Ky0a rapauiebHEbI.
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OTOT (haKT reoMeTpUYECKH COBEPIICHHO SCEH, HO IJIsl MOJHOTHI pelie-
HUSl TIPUBEIEM €ro JIoKa3arenbcTBO. CedeHHe MepeceKaeT MO OTPE3KY
KaXIyro rpaHb KyOa. [lometnm OykBamu o, 3, Y monapHO mapaijieiabHbIe

IpaHu U BBIMUIIEM B MOPAIKE 00X0Ja CTOPOH INECTHUYTOJIbHHKA METKU
rpaHeil, B KOTOPBIX JIGKAT €ro CTOPOHBL. B 3TOM cIucke, OUeBUIHO, HE
MOTYT BCTPETUTBHCA OABC OAMHAKOBBIC MCTKU IMOAPAI. MBI XOTHM IIpOBC-
pUTh, YTO MEXIY KaXKIbIMUA JIBYMS OJMHAKOBBIMH METKaMHU B HaIleM
(UMKITMYECKOM) CIHCKE COMEPIKATCsA POBHO JBE JApyrue MeTku. Jlomyc-
THUM, YTO 3TO HC TaK U B HAIIECM CIIMCKE BCTPCUACTCA Q)parMeHT, CKaXeEM,
B, o, B. ITockombKy IBE METKH Y HE MOTYT OBITH PACIOJIOKEHEI PSIIOM,

BECh CIIUCOK WMMeeT Bui: B, a, B, Y, o, Y. DTOr0 HE MOKET OBITh, TaK Ka

OTpPE3KH, COOTBETCTBYIOIIME METKaM Ol , OKa3aJlCh HE MapajuleIbHbIMU:
HX KOHIIBI JIEKaT Ha Pa3HbIX I1apax MPOTUBOIOJIOKHBIX CTOPOH ABYX Ia-
paJUIebHBIX TpaHell KyOa. BooOmie BepeH (akT: eciii CTOPOHBI BBIMTYK-
JIOTO 2n-yroJIbHUKA pa30MBalOTCs Ha Mapbl MapajuIeIbHBIX CTOPOH, TO Ha
CaMOM [ieJIe 3TO Mapbl IPOTUBOIOJIOKHBIX CTOPOH. PaccMoTpuM ceueHue
Hamero kybOa. 3ameTuMm, 4ro aumaroHans K K, NeXUT B IUIOCKOCTH

ABC,D,, nnaronans K,K, — B mnockoctu ACC,4,, nuaronans K,K, — B

miockoct A;BCD;. O4eBUAHO, BCE 3TH IDIOCKOCTH IPOXOAAT depes
LEHTp Ky0a U He MOTYT UMETh 00Jiee OTHOH TOUKH MEPECCUCHHUSI.
3anstue 28.

1. Pewenue. Ilycts TOukH A, B, C — TOUKH BCTpeun pedep TeTpa’pa,
BBIXOJSIIUX M3 BEPIIMHBI P, Yepe3 KOTOpYI MPOXoAuT cdepa, ¢ 3TOi
cdepoii, Torga tetpasap ABCP Taxxke MpaBUIBHBINA, U cepa MPOXOTUT
Yyepe3 BCe ero BEpIIMHBL, ONMHcaHa BOKPYT Hero. IIpomomkum Bce rpaHu
TeTpaspa 10 MepeceyeHus co cepol, Toraa cdepa pa3menuTcs Ha Jie-
CSTh YacTeW: YeThIpe KPUBOJHMHEHHBIX TPEYyroNbHUKA (Hall TPaHsIMH) H
IIeCTh KPUBOJIMHEHHBIX JIBYYTOJBHUKOB («JIETIECTKOBY) — Haj pedpamu,
o Kosm4ecTBy Tpanei (4) u pedep (6). O603HaUas MIOMIAIL KaXKIOTO U3
TaKWX KPUBOJMHEWHBIX TPEYTOJHHHUKOB 4Yepe3 X (3TO W €CTh HCKOMas
IUIOMIA/IB), a TUIOIIAAb ABYYTOJBHUKOB Yepe3 y, MOMyUYuM CUCTEMY ypaB-
HeHuil: 4x+6y =S, x+3y=S, rne §,=S5/3, a S] — mIomagb Io-
BEPXHOCTH C(EpPUYECKOr0 CErMEHTa, OTCEKaeMOro OT Hamieid cdepbl
IJIOCKOCTBIO KaKOH-HUOyIs rpanu Terpadnpa PABC. W3 momydeHHBIX
YpPaBHEHU HAXOOuM MCKOMYIO IUIOLIaAb: X = S/ 6 . JlomomHuTEIbHAS

uHpOpMAIs Il 0GOCHOBAHHS TOTO, UTO S, =S/3 . Seppnr = 47R%;
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S =2nR-H, ectu H - BBIcOTa cermenTta. Ecnm cdepa ommca-

Spher.Segmen
4
Ha BOKPYI NPaBUJIBHOI'O TETpad[pa, TO BBICOTA TCTpasApa paBHa ER .

Ecnu tetpasmp co CTOpoHOIt a, TO pauyc OMUCaHHOU cephl paBeH.

J6 J6 . M

R=—a=2R=—-a
4 2

2. Pewenue. Viscom =
1

ZESABCD -H =V . O6veMsl nupa-

mug ABCK 1 ACDK paBHBI MEX-
Ity co0oif 1 paBHEI (prc. 68)

11 H 1

_’_SABCD ==V

32 2 4 Puc. 68

Touka E nexut Ha cepequne MB, mostromy o0beM nupamunsl ABKE pa-
BEH moyioBuHe 00beMa ABKM v nonosune ABKC, To ecThb %V . Urak,

o0beM mupamuIbl mon ceueHneM AEKD paseH iV + % V+ % V= %V .

OTtBeT: OTHOIIIEHUE 0O0BEMOB paBHO 3 : 5.

3. Pewenue. HaiinyTcs. s pemenus 3aJauu J0CTaTOUYHO OCTPOUTD
5 momapHO Kacaromuxcs cdep Tak, 9TOOBI BCE PACCTOSHHS MEXKAY HX
LEHTpaMH ObUTU Pa3JIUYHBI, U B3ATh IICHTPBI Cep B KAYSCTBE MCKOMBIX
TOYEK.

4. Pewenue. IlycTb 0. ¥ 3 — IUIOCKOCTH, Ha KOTOPbIE POEKTUPYETCS
JAHHOE TEJNO. Y TBEPKACHUE OUYEBUHO, €CIIU 3THU TUIOCKOCTHU Mapajuieib-
Hbl. [lycTh OHM Temeph HE MapaUIeIbHEI U TpsAMas k — JTUHUS UX Tepe-
ceyenus. Ilycts K, nu K, — Kpyru, siBIsIoIIUecs NPOEKIUAMH Tela Ha
JaHHBIC IJIOCKOCTH. J[OKa)KeM, YTO MPOEKIHs Tela Ha MpsAMYI0 kK ecTb
OTPE30K, JINHA KOTOPOTO paBHA JUIMHE nuameTpa kpyra K, . JlelcTBu-
TEeNBbHO, TyCTh M — MpOn3BONIbHAS TOUKa Tena, C — ee MPOoeKnrs Ha Ipsi-
Myto k. Ha ocHOBaHMH TeopeMBl O TpeX MepHeHauKysapax Touka C Mo-
JKET OBITh MOJYYCHA CIICAYIOIUM 00pa3oM: Touka M MpOSKTHUpPYyeTCsS Ha
IJIOCKOCTh 0L B TOYKY A, 3aTeM A MPOSKTUPYETCS HA MPAMYIO kK B TOUKY
C. JIrobast Touka MHOXKECTBa K, sIBISETCS MPOEKIUEN Ha IIIOCKOCTh He-

KOTOpoi#l Touku Tena. CrenoBarenbHo, Jr00asi TOUYKa MPOSKIUK Tella Ha
NpSAMYI0 & SIBISIETCS MPOEKIMel Ha k HEKOTOPOW TOYKH Kpyra. Tak Kak
MpOeKIHEeH Kpyra Ha IpsAMYIO k SBJSIETCS. OTPE30K, TO U MPOEKLHUeH Tena
Ha MpsMYIO k SBISETCS TOT K€ OTPe30K. SICHO, YTO JUIMHA 3TOTO OTpE3-
Ka paBHA JUIMHE AuaMerpa Kpyra K, . 3aMeHss B NPEIbIoyIIUX paccyk-

JEHHUSX IUIOCKOCTh O Ha IUIOCKOCTh 3 M kpyr K, Ha K,, moixy4um, 4to

MpoeKLrel Tena Ha NpsAMYIo k& OyaeT auamerp BToporo kpyra. To ecTs
JMaMeTPbl KPYTOB COBMAIAIOT.
3ansTue 29.

1. Pewenue. BBegem Ha TJIOCKOCTH CHCTEMY KOOPIWHAT TaKWM 00-
pa3oM, 4TOOBI BEPIIUHBI KBaApaTa, B KOTOPHIX CUIAT KY3HECUHKH, UMEITU
koopauHatel (0, 0), (0, 1) u (1, 0). fIcHo, 4TO Ky3HEUHKH Bcerna OymyT
MIPBITATh IO TOYKAM C HENBIMH KOOpAnHaTaMH. JIerko mpoBepHUTh Takke,
YTO TOCJIe TPBDKKA YeTHOCTh KaXXIOW M3 KOOPAWHAT Ky3HEUnKa He Me-
Hsetcs. [loaToMy HHKaKoW U3 Ky3HEUHMKOB HE MOXKET MOMacTh B TOUKy (1,
1), y koTOpOii 06e KOOpAUHATHI HEYETHBIE.

2. Pewenue. IlpoBemem uepe3 C

TOYKY A; TPAMYIO, MapaIeIbHYIO
CC,, no epeceveHust ¢ AB B TOUKe R
D (puc. 69). Ilo Teopeme daneca
BD:BC, =A4B:BC=1:3=BD=
:lBCl :EAB u AD:ZAB . M

3 9 9 y
CHoBa 1o Teopeme  Dareca C
AM : A4 = AC,: AD=3:7= '

3

= Scum =7SACA] s Supx =Sper = Puc. 69

2 1
:7S:>SKLM =S — (S, +Snx +SBCK):7S.

3. Ipuanun xkpaitHero. /Jlokaszamenbcmso. BviOepeM cpemud 3THX
MHOTOYTOJIBHHKOB TOT, Y KOTOPOT'O HAuOOJIBIIEEe YMCIO CTOPOH. Ecmu
TakuX OOJBINIE OJHOTO, TO CYIIECTBYET JIBA C OAMHAKOBBIM YHCIIOM CTO-
POH, 1 3a/la4a pCUICHA. OH MOKET UMETH C KaXXbIM U3 OCTAJIbHBIX MHO-
TOYTOJILHUKOB HE 00Jiee OJTHOW OOIIell CTOPOHBI WM €€ YacTH, U Ha Ka-
KJIOH CTOpPOHE TpPEyroibHUKA JIEKUT He Oollee ONHOW €ro CTOPOHBHI.
[TycTp ymcno ero CTOpoH paBHO 7 . Toraa Ha CTOPOHAX TPEYTOJBHUKA HE
JIeKAT 10 KpaiiHel Mepe (n —3) ero ctopoHbl. Tak kak Kaxaas CTOPOHA
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u3 3TuX (n—3) UMeeT OOIIyI0 YacTh XOTSA OBI C OJHUM W3 OCTAIBHBIX

MHOTOYT'OJIbHUKOB U JBE Pa3HbIe CTOPOHBI — C Pa3HBIMH MHOTOYTOJIbHH-
KaMH, TO OCTaJbHBIX MHOTOYTOJILHHUKOB IO KpaiHed Mmepe (n—3), To

€CTh BCETO TPEYTONBHHUK pa3pe3aH He MEHee deM Ha (n—2) MHOro-

YTOJIBHHKA, Y KQXKIOT0 U3 KOTOPBIX He Oojee n cropoH. Ecmu cpenyu Hux
CYLIECTBYET TPEYTOJIbHHK, TO 3aJadya pemieHa. Eciu TpeyroibHHUKa HET,
TO KOJMYECTBO CTOPOH OT 4 10 7, TO ecThb (7 —3) BapHaHTa, MOITOMY

MHOTOYTOJBHUKOB C Pa3JIMYHBIM YHCIIOM CTOpOH He 6oiee (n—3). Ho B
pa3pe3aHuu 1o KpaiHel Mepe (7 —2) MHOTOYTOJILHHUKA, TO3TOMY CpPEIH

HUX 0053aTeIbHO CYILIECTBYET JIBa C OAMHAKOBBIM YHCIIOM CTOPOH.

4. Pewenue. bynem paccMarpuBaTb MHOTOTPaHHHMK Kak KapTy Ha
cdepe. byner nomyckare OJBYXCTOPOHHHME CTPaHBI, & €CJIM OJHA CTpaHa
COJIEP)KUTCS IIETUKOM BHYTPH JIpyroi, To oHa uMeeT 0 CTOpOH — KOJH-
4ECTBO CTOPOH CUMTAETCS IO KOJIUYECTBY BEPILIMH Ha TPaHULE, B KOTO-
pOM CXOIATCS TP CTpaHbl. ECIIN CTpaHBI C HEYETHBIM KOJIMYECTBOM CTO-
POH BCE KpacHbIE WIN CHHME, TO YTBEPXKACHHUE 3aa4l 04eBUIHO. ITycTh
€CTb JKeNTas CTpaHa ¢ HEYETHBIM 4HciIoM cocepedl. Cpenu ee coceneit
€CTb, OUEBUIHO, CTPAaHbl BCEX APYTUX LBETOB. Torma MokpacuMm ee B 3e-
JICHBIH IBET U 00BEANHUM C 3eJIeHBIMH cocesaMu. [Ipu 3ToM nepecTanyT
OBITh BepIIMHAMU 2k BEpIIWH, TAe k — 9ucio 3eseHbIX coceneid. [Ipuaem
B OTHX BEpIIMHAX MPHUCYTCTBOBAJN 3€JICHBIM, JKENTHIM M OOWH H3 JABYX
JIPYTuX LBETOB, I03TOMY Pa3HOCTh KOJIMYECTBA KPACHBIX CTpPaH ¢ HEUYeT-
HBIM YHCJIOM BEPIIMH W YUCJIAa CHHUX CTPaH C HEYETHBIM YHCIOM Bep-
IIMH HE MEHsET YETHOCTH (IIPU yJaJIeHUH OJHON BEPIIMHBI 3T Pa3HOCTb,
OUYEBUIHO, MEHSET YeTHOCTh). [Ipn Kak/0if Takoil omepanuu CTpaH cTa-
HOBUTCSI MEHBIIIE, TO3TOMY KOTJa-HUOYIb MBI IPUIEM K CHTYallUH, KO-
I71a BCE CTpaHbl ¢ HEYETHBIM YHCIIOM BEPIIHH — KPACHBIE W CUHUE, a B
3TOM CIIy4ae yTBEPKIECHHUE 3a1a4l OYECBHIHO.

5. Pewenue. Ecnu cymiecTByeT BeyHasl KOJIOHUS, TO TOT/A €CTh CTa-
OunbHas nmo3unus. Toraa ABuraschk Mo cocensM, IONaJeM B HadallbHYIO

CeTb, TOTAA M —n\/i =0 mna m, n € Z. llpoTuBopeune.

6. Pewenue. IHBapuaHT — OCTATOK OT AENICHUS HAa 3 CYMMBI BCeX
yncelr. OTBET: HENB3S.
Saugrue 30.

1. Joxazamenvcmeso. Jlokaxem, uto Vk >1, ke N = a"'b+
+ab"™' <a* +b". JleiictButensro, a* +b" —a"'b—ab* =
=(a—b)(a"" =b"")> 0, Tak KaK 00e CKOOKM UMEIOT PaBHBIE 3HAKH.

92 YyebHoe nocobue

Jokaxxem TpebyeMoe HepaBeHCTBO MHAYKIHEeH 1o k. ba3a:
(a+b)' <2°(a' +b") . UBAyKTHBHEII TIEpexo:

(a+b)" <(a+b)(2'(d* +0"))=

— okl (ak+1 +bk+1 +akb+abk) < okt (ak+1 + bk+1 n ak+1 +bk+1) _
_ 2k (ak+l +bk+1) )

2. Omeem: 198. JlocTaTodyHO 3aKpacUTh BCE KJIETKM HEKOTOPOM
CTPOKH U HEKOTOPOTO CTOJOIA, 32 MCKIIOYCHUEM KIIETKH UX Iepecede-
Hus. JlokakeM, 9To OOJIbITe 3aKPACHTh HENb3s. JleCTBUTEIRHO, €CIIH B
KaXIIOM CTOJIOIE eCTh KIIETKA, SBISIONIAsCS CIUHCTBEHHOM 3aKpallcH-
HOM KJICTKOH B HEM, TO BCETO 3aKpallleHHBIX KJIeTOK He Ooiyee 100, mo-
aTOMy He Ooiee 99 KIETOK SBISIOTCS CIMHCTBCHHBIMU 3aKPaIICHHBIMHU B
CBOEM CTOJIOIlE M aHAIOTMYHO, B CBOEi crpoke. Bcero He Oosee, yem
99+99 =198.

3. Pewenue. Ilycts AB > DA . D
AC — OwuccekTpuca, 3HAYUT, — OCh
cummetpuu. Ilycte Touka E cuM- C
METPUYHA TOYKE [ OTHOCUTENBHO
AC. Torma AE = AD; CE=CD =
= BC = ABCE — paBHOOEIpEHHBIH ey
=>CF 1l AB=BF=FF u BA+
+DA=BA+ AE =2 AF =

Puc. 70

= 2AC-cos§ . HUckomas BemmumuHa a = DA+ BA=AF + BF + AF —

cosE+1
—FE=AF + FE+ AF —FE =2AF =2-8- +:8 \/§+2

(puc. 70).

4. Pewenue. PaccMoTpum ciy-
yaii, korga Touyku X M Y jnexar
BHYTpH TpeyroibHuka ABC, cuy-
yail BHE TPEYrOJIbHHKA PEIaeTCs
aHajornyno. O6o3Haunm 3a K, L
TOYKH IepecedeHus cToponsl BC ¢

npaMbiMu AX 1 AY COOTBETCTBEH-
HO (pmc.71). Torma CK =b,
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DL = ¢, XY — cpenHsisi TUHUS Tpe-

Puc. 71
yronpauka ALK = LK =2XY =2/ = CB=CK+BL—-LK =b+c-2I.
5. Pewienue: AA'=9, BB'=12, b

CC'=15= AOB'C": mnmuHBI €r0 CTO-
POH paBHHI 3, 4, 5, TO €CTh OH — IPSMO-
YIOJBHBIA C MJIOIMIAJIBbIO, PAaBHOU 6, 4TO
coctaBisier 1/12 dacTh IUIOMAAM Tpe-
yronpauka ABC. OtBer: S=72
(puc. 72).

3ansTue 31.

Puc. 72

1. Pewenue. IIpenIionox M, 9To yaaaoCch MPOBECTH TypHUpP Oe3 He-
UHTEpeCHbIX MaTuel. Toraa B mepBOM Type y4aCTHHK C HOMEpOM 1 ur-
pall ¢ TEeHHUCUCTOM, HOMEp KoToporo He Oosee 31. AHaJIOTHYHO, HAU-
OONBITIMIT HOMEp Cpefu ITHX Y4JacTHHKOB He MeHee 482. K Tperhemy
Typy 3Tu HoMepa OynyT 61 u 452, k uetBepromy — 91 u 422 u Tak nanee.
K mocnenneMy neBSTOMY Typy OCTaHETCS JBA MTPOKa: OJUH C HOMEPOM
He Oomnee 241, BTOpoii ¢ HOMepoM He MeHee 272. B aTtoMm ciydae ¢u-
HAJIbHBIM MaT4 HEMHTEPECEH, YTO MPOTUBOPEUHT MPEATIOTIOKEHHIO.

2. Pewenue: b* =4ac+ D, a KBaJpaT 1IEJIOr0 YUClia He MOXKET Ja-
BaThb OCTATOK 3 TIpH JICJICHUH Ha 4.

3. Hoxasamenvcmeso. BozBenem o0e yactu Tpe0yeMoro HepaBeHCTBa

3 3 2 2
B KBaJIpar: A=24/ab;ba+a ;b +ab<a’+2ab+b’ = B < 3Haem,
3 3 2 2 2 2
aTo 2\/a b+ba:2\/a +b ~\/ES2' a +b v ab .l:
2 2 2 2

2
:@: A=(a+b) =B.

4. Pewenue: f(x)(x*=1)=Ax"7?+Bx", ecru x=1=B=-4; a

st x=—1=>(n+2) uk UMEIOT OJAMHAKOBYIO 4eTHOCTH. ClIeIOBATEIILHO,

2m
X

(n+2)—k=2m u f(x)=Ax"-

-1 _ _
5 = Ax* (xz'" Tyttt
w2 —

+x° +1) = f(x)= A(x” +x"7? +...+x""2'") )

5. Pewenue: y=1=xf()-f(x)=(x-1D)f(x) = x()=x(x)=
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a,x=0

ecmn x#=0= f(x)=f(D)= f(x)= a,beR
b,x#0

6. Pewenue. Ilycte TOuku M
u N CUMMETPUYHBI TOUKE 4 OTHO-
CUTENBbHO OHCCEKTPUC BHELIHHX
yrinoB B u C. Touku M,N € BC n
XY — cpenusis nuHusA TpeyronbHu- M B C N
ka AMN = 2XY = MN = MB + Puc. 73

+BC+CN = AB+ BC + CA (puc. 73).
7. Hoxazamenscmeo. Iycts £1= ZABC, torna ZBCD =90° — £1 =

ITo Teopeme cunycop umeem AC =2sin/l; BD = 2sin(900 - 41) =

=2c0s /1= AC* + BD* =4.
3anarue 32.

1. Pewenue. Bce paccmaTpuBaeMble YHCIa, C OJHOM CTOPOHBI, Jie-
naTest Ha 9, ¢ apyroi ctoponsl, 123456798 —123456789 =9, moatomy
9 — 370 HAaNOONBINNI OOLINI IEITUTEND.

2. Pewenue: 1+x2+x4=1+2x2+x4—x2=(1+x+x2)><
1
x(l—x+x2)3x1=5; x,=2.

) L
3. Pewenue: y=x3:(y5)} =y3} =3=y’ =33:y=3:x=§/§.
4. Pewenue. YMHOXHUM MEPBYIO CKOOKY Ha TPETHIO M BTOPYIO YeT-
BepTyto. Ilomyuaem: (a2 +13a + 22)(a2 +13a + 40) +x. O603HAUNM dYe-

pes ¢ Belpaxkenue a’ +13a+31= (c—9)(c+9)+x =c*-8l+x>0=
x=82.

5. Pewenue. B TeueHue CyToOK MUHYTHas CTpenika nemaet 24 obopo-
Ta, a dYacoBas — 2, CJIeIOBaTelIbHO, MHHYTHas CTpPEJIKa COBEPIIACT
22 0060poTa BOKPYT YaCOBOH, COCTABIISAS TP 3TOM C YaCOBOW CTPEITKOM
JIBAXKIIBI IPSIMOW yToJl (OTCTaBast Ha YeTBEPTh Kpyra U OOTOHSAA Ha 4YeT-
BEPTH KpyTa).

6. Pewenue. TlonctaBuB BTOpPOE YpaBHEHHE B TEpBOE, IMOIYUYHUM
x*—a’x* =2abx-b* -1 :0<::>(1—az)x2 —Zabx—(b2 +1) =0 JUTS

aztl=>D=0b =1-a*, msna=+1= b=0.
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7. Pewenue: 142+3+...+n="UD 111k o n(ns1) =
n=37 wnm
—2.337-k, 1<k<9 & —n=36.
n+1=37

8. Pewenue. Tak KaK MyTeIIECTBEHHUK BO3BPAIIAETCS TOU XKe JI0PO-
rO, TO JyIs JIIOOOr0 y4acTKa MOIbeM B TOPY Ha OOpaTHOM IyTH OynIeT
CIyCKOM H Hao00poT. CpeiHsss CKOPOCTh MPOXOXKCHHS TOPUCTOTO yda-

CTKa COCTaBHT __ =4=5=409-3)=24.

(1/3+1/6)/2
ITpunoxenue
[Inanumerpus

1. Ilockombky TpeyronbHuK CBD paBHOOCIPEHHBIN, €r0 BIFICAHHAS
OKPY>KHOCTH Kacaercsi oTpe3ka CD B ero cepenune. O003HaYMM 3Ty ce-
penuny uepes F. Ilo yenosuto, DF = CD/2 = AD . C apyroit CTOpOHBI,
DF = DE xak oTpe3ku KacaTenbHBIX. 3HaunuT, AD = DE , TO ecTb Tpe-
yronsHUK ADE — paBHOOenpeHHbli. CnenoBarensHo, npsaMas AE mep-
NeHAUKyIsipHa Ouccektpuce yrma ADE. Ho npsmas DO nepneHnuky-
JsipHA el e Kak OMCCeKTpuca CMeXHOro yria. [loaromy mpsimbie AE 1
DO napannenpHsl.

2. Yersipexyrombiuk AKLH— Brucanneid. Torma ZLKH = /LAH =
=90°-ZC . CruenosarenbHo, <LCB+ /LKB=/LCB+ /LKH +
+90°=180°.

3. Bynmem o0o3Hayath paccTosiHHME OT TOYKH X O TpsMoii [ depes

d(X)l). 3amerum, uro d(C,AP)=d(M,AP)o j]\i , d(B,DP) =
DB
=d(M,DP)o D Ho d(M,AP)=d(M,DP), tak kax PM — Guc-

cektpuca yraa APD, T1O>TOMy J0CTaTOYHO  II0Ka3aTh,  YTO
AC/AM = DB/DM . Tpeyronsuuku AMD w CMB 1ogo0HsI 1o yriiam,

nostomy CM/AM =BM/DM. Ortciona YV 1+ =1+ =

B
=—— . Yto 1 TpeboBaIOCh T0Ka3aTh.
DM

4. Ilycte X u Y — cepeiMHBI TUaroHajaeil TaHHOTO YETHIPEXYTOIbHU-
ka. Torma Touka N sBIseTCA cepeUHON oTpe3ka XY, a Takke cepeauHOon
00enx CpeaHuX JUHHUH. DTOT HOCTATOYHO OOIICH3BECTHBIA (HhaKT MOKHO

JIETKO JI0Ka3aTh 3aMETHB, YTO TOYKU X U Y BMecTe C cepeuHaMU JBYX
MIPOTHUBOIOJIOKHBIX CTOPOH 00pa3yroT mapajuienorpamm. Tak kak O —
LIEHTP OINMHCAaHHOW OKPYXKHOCTH, TOUYKH X U Y SBISIFOTCA OCHOBAaHHUSIMU
MEPIEeHINKYIIAPOB, ONMyIIEHHBIX U3 O Ha AMaroHanu. 3Ha4uT, yriasl OXM
u OYM — npsmele. CrnenoBaTenbHo, X U Y jexar Ha OKpPY>KHOCTH, IO-
cTpoeHHo# Ha OM kak Ha auamerpe. Touka N JIeKUT BHYTPH WU Ha TOU
K€ OKPYXXHOCTH, Kak cepeauHa xopasl XY. CrenoarensHo, ON <OM ,
TaK KaKk PacCTOSIHHE MEXIY JIOOBIMH JBYMs TOYKaMHU Kpyra He MpeBoc-
XOJHUT €ro ANaMeTpa.

5. Otpe3ku AD u DF paBHBI, TaK KaK OHU CTATHBAIOT PaBHBIC IyTH
OMNHUCAHHOU OKPY>KHOCTH TpeyronbHuka ABD. Ananornuno, CD = DE .
Hanee, LADE =180°—-ZEDC = ZEBC = ZABC , (Tak KakK 4YeThIpex-
yronbHUK BEDC — BnucaHHBIN), U To4HO Takke LCDF = ZABC . 3Ha-
4yuT, TpeYronbHukd ADE u FDC paBHBI MeXay coOOi MO OBYM CTOpO-
Ham u yray. [lostomy, AE = CF .

6. Tpeyrompaumkn OBA u OAC 1omoOHHI. (LAOBzéCOA,

/Z0BA=60°—-ZOAB = ZOAC) . Orcroma % = B—A = & . Torna tpe-
04 AC AE

yronpHukn OBD u OAE mnopobuwel. Otciona Z0ODA=LOEC =

=180°-ZOEA .

7. Mansie nyru EC n AF nexat BHyTpH yria ABC, mosToMy Touka D
TOKE JIEKUT BHYTPH 3TOTO yria. Tak Kak 4eTblpexyronbHuk BEDC —
BOucaHHbId, TO /BCD =180°—/BED=/AED . AHAJIOTUYHO,
LDFC = ZEAD . 3nauur, tpeyronbaukd AED u DFC pasubl. Torma
BBICOTBI 3THX TPEYTOJIHHUKOB M3 BEPIIMHBI [ TOXKE paBHBL. JTO U O3Ha-
4aeT, 4YTo Touka D JeKUT Ha OuccekTpuce yria ABC.

8. Omyctum nepneHauKyspel u3 C U D Ha ogHy U3 cTopoH. Torma
touka M — cepeauna CD, sSBISETCS CepeauHON OOKOBOW CTOPOHEI Tpa-
neunu CDBE. Touka M neXuT Ha CPeIUHHOM NEPHEHIUKYJISIpE K OTpe3-
Ky BE, To ecTh paBHOyHmajeHa oT B u E. Buano, utro AM = AE , moato-
My AM =MB.

9. Ilycts ABCDEF — ucxonHblil mectuyronbHuk, a PORSTU 1ec-
THUYTOJNBHUK, 00pa3oBaHHBIN cepeauHamu ero cropoH. Torma PU || BF,

RS |CE , Tak kak cpemHsisl JUHHS TPEYroJbHUKA TapajijieibHa OCHOBA-
wuto. 3Haunt, BF ||CE . AmnanoruuHo, BD | AE , DF || AC . Tlostomy
tpeyronbauku BDF u ACE nonoOHbI U, 00jiee TOro, TOMOTETHYHEI. KX
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LEHTP TOMOTETUH M €CTh TOYKa IEepecedeHUsl AHaroHaied HCXOAHOTO
[IECTUYTOJIHFHUKA.

10.OtBer: OgHO M3 OCHOBaHW B IIBa pa3a UIMHHEE npyroro. He
yMaJsisi OOIIHOCTH MOKHO CUHTATh, YTO TOUKA MEPeceyeHns JuaroHanei
Tpameuuu JIeXHUT BHYTpU deTblpexyronbHuka KBCL. Ilycte AD =x ,
BC =y . O6o3naunm mmiomaan tpeyroasankoB BCL, BLD, BCK, CKA

yepes S,, S,, S;, S, coorBercrBeHHo. Torma S, =%SBDK =%-§S3.
1

AHanoruuso, S, = 5 S,. Otkyna S,S, = S.S, . Kpome toro, oyeBuzHoO,

X
Y
S +8,=8,+8, . llosromy mubo §,=8,, §,=S,, mbo S, =5, ,
S, =8, (mo reopeme Buera). [leppoe HEBO3MOXKHO, TaK Kak oTpe3ok KL
HE TIapajuleieH OCHOBAHHWSM Tpalelrd, a BO BTOPOM cliydae MBI cpa3y

X
roJfy4aem, 9ro — = 2.
y
11.Ilycts N — Touka nepecedenus npsamoit MH ¢ okpyxHocTbio ABC.

Tax kax yron ZBC,H =90°, To BH — nuameTp OKpY>KHOCTH, OTIHCAHHOK

BOKpyr Tpeyroibhuka 4 BC,. Torma Z/BMH =90°, u /BMN =90°.
3"aunt, BN — nmuaMeTp OKpYKHOCTH, OIMMCAHHOH OKOJIO TPEyTOIhHHKA
ABC. Torma £BAN = ZBCN =90° u uetsipexyronsauk AHCN — ma-
patenorpamm. /uaronans AC 3TOro MapajuienorpaMma JIeIUTCs TOIo-
naM npsimMoil MH, copepikailleil BTOPYIO JHMAaroHajib 3TOro Mapajuiesno-
rpaMma.

12.TlockonbKy P JeXuT Ha CPeIMHHOM MEPIEHANKYISpE K AB, ume-
eM PB=PA . 3nauur, LPAB=/PBA, otkyaa Z£BPD = 180° —
—/APB=2/PAB . Amnamoruuno, PD = PC, ZAPC =2/PDC =
=2/PAB

CnenoBatenbHo, TpeyroinbHUku APC u BPD paBHBI 110 IBYyM CTOpO-
HaM u yriy, otkyna AC = BD .

13.3ameTtuM, uro oTpe3kun AL u CK — BBICOTHI TpeyrosnbHuka ABC.
ITycte BN —TpeThsi BeIcOTa TpeyronbHUKa ABC, H — opToreHTp. YTod,
BEPTUKANBHBIA K yrioy BKM, onmpaetcs Ha ayry AK (Kak yroia Mexmy
KacaTeJlbHOM U xopzoi), yron ACK onupaetcs Ha nyry AK, 3Ha4uT, yr-
et BKM n ACK paBaBIL. Tak Kak IpSMOYTOIbHBIC TPEYTONBHUKH TOI00-
HBI 110 yraaMm, To paBHbl yrisl ACK u ABN. [lomyunnu, 4TO paBHBI YIJIbI
ABN u BKM. Taxum o6pazom, npsimast KM BBIXOIUT U3 BEPIIMHBI Mps-
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MOTO0 yria TpeyroibHuka BKH moj yriom, paBHbIM yrily B 3TOro Tpe-
yronbHUKa. [loaToMy mpsimast KM 00s3aTenbHO POUIIET Yepe3 cepeuHy
runoteny3sl BH. AHanoruuHo, npsiMmas LM TpoXoauT uepe3 CepelluHy
orpe3ka BH. CnenoBarenbHO, Touka M COBMAAAET C CEPEAUHOMN OTpe3Ka
BH wn, B 4aCTHOCTH, JIEKUT Ha BBICOTE TPEYrOJIbHUKA BN.

14.ITycts AO mepecekaetr BC B Touke A, a DO — B Touke D;. Torna
KD, — cpennsst nuHusA TpeyroibHMKa ABA;, cienoBaTenbHO, OTPE30K
KD, napamnenen A4,. Ho torna OA,— cpenusis JUHUS TPEYTOJbHHUKA
CKD,, otxyna CO =O0OK . Aunanormuno, BO =ON , 3nauutr, KBCN —
napajienorpamm, a toraga 1 ABCD — napaiienorpaMm.

15.3ameTnM, 9TO paccCTOAHUSA OT TOYKM KacaHHUsS BIHCAHHOM OKpYXK-
HOCTH CO CTOPOHOM TPEYTOJIbHUKA O KOHIIOB MPOEKIMH OKPYKHOCTH Ha
3Ty CTOPOHY paBHBI €€ pajnyCy. 3HauUT, BCE AAHHBIE TOYKH JIeKaT Ha
OKpPY)KHOCTH, KOHIIEHTPHYECKOH CO BIHCAHHOM OKpY>KHOCTBIO Tpe-

YTOJIBHUKA, C paANyCOM B 2 pasa GoJble.

16.TloctpouM otpesok BA', cummerpuumbiii otpesky BA OTHOCH-
tenpHO Tipsimoit BC. Torma Touka A" nexur na MIPOJOJKEHUH BBICOTHI
AA,. O603uaunM yepe3 M' Touky nepecedenns npsmeix BM u A'C. To-
rna ZABM' =90°— ZBC, 4, =90°— Z/BCA= ZAA'C, B cuity BIMCaHHO-
ctu 4eteipexyronbauka ACA|C,. Takum 00pa3oM, YeTHIPEXyTOIHHHK
ABA'M' — Brucannsiit. 3nauur, ZAM'A' =180°— ZABA' = 60°. Crneno-
BaTenbHO, Touka M' coBmamaer ¢ M. ITockonsky yriast BM'A' u BM'A
OIUPAIOTCA HAa PABHbIE XOP/IbI, OHM 06a paBHbI 110 30°.

17. TpebyeTcst moKas3aTh, 4TO TPEYroidbHUK EAD — paBHOOEIPEHHBIH.
J1st 3TOTO TOCTAaTOYHO MPOBEPUTH, uT0 LEAD = ZEDA . A Tak Kak paB-
Hbl yrisl EDA u FDC, 1o gokaxem, uto LEAD = ZFDC . 3ametum, 4To
Tpeyroabauk DBF paBHOOenpeHHslid. 3Hauut, £LBDF = /BFD. Toraa
ZADB = ZDFC . Teneps Mbl BUIUM, YTO TpeyroiabHUku ADB u DFC
PaBHBI IO IBYM CTOPOHAM U yriy. 3HauuT, yrisl EAD u FDC paBHBI.

18.ITyctb D u E — cepenunbl ctopoH AB u AC COOTBETCTBEHHO. 3a-
metuM, urto DE ||BC || KL, DO — cepenuHHBIN MEpHeHIUKYISAp K AB.
3naunt, DO || KM , ananoruano OF || LM , Toraa TOMOTETHS ¢ IIEHTPOM
B TOUKe A, IepeBosmas Touky £ B Touky L, mepeBoaut D B K, a O B M,
moaToMy A, O 1 M nexart Ha OTHOH TPSIMOH.

19.Ilycts F' — Touka Ha aydye DC, pacnosoxxeHHas 3a Toukoi C Tak,
yto CF=BA . Tak xak ZABD =/CAD+ £ADC =180°—-ZACD =
=/ZACF , to tpeyronsHUK DBA paBeH TpeyroabHUKY ACF 1O IBYM
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CTOpoHaM W yrioy Mexay Humu. Torma AD=AF u LFAC=
=/ZADB = ZBAC . CnegoBatenbHo, TOuKa F' neXUT HA npsaMod AB u
ZBAD = ZAFC , 4T0 paBHOCUJIBHO PaBEHCTBY 0Tpe3koB AD u DF'. Urak,
TpeyroibHUK AFD — paBHOCTOPOHHUM, 3HaUNT, LBAD =60°.

20.IIpoBeneM uepe3 Touky D mpsmyto, napamiensHyro BC, U mycTh
F — touka nepeceuenust 3toit npsimoii ¢ AE. 1o reopeme daneca touka F
JIEITAT OTpe30K AE momomnam, To ectb AE : FE =2:1. C apyroi cTOpOHBI,
FE = DE , Tak kak B TpeyroiapHuke DEF yribl D u F paBHBI, TOCKOJIBKY
OHM paBHBI Kak HakpecTiexamue yriam DEC u FEB, xoTopble paBHBI
MeXy coboil o ycnoButo. 3Haunt, AE: DE=AE:FE=2:1.

21.Mlycte P — cepenuna ctopoHsl AB. Torma Touka N OyneT jexarb
Ha npsaMoit PM, npoxodiiiei yepe3 cepeluHy OCHOBaHUA AB Tpanenuu
ABLK u Touky mepeceueHHs ee OOKOBbIX cTOpoH. CiemoBaTenbHO, Ha
3TOW MpPSIMON TaKXe JIEKHUT TOYKa IepeceueHus AuaroHajeil Tpamneuuu,
KoTOpast OyzeT coBnaaarh ¢ V. 3HaYUT, TOUKH A, N U L j1exaT Ha OTHOU
npsamoi. OcTalioch 3aMeTuTh, 4TO W3 momobus AN, / NL = AB/ KL =
= AM/MK = AC/2MK = AC/CL , otkyna CN — Ouccektpuca Tpe-
yroiapauKa ACL.

22.B cuny cBoiicTBa BnucaHHbIX yrinoB LEFD = ZEOD = Z/BAD =
=/BCD , nostoMmy uetblpexyroibHuk BFDC — BnucanHbelii. Toraa
ZBCF = ZBDF = LOEF = LOAB = ZACD , otxyna £BCA= ZFCD.

23.Ilycth S — Touka mepeceueHus MEPNEeHANKYJIAPOB, IPOBEIEHHBIX
u3 Touek M u K, T — Touka nepeceyeHus MEepHeHINKYIIpPOB, IPOBEICH-
HBIX U3 Touek M u N. YeTplpexyronbHUK AMSK — BOIUCAHHBIHN, TOITOMY
ZLSAM = ZSKM = ZBKM —90°. Ananoruuno, ZTCM = ZBNM —90°.
CnenoBarenbHo, £LSAM = ZTCM. BcnioMuHas tenepp, 4YTo TOUKU S U T
JeKaT Ha CePeAMHHOM IEPIEeHAMKYIApe K oTpe3Ky AC, Mbl BUIUM, UTO
OHHM COBIAJAIOT.

24.Otser: 60°, 30°, 90°. ITposesem B Tpeyromphuke ABN CpeaHIO0
maamo MD. Torpa Z/MDC =90°, u tpeyronsauku MDC u KNC mo-
no6ub1. [Tockoneky ABN — NpsIMOYTONBHBINA TPEYTOJNIBHUK ¢ yrioMm 60°,

T0 AN :%AB. [lycts AB =4x,torma AN =2x, DN = x . I3 momgoous

tpeyronbHukoB MDC u KNC naxogum, utro NC =6DN = 6x , cienoa-

tenbHO, AC =8x . 3ameTumM, 4TO AC =2= ﬁ, U TpeyronbHuku ANB
AB AN

u ABC nonoOHBI o BTOpoMy Mpu3Haky. [loaTomMy yriel TpeyroiabHHKa
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ABC coBmagaroT ¢ yriamu TpeyroisHuka ANB, a UX MBI 3Ha€M U3 yCIO-
BUSL.

25.Ilyctb K — TOYKa MepecedyeHus OKPYXKHOCTEH Ha cTopoHe AB,
ZBAL=ZLAC =0, ZABM =/MBC=f. Torna ZMCK = ZMBK =
=B, LZLCK = ZLAK = o, xax onuparomiiecs Ha paBHble ayru. Kak Bu-
oM, ZACB=o+p, a cymma yrioB TtpeyrodbHuka ABC paBHa
3(o+pB). 3uauur, LACB =60°.

26.Ilycts CF — Owuccektpuca yrima C TpeyroibHHKAa. Tak Kak

ZDEB =%AACB =/ZFCB, npsmeie ED n CF napamnensssl. [lo Teo-

BF BC 3 BF BF BD 31 1
peme ®Paneca — =——=—. 3HAYUT, — =——'——=—'—=—, TO
BD BE 2 AB BD 4B 2 3 2

ectb, CF saBnseTcs U MeAMAHOU TpeyroibHuka. CiemoBaTeiabHO, Tpe-
YTOJILHUK — PaBHOOEAPEHHBIN (AC =BC ) .

27. OTIOXUM Ha POAODKeHHH oTpe3ka BD 3a Touky D otpe3ok DE,
paBHbIil AD. Yron ADB —BHewHuid yroi Mpu BepIIMHE paBHOOEIPEHHO-

ro tpeyronbauka ADE, nostomy LAED = %ZADB =/ZCBD. Tak xak

yruiel CBD u AEB pasHbI, ipsimble AE n BC napamiensasl. OTciona u u3
ycloBus, 4yTo nuaroHans AC nenutcs mpsAMoil BE momonaM, Clenyer,
gyto ABCE — napamienorpamm. CrenoBatenbio, LABD = ZKEC. lanee,
umeeM CK =KD+ AD =KD+ DE =KE , 10 ectb TpeyroinsHuk CKE —
paBHOOenpeHHBIH (ero yriel £ u C paBubl). [lockomsky yronm BKC —
BHEIIHUH IOE 3TOTO TPEyroJbHHKA, noJydvaem, 4To
ZBKC =2/KEC =2/ABD.

28. Jlokaxem, uro npsmele KP u L(Q mnepecekaroTcss B Touke M —
cepenuHe cTopoHB AC. [list 3TOTO TpoBeneM OTpe3oK MP W TOKakeM,
YTO OH MPOXOAUT yepe3 Touky K. JlocTaToyHO yOemuTbCs B TOM, YTO
MP || BC, TOCKOJIBKY TIO TEOpPEME O CpETHEH JIMHUY IpsMasi — BCe TOTAa

royTydaeTcsi. 3aMeTHM, 9TO OTPe30K PM SBISETCS MEIUAaHOH B IPSMO-
yroiasHoM TpeyronbHuke APC, nostomy £ZMPC=/AMCP=/PCB u
npsmeie PM n BC mapanienbHbl. AHAJIOTHIHO YOSKIaeMCsI B TOM, UTO H
npsmast LQ npoxoaut depe3 Touky M.

29.3amerum, uro LO'BD =/L0'AD = ZDAO = ZDBC, anHanoruu-
HO, Z0'CA = ZACB, 3Ha4uT, Touka O — IICHTP BIIMCAHHOH OKPYKHOCTH
Tpeyronbauka BO'C , moatomy O'O — 6uccekrpuca yrima BO'C.
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Anrebpa u cBoiicTBa QYHKIIUHA
1. Omeem: Cymma 4YeTBEpPTHIX CTeleHel OoJblle CyMMBI KyOOB.

n
YroObl OmpenenuTh 3HAK BBIPAKCHUS Z(a;‘ —af) , IpHOaBUM K HEMY
i=1

n n

BBEIPKEHUE Z(af —a[), paBuoe 0. IToxyunm Z(af —1)(al —1). Ocra-
i=1 i=1

JOCh 3aMETHTh, 4TO MpH g, > 0 Kaxk1oe ciaraeMoe B 3TOH cyMMe IOJIo-

JKHUTCIIBHO.

2. Ilycts 310 He Tak. OOO3HaYMM Halle 4ucio a,a,---a,0a, ., ---a,,

rae 0, CTOSIIUA MEXIY @y U Gyi1 — 3TO HYJb, KOTOPBIA HY>KHO BBIYEPK-
HYTb, YTOOBI TIOJYYHIIOCH YUCIIO OMsThH fensmieecs Ha 81. [To mpusHaky
JIEIMMOCTH Ha 9, Hallle YUCII0 AOJKHO COCTOATH U3 9 eAMHUIl U 6 HyJeH.
[oatomy cpenu udp dy+1, ..., d14 HEe Oonee 8 enUHUI. 3HAYUT, YUCIIO

A,y HE JENUTCA Ha 9. 3ameTnm, 4TO

K+l

10-aya,+--a,a,,,---a,—-aa,---a0a,,---a,=9-a.,-a,  llocnennee
yucno genurcd Ha 81 kak pa3HOCTh ABYX umcen, gemdmuxcs Ha 81. Ho
OHO HE MOXET JeNuThcsa Ha 81, Tak Kak BTOPOH MHOXUTENIb B IPaBOU
yacTu He Jaenutcs Ha 9. [IpoTuBopeune.

3. YMHOXUM ax + by Ha ay+bx . Pesynprar mo-nepxHeMy OeTUTCS
Ha a’+b’ . Crnenoparensho, xy(a’+b°)+ab(x’+y’) nemurcs Ha
a’>+b*, a smaunt, ab(x’ +y*)i(a’+b’). Ho mockoneky ab MeHbIe,
ueM g’ +b>, T0 x* +y* JOMKEH UMeTh HETPUBHAIBHBIN OOIIMil eTH-

Tenb ¢ a’ +b°.
4. Ecnm 0003HauMTh 3TH YUCHA X, Y, Z, TO HE TPYIHO YOeIUThCS, YTO
OHH CBSI3aHBI PaBEHCTBOM Xy + yz + zx = 1. Tenepb BHIHO, 4TO ecin Ka-

KHe-TO [IBa U3 HUX UMEIOT OOl AeIuTeNnb, TO OH JAOJDKEH OBITh NENu-
TeJeM eIVHHUIIBI.
5. Ilycte b>a. Torna BeibepeM ¢ Tak, 4TOOBI BHIMOIHSIUCH PaBEeH-

crBa: c+a=k> , c+b=(k+1)? , tme k=(b—a—-1)/2. Torma
c=k*—a, b=2k+a+1. Orkyma c+ab=k’—-a+aRk+a+1)=
=k’ +2ak+a* =(k+a)’.

6. CHauana, oKa 3TO BO3MOXXHO, OyJeM yOuparb OTpe3KH, MOJIHO-
CTBIO TIOKPBITHIE APYTHMMHU OTpe3KaMHu. IlycTh S| — MHOXECTBO TOUEK OT-
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pe3Kka L, MOKPBITBIX OCTaBIIMMHUCA OTPE3KaMU POBHO OJHMH pa3, S, —
00beIMHEHHE BCEX OTPE3KOB C HEYETHBIMU HOMEPAMH, S; — C YETHBIMH.
OTH TpH MHOXECTBA COCTOAT M3 HENEePEeCEeKaIOIIIXCsl OTPE3KOB, 00beIH-
HEHHE KOTOPBIX MOKPBIBAET KaXAyl0 TOUKY OTpe3ka L pOBHO JiBa pasa.
3HaYUT, CyMMa JJIMH OTPE3KOB, BXOMIANINX B 3TH MHOXKECTBA, PaBHA yII-
BoeHHOM nuHe L. Torna, mo kpaiiHel Mepe, OJHO U3 dTUX MHOXECTB
MOKpBIBaeT He MeHee 2/3 orpe3ka L. HeTpyaHo BHAETH, YTO MOYKHO BBI-
KHHYTh HEKOTOPBIE OTPE3KH TaK, YTOOBI OKPHITEIM POBHO OJIMH pa3 OC-
TaJIOCh IMEHHO 3TO MHOKECTBO.

7. 3ameTHM, dYTO Sinx-cosy+siny-cos2z < |cos y| + |sin y| < \/5,

sinz-cos4x <1. 3HaYUT, MAKCUMAIBLHOE 3HAYCHHE MPUBEIACHHOTO B YC-
3n 5w
JIOBUM BBIPAKCHHSI HE MPEBOCXOIUT \/5 +1. Ho mpu x =7, y=7,
T
z= E 3TO 3HAYEHUE JTOCTUTAETCS.

8. /loMHOXXMB Ha 3HAMEHATEeIH, IepeHecs BCE B JIEBYIO YacTh MPUBE-
IO TomoOHBIE  WICHBI, MEpeluIleM  HEPaBeHCTBO B BHIC

a’+b*—ab—a’b’> >0. 3amerum, uto +ab <(a+b)/2<1 , modTOMY
a’h*<ab<1. Torma a* +b* —ab—a’b’ >(a—b)’ > 0.

9. Pewenue 1. BpipaxxeHue, JaHHOE B YCIOBHH — KBaJpaTHOE ypaB-
HEHUe OTHOCUTENbHO k . Ero muckpuMuHaHT, paBHBIA 8mn, — TOYHBIN

KBazpar. 3Ha4MT, U 2mn — TOYHBII KBaparT.
Pewenue 2. TlyteM HecIOXHBIX NpeoOpa3oBaHUM yOexxgaemcs, 4To

2mn =(k—-m+n)*.

10. lobaBuM K TIpaBOM  4YacTH  HEPABEHCTBA  BBIPAKCHHUE
(x+y+2z)" —2(x+ y+z), paBHoe Hymo. Toraa mocie HECIOKHBIX TIpe-
obpaszosanuii, momyuanm: (xy —z+1)° +(yz—x+1)> +(zx— y +1)* > 0.

11. 3ametnm, uto 340=2°*5%17. Cpeqm uncen a+b, b+c, c+a
He OoJiee OJHOTO YETHOrO, TaK KaK €CiaM Obl CpeId HUX HAIIOCH JBa
YETHBIX, TO 3TO 3HAYWIO OBI, YTO TPETHE YHCIO TOXKE YETHOE, HO B 3TOM
ciyqae npomssenetue (a+b)(b+c)(c+a) nomkno penutbes Ha 8, 4TO

HeBepHO. WTak, cpeau uncen a+b, b+c, c+a poBHO OIHO YETHOE, U,
KpOMeE TOTO, KaXJI0€ M3 STHX YHCeN He MeHbIIle IByX. Torma npoussene-
HHE 3THX YUCET MOXKET ObITh paBHO 340 TOJIBKO B TOM ciydae, eCiu Of-
HO M3 HUX paBHO 4, apyroe 5, Tpetbe — 17. IlycTs, Hampumep,
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a+b=4,
b+c=5,
a+c=17.

W3 nepBoro paBeHCTBa cleAyeT, 4To a <4, u3 BToporo — uto ¢ <5. Ilo-
3TOMY TPEThE PAaBEHCTBO HEBO3MOJKHO.

12. domyctum, 910 @, b, ¢ yHOBIETBOPSIOT YCIOBHIO. [1OCKONBKY
4242 =42*101, a 101 — mpocToe 4nCcI0, OAUH U3 COMHOXKHUTENEH B pa3-

JoxeHnu 4242 = (a + b) (b + c) (c + a) nmoinkeH nenmuthbest Ha 101, IycTs,
Hanpumep, a+b penurcs Ha 101, B uwactHoctH a+b>101. Torma
(b+c)a+c)=4242/(a+b) <42, nosromy uncna b+c u c+a He mpe-
BocxomaT 42. Ho (b+c)+(a+c)=a+b+2c>a+b>101>42+42.

[IporuBopeune. 3HAUNT, TAKUX YHUCEN d, b, ¢ HE CYIIECTBYET.

13. OtBer: 1717. IlycTh X — MCXOIHOE YHCTO. YBEIUIUB KAKIYIO
mudpy Ha | WM Ha 5, K UMCITy X TeM CaMbIM MPHOABUIIA HEKOTOPOE Ue-
THIPEX3HAYHOE YHCIIO U3 EAUHHUI U mATepoK. [lockonbKy momyuniock 4x,
npubaBiIsieMoe YHCIO paBHO 3x . B 4acTHOCTH, OHO AenUTCS Ha 3 U He
Menbiie 3000. M3 nmpu3Haka IeTMMOCTH Ha TPHU CIEIYET, YTO B 3alUCH
yucna 3x JIBe €OUHULBI U IBE MATEPKHU, a U3 yciuoBusa 3x =3 000 — uyto

ero nepBas nudpa paBaa 5. TakuM 00pa3oM, OCTAIOTCS JTUIIb TPU BapH-
anra: 3x=5115, 3x=5151, 3x=5511, coorBerctBeHHo x =1705 ,
=1717, x =1837 . JIumb BTOpO# M3 3TUX BapUAHTOB MOJIXOIUT, TOTOMY
gyro ciokeHus 1705+ 5115 u 1837 + 5511 He cBOAATCS K YBEIUYEHMIO
nudp n3-3a MePEHOCOB.

14.Tlycts y u z=1/y — naunsie xopuu. Torma ay’+ay+b=0 u
a/y2 +b/y+b=0, otkyma ay’+ay+b=0, by’ +by+a=0 Cxuaml-
Basi, moimyyaem: (a+ b)( YV +y+ 1) =0. BripaxkeHue BO BTOpOH CKOOKe
BCETAa MOJOXUTENBHO, MO3TOMy a+b =0, b=—a lloacrasnsas B mep-

BOE U3 HCXOIHBIX YypPaBHEHHH, IOIYUYHM: a(y2+y—l):0, 3HAYUT,
y:(—li\/g)/Z, z:l/y:(liﬁ)/z.

15. Oyete x, =x—1, y,=y—1. Torma x; +2x,—14=0, y +2y, +
+14=0 CxnagplBags 3TH  JBa  PAaBEHCTBA, HAXOAWM,  UTO
(x, + »,)(x] +x,y, + y; +2) = 0. Boipakenue Bo BTopoil ckobke Bcerna

MOJIOXKUATEJIBHO, IIO3TOMY X, + V, = 0 , 3HAYUT, X+ y = 2.
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16. Jlerko Bumets, uto mpu ab >0 |a +b|>|a—b, a nmpu ab<0

|a + b| < |a - b|. OTcrona u crieyeT yTBepKACHUE 3a1auu.

17. Omeem: 4,75. I3 HepaBEHCTB [x]{x}23, {x}<1 CIEelyeT, YTO
[x]>3. Ilpu [x]=4 nomyyaem {x} >3/[x]=0,75, 1o ectb x>4,75.
Ecmu xe [x]ZS, TO xZ[x]25>4,75. 3HaunUT, HAaUMCHBIIIEE BO3MOK-

HOE 3Ha4YeHue X paBHO 4,75.

18. W3 Toro, 4to 3Ha4YeHHs KBAAPATHOTO TpexXwieHa ax’ +2bx +c
OTpULATCIbHBI IIPHU BCEX X, CICAYET, YTO €TI0 AUCKPUMHUHAHT OTpULIATC-
7eH, To ecTh 4b> —4ac <0, ac>b’ >0, HEPAaBEHCTBO COXPAHHUTCS TIPH

BO3BEJICHUM B KBaApar. Toraa NUCKPUMHUHAHT 4p* —44*c? BTOpPOTO
TpexXuwieHa OTPHUIATENICH, U OH He uMeeT KopHel. ClemoBaTeNnbHO, 3Ha-
YeHHs BTOPOTO TpexuiieHa Bceraa oombiie (.
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